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Abstract

Our aim in this article is to study the existence and the unique-
ness of solution for Caginalp hyperbolic phase-field system, with initial
conditions, homogenous Dirichlet boundary conditions and polynomial
growth potential in bounded and smooth domain.
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1 Introduction

We consider the folllowing Caginalp hyperbolic phase-field system

d%u ou Ja
Foate! oo o ou
R T T R e (1.2)

with homogenous Dirichlet boundary conditions

ulpo = alpgo = 0, (1.3)
and initial conditions
ou da
U= = Uy, —|1=0 = U1, ali=0 = @p, —|i=0 = a1, 1.4
|t=0 05 at\t_o 1, afi=o 0 By lt=0 1 (1.4)
where € > 0 is a relaxation parameter. u = wu(x,t) express a phase-field or order

parameter. a = «a(z,t) is the thermal displacement or primitive of relative temper-
ature 6,

with a(x,t) = f; O(xz, 7)dT + ap. § is a bounded and smooth domain, of class
C? in R"

(1 <n < 3),and 09 the smooth boundary, of classe C? of Q.

Hypothesis of potential f.

fis of class C?, (1.5)
f(0) =0, (1.6)
—cog < F(s) < f(s)s + ¢c1, c0>0, c1 >0, s€eR, (1.7)

with F(s) = [; f(r)dr,

|f’(3)| < CQ(‘S‘QP + 1), ca >0, p>0, seR, (18)
f'(s) > —c3, c3 >0, s€R.

We will precise restrictions on p when n = 3 about certain stapes, when being in an
obligation.

Such studies have already been carried out by authors; in the case of parabolic-
hyperbolic systems (see [1], [2], [4], [5], [6], [9]). We can also mention the recent
work of Daniel Moukoko, for example [7] et [8] in which this system was the subject
of a study with regular potential f(s) = s* — s, and also those of Doumbé Bongola
brice Landry, [3] in which the parabolic-hyperbolic system governed by a potential

polynomial growth is studied.
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Notations.

*(.,.) denotes the scalar product on L?(€2), and ||.|| associated norm.
*(.,.)x denotes the scalar product on X, et ||.||x associated norm.
*€2| is a measure of ).

2 A priori estimates

Jole"

“ and G, and then integrating over (2,

Multiplying (1.1) and (1.2) respectively by %
we get the following respective equations

d 9 ou o 2 Ja Ou
% (Wl + G 2P ) + 2150 = 2055 5
d 9 9 9 oo ou Oa
2 2 = —2u,—)—2(=— 1
i (1t + 15517) + 21551+ 21955 (w, 5) — 257, Sy
whose sum is
d
& (s + G+ 2P 1)+ Tl + 15012 ) + 2517 + 2150 P + 219 522
Oa
= —2 _—
(’U,, 8t)7
from which we deduce
d
pn (HuHH1+6\ I+ 2 (F(u) + co, 1) + el + 157 !2) +2H H2+2H H2+2HV !!2
fole}
<2
(. 5]
Now, apply Holder and Young inequalities. Then we get,
d
9B+ 21 207 11 9212 4 29 2 < O, (22)
where
IIU||H1+€H ||2+2(F(U)+Co, )+||a||H1+|| ||2
Thanks to the estimate (1.7), we obtain
(F(u) + 0, 1) > 0. (2.3)
The estimates (2.2) and (2.3) imply
d 2 2
LB A ITP + 121+ 12 < b
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Applying the Gronwall’s lemma, we find
llull2,: +eu—||2 + a2 + ||a—°‘||2 /0 (llaa—’t‘(r)ll2 + ||%°:(T>H2 + H%‘:(T)Hzl) dr < By (0)eM7, (2.4)
for all, t € [0,77].

Multiplying (1.1) by —A% and integrating over 2. We get the equation

d ou,o ou Oa _0u
& (e B ) + 2158 0 = 20770, 950 + 2 52, 9 F),

from which we deduce the inequality

& (e + 15120 ) + 215120 <2 [ P @IvalvGrlas + 2955, 95, (25)
Thanks to the estimate (1.8), we have
p ou 9 ou
Vel (v 2z < ey [ (uf -+ 1) [l 22 e 26)
o ot o ot

On the other hand, if n = 2 and p > 0, one finds, through the Hoélder’s inequality,

