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Abstract

We present a study of tensor products of bornological modules over
bornological commutative rings by means of an elementary approach.
We also present some applications to the study of modules of bounded
multilinear mappings and modules of bounded homogeneous polynomi-
als.
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1 Introduction

The notion of a bounded subset of a (real or complex) topological vector
space was introduced by Kolmogoroff [11] and von Neumann [17]. It played
such a fundamental role in functional analysis and its applications that mo-
tivated the definition and the study of more general and abstract classes of
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bounded sets, the so called bornologies. A bornology on a set X is a collec-
tion B of subsets of X (called bounded sets) that contains the singletons and
is stable under the passage to subsets and the formation of finite unions. In
addition to functional analysis [1, 9, 25], bornologies have shown to be very
useful in several contexts, such as topology [13], topological algebra [2, 25],
and noncommutative geometry and cyclic homology [16, 24].

In the present paper we are going to work in the setting of modules over a
commutative ring. In that setting bornologies were studied mainly by Pombo
during the last twenty years, who considered linearly bornologized modules in
[19, 20], bornological modules over topological rings in [21], and vectorially
bornologized modules in [18]; additionally, (not necessarily abelian) bornolog-
ical groups have been discussed recently in [22]. Moreover, Bernardes and
Pombo studied bornological topological modules in [2, 4, 5]. Our main goal
here is to complement these works by presenting a study of tensor products of
bornological modules by means of an elementary approach, which avoids the
use of the language and of the methods of category theory [14, 23].

We apply the results presented here to the study of modules of bounded
multilinear mappings and modules of bounded homogeneous polynomials. In
particular, we give a short proof of the main result obtained by Farias and
Pombo [8] by means of the tensor product technique. Let us also mention that
polynomially bornological topological vector spaces over a very general class
of topological fields were studied by Bernardes and Pombo [3].

2 Bornological modules over bornological rings

In the present work we consider the slightly more general notion of a
bornological module over a bornological ring. It has the advantage of con-
taining simultaneously the class of bornological modules over topological rings
and the class of vectorially bornologized modules that were studied by Pombo
in [21] and [18], respectively. For the first class, it is enough to consider
the topological ring (A, T) in question endowed with the bornology of its T-
bounded subsets and for the second class it is enough to consider the ring A
in question endowed with its discrete bornology.

Our main goal in this section is to fix some terminology and to present the
basic constructions (products, inverse limits, direct sums, direct limits, etc.)
concerning bornological modules over bornological rings. These constructions
are derived from the existence of initial and final module bornologies. Al-
though our setting is slightly more general, the proofs of the existence of these
bornologies are essentially the same as the ones presented by Pombo [21] in the
case of bornological modules over topological rings. Nevertheless, since these
proofs are very short, we shall present them here for the sake of completeness.
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The basic notions and constructions concerning modules [7, 12] and borno-
logical sets [9, 10] are assumed to be known. Moreover, we usually denote the
bornology (resp. the topology) of a bornological set (resp. a topological space)
X by Bx (resp. Tx).

Let A be a ring (all rings are assumed to have a non-zero identity element).
A ring bornology on A is a bornology B on A satisfying the following conditions:

(RB1) By + By € B whenever By, By € B;
(RB2) BB, € B whenever By, B, € B.

A bornological ring is a ring endowed with a ring bornology.

Note that if B is a ring bornology on a ring A, then B is also a ring bornology
on the opposite ring A°. We usually consider the opposite of a bornological
ring as a bornological ring in this way.

Example 1. (a) The trivial bornology on a ring A is a ring bornology.

(b) The discrete bornology on a ring A is a ring bornology.

(c) Let A be a topological ring. Recall that a subset L of A is said to be
left (resp. right) Ta-bounded if for every neighborhood V of 0 in A there is
a neighborhood W of 0 in A such that WL C V (resp. LW C V); L is Ta-
bounded if it is both left and right 74-bounded. The collection By(T4) (resp.
B.(Ta), B(Ta)) of all left Ty-bounded (resp. right T4-bounded, T4-bounded)
subsets of A is a ring bornology on A. Of course, these three bornologies
coincide if A is commutative.

Let A be a bornological ring and let E be a left A-module (all modules are
assumed to be unitary). A left A-module bornology on E is a bornology B on
FE satisfying the following conditions:

(MB1) B; + By € B whenever By, By € B;
(MB2) LB € B whenever L € B4 and B € B.

A bornological left A-module is a left A-module endowed with a left A-
module bornology.