% ou

IU| IVUHV*W < ||U||L2(2p+1>HVUI|L2<zp+1>IIVall-
The continuous injection H'(Q) c L2+ (Q) implies
% ou

!U! !VUHVf!d@“ < cflulyy ezl - (2.7)

If n = 3, in this case p < 1 we find, through Holder’s inequality (for p = 1)
ou ou
[ PV e < ulfal Vul o9 G

which implies

| P99 5 e < el 5 i (2.
So starting from (2.6), (2.7) and (2.8) we deduce
/ u q
[P @IVullVgilde < elullp (lullaz +1) H ”H1 (2.9)

Inserting (2.9) into (2.5). We get

d ou
(e + 518 ) + 2055 e < cllll s+ ) 155 s+ 21 55 DI 51
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which implies

d 1, 0u o
& (e + 518 ) + 315 s < Ol (s + 1) + 1 5 V.

Since u € L>®(0, T'; H}(2)), we deduce the estimate

d 1,0u
& (1l + G ) + 150 < Ol + 155 B + €', (210

with C" > 0.
Equation (2.1) gives the estimate

d
Qmmrw uﬁ+u 17 4+ 21 92 2 < Ol + Coll T3, (201)

ot il
with Cy > 0 and Cy > 0.

Adding (2.10) and (2.11), with u € L*(0, T;H&(Q)), we get the estimate

d 1, 0u o
—F 2 < ksFE5 +C",
LByt LI+ 12 4+ 9 s < B +
where
By HUHH2+6H HH1+Ha!\H1+!! H2

Appling the Gronwall’s lemma with t € [0,7]. We get
1,0u Oa Oa
Bt [ (GGl + 155+ 152l ) dr < Ba0)MT +07, (2.1)

Multiplying (1.1) by 2 atQ, We get

9%u 0% da 0*u

d ou 9 5
Sl +2e H8t2 I? = 208w, =5) —2(f(w), 53) +2(5; 55)-

We deduce inequality

ou 5 9 da 9%u
e < - )
ST 2l TP < 28, 58 42 [ 1l St 250, T (21s)

With the assumption (1.8), we find the following estimate

Ju o
[f(u)] < e (/0 \8\2pd8+/0 dS) = C (lu*" + Jul)

which implies

LSt <o [ (upe 1) S
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We deduce the estimate

15151 < Ol Gl + 1) 1551,

Inserting above estimate into (2.13), we find the following estimate

d 8uH2

*u 0*u
= 2pullzz | S |+ Cllullys (lallg + 1)1

+ 2e¢ H @HWL Ha””@“

”2
ot?

Appling Holder and Young inequalities, we get

d 8uH2

Oa
L *\\2

H ullfe + (|’uHH1+1) H+*H (2.14)

2
v 2t <

Multiplying (1.2) by —A%—fz‘ and integrating over €2, we get the following estimate

d
ez + H 2120 ) + || HHl + 2H ||H2 < 2||ullF + 2H 3 (215)
ot ot

Multiplying (1.2) by 2 dt2 , and integrating over €2, we get

8204 82 8U 82
2 2 _

Appling Holder and Young inequalities, we find the estimate

& (1521 + 15208 ) + 15517 < Cullale + Caluly + ol 5o, 219

In this study, we have three main results; existence theorem, uniqueness theorem,
existence
theorem with more regularity.

3 Existence and Uniqueness of solution.

Theorem 3.1 (Existence). We assume (ug, u1, ag, ) € H} () x L2(Q) x HE (Q) x

L?() and F(ug) < 400, then the problem (1.1)-(1.4) possesses at least one solution (u, o) such
that

u, a € L=(0, T3 HE(Q)), % e L0, T;L*(Q)) N L2(0, T; L*(Q)),

9o ¢ 1°0(0, T3 L2(2)) N L2(0, T3 H(Q)), for all T > 0.

The prove of this theorem is based on (2.4) and the standard Galerkin scheme
(see [7]).
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Theorem 3.2 (Uniqueness). Assume the hypothesis of Theorem 3.1 verified, then

the problem (1.2)-(1.4) possesses a unique solution (u, «), such that u, a € L>=(0, T; H}(Q)),
e € L°(0, T; L2 ()N L*(0, T5 L*()), G2 € L0, T5 LA(Q))N L*(0, T'; Hi (),

for all T >0, with p <1 and n = 3.