Analogously we define the concepts of a right A-module bornology and a
bornological right A-module.

If E is a bornological right A-module, then E is a bornological left A°-
module. For this reason, we shall restrict ourselves to left modules and so we
shall omit the word “left”.

Example 2. (a) For any bornological ring A, the trivial bornology on an A-
module F is an A-module bornology.
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(b) If A is a ring endowed with the discrete bornology, then the discrete bornol-
ogy on an A-module F is an A-module bornology.

(c) Every bornological ring A may be regarded as a bornological A-module.
(d) Let X be a bornological set, A a bornological ring and F' a bornological
A-module. The set B(X; F) of all bounded mappings from X into F' is a sub-
module of the product A-module F¥ of all mappings from X into F. Recall
that a set X of mappings from X into F' is said to be equibounded if

X(B) := U f(B) € Br whenever B € Bx.
fex

The collection of all equibounded subsets of B(X; F') is an A-module bornology,
called the bornology of equiboundedness.

(e) Let A be a topological ring endowed with the bornology By(7T4). Let E be
a topological A-module. Recall that a subset B of F is said to be Tg-bounded
if for every neighborhood V' of 0 in E there is a neighborhood W of 0 in A
such that WB C V. The collection B(Tg) of all Tg-bounded subsets of E' is
an A-module bornology on E.

Remark 3. Let G be a commutative group denoted additively. A group bornol-
ogy on G is a bornology B on G such that

—Bi€B and Bj+ By € B whenever By, By € B.

A bornological commutative group is a commutative group endowed with a
group bornology. By considering Z endowed with the discrete bornology and
by regarding G as a Z-module, a group bornology on G is the same as a Z-
module bornology on G. In this way, bornological commutative groups can be
viewed as bornological Z-modules.

For the remaining of this section, A denotes a bornological ring,.

Theorem 4. Let E be an A-module, let (F,)acr be a family of bornological
A-modules and, for each o € I, let f, : E — F, be an A-linear mapping. Then
the initial bornology B on E for the family (fa)acr, which is given by

B={B CEF,f.B) € Bg, for every a € I},

18 an A-module bornology. Hence, B is also the initial A-module bornology on
E for the family (fa)acr in the sense that if g is an A-linear mapping from a
bornological A-module G into E, then g is bounded (E endowed with B) if and
only if each of the mappings f, o g is bounded.

Proof. If By, B, € B and L € B4, then
fa(Bi+ Bs) = fo(B1) + fa(B2) € Br, and  fo(LB1) = Lfa(B1) € Br,
for every o € I, which proves that By + By € B and LB, € B. O
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Example 5. (a) If £ is a bornological A-module and M is a submodule of E,
then the induced bornology on M is an A-module bornology. Recall that it
consists of all bounded sets of E which are contained in M.

(b) If (Ey)aer is a family of bornological A-modules and E = [],.; E, is the
product A-module, then the product bornology on E is an A-module bornol-
ogy. Recall that the sets of the form Hael B,, with each B, bounded in E,,
form a base for this bornology.

(c) Let (Ea,uap)acr be an inverse system of bornological A-modules. This
means that [ is a non-empty partially ordered set, F, is a bornological A-
module for every o € I, unag : Eg — E, is a bounded A-linear mapping for
every o, 8 € I with o < 8, upe = Idg, for every a € I, and uqg 0 Ugy = Uy
for every a, 8,7 € I with a < g <. Let £ = {iinEa be the inverse limit

A-module and let u, : E — E, be the canonical mapping (« € I). The inverse
limit bornology on E is the initial (A-module) bornology on FE for the family
(Ua)aer- By definition, it consists of all sets B C E such that u,(B) is bounded
in E, for every a« € I. By considering E' endowed with this bornology, the
following universal property holds:

For every bornological A-module F' and for every family (vy)acr of bounded
A-linear mappings v, : F' — E, satisfying v, = uagovg whenever a < f3, there
s a unique bounded A-linear mapping v : F' — lién E. such that vo, = ug 0 v
for every a € 1.

Let us remark that if I is endowed with the equality relation, then 1<1Ln E, =

[I.c; Eo and the inverse limit bornology coincides with the product bornology.

Unless otherwise specified, whenever we consider a submodule of a bornolog-
ical module (resp. a product of bornological modules, an inverse limit of an
inverse system of bornological modules) as a bornological module, the induced
bornology (resp. the product bornology, the inverse limit bornology) is implied.

Theorem 6. Let E be an A-module, let (F,)acr be a family of bornological
A-modules and, for each o € I, let f, : F, — E be an A-linear mapping. Let
S be the collection of all subsets of E of the form

lel + e + mem + fOél(BOCI) + e + fOén(BOCn)7

where m,n € N*, Ly,.... L, € Ba, z1,....,20,, € E, aq,...,c, € I and
B, € Bpaj for1 < j <mn. Then S is a base for an A-module bornology B on
E, which is the final A-module bornology on E for the family (fo)acr in the
sense that if g is an A-linear mapping from E into a bornological A-module
G, then g is bounded (E endowed with B) if and only if each of the mappings
g o fo 15 bounded.
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Proof. Obviously, S is a cover of E. Given C,D € 8, there are C', D' € S
such that C U {0} € ¢ and DU {0} C D', and so

cCuDcC' +D €8S.

Thus, S is a base for a bornology B on E. Clearly, B satisfies (MB1) and
(MB2), that is, B is an A-module bornology. Moreover, each f, is bounded,
which implies that each go f, is bounded whenever g is bounded. Conversely,

if each g o f,, is bounded, then ¢ is bounded on each element of & and so g is
bounded. O

Remark 7. Under the conditions of Theorem 6, if E is generated by | J,c; fo(Fa),
then the sets of the form f,, (Ba,)+- -+ fa,(Ba,), where n € N*, oy, ..., o €
I'and B,, € B Fa, for 1 < j < n, form a base for the final A-module bornology.

Remark 8. Contrary to the case of initial bornologies, the final bornology on
E and the final A-module bornology on E may be different. For example,
consider A = R endowed with its usual bornology (which is given by its usual
metric) and consider F; = F; = R regarded as bornological R-modules. Let
E = R? regarded as an R-module and let

fl:xeFlH(x,O)EE and fQIyGFQH(O,y)EE.

We know that the final bornology B on E for the family (fa)ac{1,23 is formed
by the sets of the form X U f;(B;) U fa(Bs), where X C FE is finite and
By,By C Fy = F, are bounded. Since fi([0,1]) € B, f2([0,1]) € B and
f1([0,1]) + f2([0,1]) = [0, 1]* & B, we see that B is not an R-module bornology.

Example 9. (a) If £ is a bornological A-module and M is a submodule of E,
then the quotient bornology on the quotient A-module E/M is an A-module
bornology. Recall that it consists of the canonical images in E/M of the
bounded sets of E.

(b) Let (£4)aer be a family of bornological A-modules and E = @, E, the
direct sum A-module. The direct sum bornology on E is the final A-module
bornology for the family (A, )acr, where A, : E, — E is the canonical injection
(aw € I). By Remark 7, the sets of the form Ay, (Ba,) + -+ + A, (Ba, ), where
n €N ap,...,a, € Iand B,;, € Bg, for 1 < j < n, form a base for this
bornology. ’

(c) Let (Eq, uga)acr be a direct system of bornological A-modules. This means
that I is a non-empty partially ordered set, E, is a bornological A-module
for every av € I, ug, : B, — Ejs is a bounded A-linear mapping for every
a,B € I with a < B, Uupa = Idg, for every a € I, and w5 0 ugy = Uyq
for every o, 8,7y € I with a < 8 < ~. Let F = liin E, be the direct limit

A-module and let u,, : E, — E be the canonical mapping (« € I). The direct
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limit bornology on E is the final A-module bornology on E for the family
(ta)acr- By Remark 7, the sets of the form ug, (Ba,) + « + + Uq, (Ba, ), where
n € N ap,...,a, € [ and B,, € BE%, for 1 < j < n, form a base for
this bornology. By considering E endowed with this bornology, the following
universal property holds:

For every bornological A-module F' and for every family (vy)acr of bounded
A-linear mappings vy, : Eo — F' satisfying v, = vgoug, whenever a < 3, there
s a unique bounded A-linear mapping v : lln E, — F such that v, = v o u,
for every a € 1.

Let us remark that if I is endowed with the equality relation, then h_II)l E, =

D.c; Eo and the direct limit bornology coincides with the direct sum bornol-
ogy.

Unless otherwise specified, whenever we consider a quotient of a bornolog-
ical module (resp. a direct sum of bornological modules, a direct limit of a
direct system of bornological modules) as a bornological module, the quotient

bornology (resp. the direct sum bornology, the direct limit bornology) is im-
plied.

3 Bornological tensor products

Throughout this section A denotes a bornological commutative ring.