Proof. Let (uM, aM) and (u®, o)) two solutions of the problem (1.1)-(1.4), with
@M, ul?, ol o), @i, ul?, al?, al?) € HE(Q) x L2(Q) x HE(2) x L(2) their
respective initial data.

Let u = u) —u® and a = o) — a?. Then (u, o) satisfies

e?;tg + ng — Au + fY) — fu®) = (?9?, (3.1)
3;;; + ({;(; Aaactl Aa = —u — 27:, (3.2)
ulpo = alse = 0,
U= = wp = u(()l)—u(()Q), 87;|t:0:u1 :ugl)—u(f),
ali—p = ap = a(()l)—a(()Q), %?\to = q = agl)—a?).

Integrate over €2 the product of (3.1) by % We find

d Jda 0
% (i + @%0) + 215007 < 2 [ 1) - saiGae + 258 Shes

Lagrange theorem gives an estimate
@) = fu®)] = |f (ou + (1 = 60)u®)|Jul
avec 0 < 9y < 1.
The hypothesis (1.8) allows to write, when n = 3 et p < 1, inequalities
| G0+ (1=60)u®)| < e3(1douV+(1-80)ul® PP+1) < e (2 (8lu® 2 + (1= 80)2u® ) +1).
We deduce the estimate
1/ (80u® + (1 — d)u®)| < C (yu<1>\2p + @) 4 1) .

Insert the above estimate into (3.3). We get

d
a1 (1 + el 5712 ) 4215507 < © [ (IO + @1 +1) Rl 5 1+20 55 51

then we have

d
g (W + AGP) +15P < clu + 250 G
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(u, ) verifies equation (2.1) which implies

d
i (Il 15 ) 15512 + 15 1 < ClulBe + 2 F1 35)

Add together (3.4) and v1(3.5) with 73 > 0, such that 1-2y; > 0, we obtain the
estimate

d

T+ C4|| H2 + vlll H2 + ’Yl|| < koFEy

at ”Hl —

with ko > 0, independent of e, where

By = |lullfp + GH H2 + mllalfn + 71H H2

Apply the Gronwall’s lemma. We get

t ou Oa Ja
E+/<C'72+’y72+’yT21>dT§EOek2T,
s+ [ (GG + GO + nlG @l 2(0)
for all t € [0,T.

We deduce the continuous dependence of the solution relative to the initial con-
ditions, hence the uniqueness of the solution. Il

The existence and uniqueness of the solution of problem (1.2) - (1.4) being proven
in a larger space, we will seek a solution with more regularity.

Theorem 3.3. We assume that (u, a)is solution of problem (1.2)-(1.4), and in
thatp < 1 and n = 3, with (uo, u1, ag, a1) € (Hg(Q)NH?(Q)) x HE(Q) x (H(Q)N
H?(Q)) x H} () then, the problem (1)-(4) has a unique solution (u, o) such that
u, € L0, T3 HY () N H2(Q)),

8“ € L>(0,T; HO(Q))OLQ(O T H{(Q)), 92 € L*°(0, T; HY ()N L0, T'; H3 ()N

H2(Q)) nd gtg,%tQ € L*(0, T; L*(Q)), for all T > 0.

Proof. By Theorems 3.1 and 3.2, the problem (1.2)-(1.4) has a unique solution
(u, @) such thatu, o € L>(0, T'; H}(Q)), %‘; € L>=(0, T; L*(Q))NL*0, T; L*()),
%—? € L>=(0, T; L?(2)) N L2(0, T; HY(Y)), for all T > 0. Thanks to those hypothe-
sis,

one can affirm :

* (2.12) implies u € L*(0, T'; HY()NH?()) and 9% € L>(0, T'; H ())NL3(0, T ; HE (2)).

* Since 22 € L>(0, T L?(Q))m L2(0, T; HY(Q)) and u € L=(0, T; HY(Q)NH?(Q)),
then (2. 14) 1mp11es Y e L2(0, T; L*(Q)).
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* Since u € L=(0, T3 H () and §% € L0, T'; HY(Q)) N L*(0, T'; HY(R)),(2.15)
implies
a € L0, T; HX(Q)NHEH(Q))), %2 € L0, T; HY(Q))N L2(0, T'5; HY(Q)NH?(Q)).

* Since u € L>®(0, T; H}(Q)), %7; € L0, T;L*(Q)) and o € L>=(0, T; H*(2) N
HE(Q), (2.16) implies 2% € L2(0, T ; L2(€2)). O
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