If Fy,...,E,, F are A-modules, we denote by L,(F1,...,E,; F) the A-
module of all A-multilinear mappings from E; x---x E, into F, by F1®---QF,
the tensor product A-module of Ei, ..., F, and by

¢:(x1,...,an) EEY X XE, w11 Q - Qu, € B1® - QF,

the canonical mapping. Moreover, given subsets By C Ey,...,B, C E,, we

define
Bl*---*Bn:{lj@"'@iEn;l'leBla~-7$n€Bn}'

We know that for each A-multilinear mapping f from E; x --- x E, into F
there exists a unique A-linear mapping from F; ® --- ® FE, into F, which we
denote by uy, such that

fxe, ..o, zn) =up(r1 @ - @ xy)
for all (zq,...,z,) € E1 X --- x E,. Moreover, the mapping
feLlybr,....E;F)—ur € L(B1®-- R E,; F)

is an A-module isomorphism.
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If £y,...,E,, F are bornological A-modules, the set
Ly(Er,... B F) = Lo(Ey,..., By F)NB(Ey x -+ x By F)

of all bounded A-multilinear mappings from E; x --- x E, into F' is a sub-
module of both L,(F1, ..., E,; F) and B(E; X -+ X E,; F'). The bornology of
equiboundedness on B(E; X --- X E,; F) induces an A-module bornology on
Ly(Ey, ..., Ey; F). Unless otherwise specified, we consider L£y(Ey, ..., E,; F)
endowed with this bornology.

Theorem 10. Let Fy, ..., E, be bornological A-modules. Then there exists a
unique A-module bornology B on £y ®---® E,, such that the following property
holds: for every bornological A-module F' and for every A-multilinear mapping
fiEix---xE, = F, we have that f is bounded if and only if us is bounded
(where By @ -+ - ® E, is endowed with B).

Proof. Let § be the collection of all sets of the form
(Bl,l*"'*Bn,l)_’_"'—'—(Bl,'/‘*"'*Bn,r)7

where r € N* and B; 1,...,B;, € Bg, for each 1 <i <n. Clearly, § is a cover
of /® ---QF,. If

B:(Bl,l*"'*Bn,l)+"'+(Bl,r*"'*Bn,r);

C:(Cl,l*"'*Cn,l)+"'+(Cl,s*"'*Cn,s)

are two elements of S, then by completing with sets of the form {0}, if neces-
sary, we may assume r = s, and so

BUC C(Dyy*-+-%Dypy)+---+ (D1y*--% Dy,

where D; ; = B; ;UC; ; € Bg, foreach 1 <¢<nand1<j <r. Hence, Sis a
base for a bornology B on F; ® ---® E,. Since the sum of two elements of S
is obviously an element of § and since

LBC(LBLl*Bg’l*"'*Bn,l)+"'+(LBLT*BQ’T*"‘*BnJ«>GS

whenever L € B4 and B is as above, it follows that B is an A-module bornology.
Moreover, the canonical mapping ¢ : £y X --- X E, — F;®---® E, is bounded
if £, ®---® E, is endowed with B. Hence, f = uy o ¢ is bounded whenever
uy is bounded. Conversely, if f is bounded and B is as above, then

uf(B):f(Bl,lX"'XBn,l)+"'+f(Bl,T><"'><Bn,r)EBFa

proving that u; is bounded.
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It remains to prove the uniqueness of 5. Suppose B’ is an A-module bornol-
ogy on Iy ® --- ® FE, which has also the property stated in the theorem. Let
G=LI®- --®F, endowed with Band G' = F, ® --- ® E,, endowed with B'.
In the diagram

Eyx---xE, ¢ G’

the identity mapping /d is obviously bounded. Hence, by our hypothesis on
B,¢=1do¢: Eyx---x E, — G is bounded. This implies that S C B’, and
so B C B'. Moreover, we see from the diagram

Eyx---xE, ¢ G

N

G/
and from our hypothesis on B’ that Id : G’ — G is bounded, andso B’ ¢ B. [

The bornology B obtained in Theorem 10 is called the tensor product
bornology on Fy ® --- ® E,. It follows from the proof of Theorem 10 that
if S; is a base for the bornology Bg, (1 <i < n), then the sets of the form

(Bl,l*"'*Bn,1>+"'+(Bl,r*"'*Bn,r)7

where r € N* and B, 1,...,B;, € §; for each 1 < ¢ < n, form a base for B.
Unless otherwise specified, whenever we consider a tensor product of bornolog-
ical modules as a bornological module the tensor product bornology is implied.

Proposition 11 (Commutativity). Let Ey,..., E, be bornological A-modules
and let ™ be a permutation of {1, ... ,n}. Consider the unique A-linear mapping

OéE1®®En—>E7r(l)®®E7r(n)

which maps v1 @ -+ @ Ty, L0 Tr) @ +++ @ Tr(n). Then a is a bornological
A-module isomorphism.

Proposition 12 (Associativity). Let Ey, ..., E, be bornological A-modules and
let G be the bornological A-module obtained by putting some choice of paren-
theses in the expression E1 ® ---® E,. Consider the unique A-linear mapping

B:Ei®---®FE, =G

which maps ©1®- - -®x, in the expression obtained from r1X---®x, by putting
the same choice of parentheses as before. Then [ is a bornological A-module
1somorphism.
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In fact, we know that the mappings « and  are A-module isomorphisms.
That these mappings are bounded and have bounded inverses follow immedi-
ately from the form of the basic bounded sets in the tensor product bornology.

Theorem 13. Let Ey, ..., E,, F be bornological A-modules. Then
Yrfely(By, ..., B F)—ure Ly(B1®--- @ E,; F)
s a bornological A-module isomorphism.

Proof. We know that
feLlybr,....E;F)—us € L(B4®---®E,; F)

is an A-module isomorphism and, by Theorem 10, f is bounded if and only

if uy is bounded. Thus, ¢ is an A-module isomorphism. It remains to prove
that ¢ and ¢~ are bounded.
Let X be an equibounded subset of Ly(F1, ..., E,; F') and let

B:(Bl,l*”'*Bn,l)+"'+(B1,7’*"'*BTL,T)

be a basic bounded set for the tensor product bornology on F; ® -+ ® E,,.
Then

(¥(X))(B) = U (f(Bia X+ X Bp1) 4+ f(Biy X -+ X By,))

fex

CX(BLIX"'XBn’l)—l-"'—FX(BLTX"'XBnJ«)EBF.

This proves that ¥ (&X') is an equibounded subset of Ly(FE; ® -+ ® E,; F).

Conversely, let ) be an equibounded subset of L,(E; ® -+ ® E,; F) and
let C' = Cy x --- x Cy be a basic bounded set for the product bornology on
F; x---x E,. Then

@@ = | fCix-xC)= ] uCrx-xCy)
)

fep=t(y fedb=t ()
—V(Cy %% C) € Br,
proving that ~1(}) is an equibounded subset of Ly(Ey,. .., E,; F). O

Proposition 14. If Ey, ..., E,, Fi,..., F, are bornological A-modules and u; :
E, — Fy,...,u, : E, — F, are bounded A-linear mappings, then the unique
A-linear mapping

which satisfies
(U@ Qup)(T1 @+ @ xyp) = u(z1) @+ @ up(xy)

18 bounded.
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Proof. Indeed, if B = (Byy % - % By1) + -+ + (Byy *--- % By, ) is a basic
bounded set in £y @ --- ® E,, then (u1 ® -+ ® u,)(B) = (u1(Byg) * -+ - %
Un(Bp1)) + -+ (w1 (Biy) * -+ - x up(By,)) is bounded in [} ® -+ - ® F,. O

Proposition 15. If Fy, ..., E,, F1, ..., F, are bornological A-modules, then
O Ly(EyF) X X Ly(BEny Fy) > Ly(B1 Q- QE; F1®--QF,)
given by
D(up, ..., up) =u @+ Quy,

1s a bounded A-multilinear mapping.

Proof. Clearly, ® is A-multilinear. If X is an equibounded subset of £,(E;; Fj)
(1<j<n)and B = (By1*---*By1)+---+(By,* --*B,,) is a basic bounded
set in B} ® -+ ® E,, then ®(X; x -+ x X,)(B) C (X1 (By1) *---* X (Bn1)) +
<o 4 (X (Byy) * - - - % X (Byyr)), which is a bounded set in £} ® - - - ® F,,. This
proves that ®(AX) x - - - x A},) is an equibounded subset of L,(E1®---Q E,; F1 ®
@ F,). O

In view of Theorem 10, there corresponds to the mapping ® of Proposi-
tion 15 a unique bounded A-linear mapping (called canonical)

Ly(EF1) @ @ Ly(Eps ) = Lo(B1 @ -+ @ By F1 @ -+ ® ),

which associates to each element u; ® - - - ® u,, of the tensor product the linear
mapping 1 ® - - Qu, : B1®---QF, - F1®---® F,. This canonical mapping
is not necessarily injective nor surjective, so that the notation u; ® --- ® u,
can lead to confusion. So, unless otherwise specified, u; ® - - - ® u,, will denote
the bounded A-linear mapping given by Proposition 14.

Proposition 16. Let (Eé}l))aleh, e (Eén))angn be families of bornological

n

A-modules and let [ = Iy x --- x I,. Then the canonical A-linear mapping
v ([ D)oo (Il D) - I (EQe-eED),
ar€ly an€ly (a1 ..... an)EI

which satisfies
\II((ZL’Sl)>a1€h R ® (xgi))aneln) — (xt(lll) R ® Ig;))(al
18 bounded.

Proof. Consider the A-multilinear mapping

P ) (T ED) > T (e ory)

ar1€lr an€ln (a1yeeeyain )ET
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giVGIl by f((xgéll))alelw SRR (x((;;))oéneln) = ('TSR - ® $£Z))(al an)el’ The

inclusion

((H Bu)) (H B )) [T BYx- B
an€ly (

ar€ly
shows that f is bounded. Hence ¥ = uy is bounded by Theorem 10. O]

We know that the mapping ¥ in the above proposition is not necessarily
injective nor surjective. There is a well-known particular case in which W is
an A-module isomorphism, namely:

v ([[E) e rF—T]E

acl ael

where (F,)acr is any family of A-modules and F' is a finitely generated free
A-module ([7], Chapter II, §3, Corollary 3 to Proposition 7). Nevertheless,
even in this particular case, if F, (o € I) and F' are endowed with A-module
bornologies, it is still not necessarily true that ¥ is a bornological A-module
isomorphism, as the next example shows. However, we shall see later (Propo-
sition 20) that under some additional conditions we get a positive result.

Example 17. Let K be a non-trivially valued commutative field with absolute
value | - | and identity element 1. Consider K endowed with the bornology
formed by the sets which are bounded with respect to the absolute value |-|. Let
FE = K regarded as a bornological K-vector space and let F' = K regarded as
a K-vector space but endowed with the trivial bornology. Then the canonical
mapping ¥ : BN ®@ F — (F ® F)Y is a K-vector space isomorphism and is
bounded by Proposition 16. We shall prove that ¥~! is not bounded. Since
\IJ_I ((xn ® yn)neN) = (mnyn)neN ® L

({1« P)Y) = BN« {1}.

Clearly ({1} F)Y is a bounded subset of (E® F)N, but we claim that E™N % {1}
is not a bounded subset of EN ® F. In fact, suppose that our claim is false.
Then EM x {1} must be contained in a basic bounded set of the form

(L Bua) P oo [(TL o) = ],

where B, ; is bounded in E (1 < j <7, n € N). For each n € N, let
¢ =sup{|A\;A € B,1U...UB,,} <o

and choose z,, € F such that |z,| > nc,. We may write

T

(xn)neN ®1= Z ((bn,j)neN ® yj) = (Z yjbn’])nEN & 17
j=1

j=1
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where b, ; € B,; and y; € F' (1 < j <r,n € N). Hence,

r T
ne, < |z,| = |Zyjbn,j‘ < an |Y;]
j=1 Jj=1

for every n € N, which is impossible.

Let (E, “Eall)al)onehv L (BE ul) ), cr be direct systems of bornolog-

Gn o PhLan

ical A-modules. For each 1 < j < n, consider the bornological A-module
EY — lim EY)
— Y

and let u(()f]) : E((XJJ) — EU) be the canonical bounded A-linear mapping (o € I;).

Consider the product set I = I; x --- x I,, endowed with the following partial
order relation:

(al,...,an)S(ﬁl,...,ﬁn)<:>a1§51,...,an§ﬁn.

For each (ay,...,a,) < (B1,...,0,) in I, we define

1 n)
W(B1,....Bn) (1 yeresin) — u(ﬁl)al R ® U(
which is a bounded A-linear mapping. It is easy to show that

1 n
(EC(XI) ® P ® Ec(xn)7 w(ﬁlv"ﬂﬁn)(al’”"a"))(Ocl,...,ocn)EI
is a direct system of bornological A-modules. Consider the bornological A-
module
E=ImEY @ - EM)
—>

Qn

and, for each (av,...,a,) € 1, let

Warson) BV @ @ EY - B
be the canonical bounded A-linear mapping. Now, for each (aq,...,a,) € 1,
we define

h(al,..l,an) = ug}l) R ® ug;)

which is a bounded A-linear mapping. Since

h(alv'“van) = h(ﬁl77ﬁn) © w(617---7/3n)(a17"'7an)

whenever (aq,...,a,) < (B1,...,8,) in I, there exists a unique bounded A-
linear mapping
h':E—sEVNg...0E™

such that Ay, an) = P 0 Wias,..a,) for every (aq,..., o) € 1.
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Theorem 18. The mapping
hilim(EY @@ EM) = (limEM) ® -+ @ (lim E()
— — —
s a bornological A-module isomorphism.

() . gp) ()
) ED @ F

Biel;

Proof. Let

(aj € 1;,1 < j<mn)and

Naswan) : B @@ B @ (Bf ©--- 0 Ef)
(51,~.~,5n)61

((ay...,c0n) € I) be the canonical injections. We define a bounded A-
multilinear mapping f : EM x---x E™ — Ein the followmg way: given x( ) e
EW 2™ e BEM we choose a representative (ngj Jaser; € DBaer, a]] of

the class ) in EY) = lim Eg]) for each 1 < j < n, and then define
_>

f(@W, .., 2M) = the class of (x((lll) ®--® $(n))(a1, an)er in E.
In order to prove that f is well-defined, it is enough to show that if
n, (1
(W )arer, = (@) wen + A0 (20 = AP (Wl (=)

(where ae < 5 in [; and 2 e BV are fixed) and

(ygi))oQGIE = (x((ai))ageb’ R (ygjz)

then the class of (yg,1 ® - ®y("))(al7 an)el 18 equal to the class of (x&ll) ®:®

iUan))(al, .an)er- But this follows from the fact that (y((xl) R ®y("))(alwan)€1 =

1
(17&1) K- & :Et(ln))(og,...,an)ef + (t(al,...,an))(al,...,an)eh where

)aneln = (I.g:z)>anefn’

(t(al,...,an))(al,...,an)el = Z [)\(a,ag,...,an)<z((11) ® 1,5122) R R 'I(()ZL))

(Ozg,...,ozn)EIQXmXIn

= MBazsan) (W(B.az,an)(@azman (28 @ 25) @ - @ ()],
Now, it is easy to see that f is A-multilinear. Since

P (BE) x - < uGl(BRY))) = wian..a) (B # -+ % BLY))

al ai «

is bounded in F whenever B((f}) is bounded in E&jj) for each 1 < 5 < n, it
follows that f is bounded. By Theorem 10, there is a unique bounded A-linear
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mapping g : EV®--- @ E™ — Esuch that f(zM,...,20) = g(2W®- - -@2M)
for every (z(, ... 2(™) € EM x ... x EM™_ It remains to prove that g = h™'.
Since

we see that g o h is the identity mapping on F. On the other hand, since

Mg (ug) (26)) @ -+ @ u)(@i)))) = P, 0 (@) @ - @ ()

n

— h(al an>(x533 R ® x(”))

.....

h o g is the identity mapping on EM @ .- @ E™. O

The isomorphism given in the above theorem is said to be canonical.

Now, let (E'&ll))oé16 Iiseees (EC(,"))OMe 1, be families of bornological A-modules.

By partially ordering I; through the equality relation and by defining ud )aj as

the identity mapping on E&JJ) (a; € 1;), we obtain a direct system (E&j), ué )a] )ajel

of bornological A-modules so that

hm E @ EaJ

aj;€l;

as bornological A-modules (1 < j < n). In the present case, the partial order
relation on the product I = I; X --- X [, is also the equality relation and so

i M ... (n)y — M ... (n)

im(EY @@ ER)= P (BY -0 BL)
as bornological A-modules. Therefore, we obtain from the previous theorem
the following

Corollary 19. The bornological A-modules

@ (Egl)®“'®E§Z)) and <@ ESI))@@(@ Egjl))

(a1,...,an )€l ar€l; an€ln
are canonically isomorphic.

As an application of this corollary, let us establish the following
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Proposition 20. Let K be a complete non-trivially valued commutative field
and consider K endowed with the bornology defined by its absolute value. Let
(Ea)acr be a family of bornological K -vector spaces and let F' be a bornological
K -vector space. If I is finite-dimensional and separated, then the canonical

mapping
vi([[E)oF > [[(Baw F

a€el ael

1s a bornological K -vector space isomorphism.

Recall that F' separated means that {0} is the only bounded vector sub-
space of F' ([10], Chapter 1, §3, Definition 2).

Proof. If n = dim F then F is isomorphic as a bornological K-vector space
to the product vector space K" endowed with the product bornology ([10],
Chapter 1, §3, Proposition 12). Thus, it is enough to prove the proposition in
the case F' = K™. For this purpose, let us observe that for every bornological
K-vector space E, the mapping

:z2ecE—z21c EFRQK

is a bornological K-vector space isomorphism. Indeed, this follows easily from
the fact that 07'(z ® a) = ax for all a € K and x € F.

Now, consider the following finite sequence of canonical bornological K-
vector space isomorphisms:

([[E-) @ K" = (][ Bo) @ K)" — (][ Bo)" = [[(E

acl acl acl acl
—>H W @ K)" —>H o @ K™),
ael ael

where the first and the fifth isomorphisms come from Corollary 19, the second
and the fourth isomorphisms come from the observation in the previous para-
graph, and the third isomorphism is obvious. Since the composition of these
isomorphisms is exactly the mapping W, the proof is complete. O

For the remaining of this section we shall assume all the notations fixed in
the paragraph before Theorem 18.

Let (F),vau)res be an inverse system of bornological A-modules. Consider
the product set K = I} x --- x I, x J endowed with the following partial order
relation:

(a1, ey, A) < (Bry ooy By t) <= a1 < P10y < By A < .
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For each (av,...,an,A) < (B1,...,Bn, 1) in K, consider the bounded A-linear
mapping

1 n n
Dy N B - Lo(ES o B ) — Ly(BY, . B Fy)

given by
P _ (1) o (n)
(al7"'7an7)‘)(/317---=5nvu) (80) U)‘# © ¥ © (U’Bla’l X X uﬁnan)7
where
1 n n 1 n n
(u%l)oé1 X oo X uén)an)(xg}l), . ,x&n)) = (u/(Bl)Ol1 (x((jl)), . ,u/(Bn)an (a:&n)))

O IV )

n Bra Bnoan n
E(()lll)x...xE(()n) 1% Eﬁ(i)x...xEén

D(aq,ean, A (B ﬁn,#)(W)l j‘ﬁ
Fy F

Vap 1

It is easy to show that

1 n).
(Ly(BY, ..., BM: Fy), (I)(al,,..,an,/\)(,é’h...,,é’n,u))(a17_n7an7>\)eK

is an inverse system of bornological A-modules. Consider the bornological
A-module
—

and let vy : I — F) be the canonical bounded A-linear mapping (A € J). For
each (aq,...,a,,\) € K, consider the bounded A-linear mapping

Uiaranny : Lo(BD, B F) — L (EY), ... B Fy)

given by
\Il(oq,...,an,)\) (SO) =UyOopo (u&ll) X oo X ugz;))
1 u‘(11>><...><u‘(1">
E&l)x---xEc(,ffl ! " B ..o E™
Viag,....on A)(%O)j o
F)\ ™ F
Clearly,

\I](SO) = (\D(al,u.,an,)\) ((’0))(011,..,,(1”,/\)61( € I(El‘cb<E((yll)7 s 7E§¢T:L)a F)\)
In this way we obtain an A-linear mapping

U L (BEW, .. E™ F) > lim £,(EY, ..., EM; Fy).
<_
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Theorem 21. The mapping

U ,Cb(hmE hmE hm F\) — hm Ly(E! E™; Fy)

5 1 ey
s a bornological A-module isomorphism.

The case n = 1 of the above theorem (linear case) was obtained in [10] in
the context of bornological vector spaces over a non-discrete complete valued
field. The linear and the multilinear cases were established in [8] in the con-
text of bornological modules over a commutative topological ring. The proof
presented in [8] of the linear case works as well in the present context and so
we shall omit it. Our goal here is to give a different proof of the multilinear
case by using tensor products.

Proof. By Theorems 13 and 18,
Uy i€ L(EY, . E™ F) s u, € L(EV @@ EM; F),

Uy:u€ Ly (EY®- - @ E™: F)—uoh e Ly(E; F)

are bornological A-module isomorphisms. By the case n = 1 of the theorem,
the mapping

Uy : Ly(E; F) — lim ,Cb(Eéll)  ® E(n) L Fy)
H

given by Ws(w) = (vx © W 0 Way,....an)) (a1,....an,\ek 1S @ bornological A-module
isomorphism. In view of Theorem 13, the mapping

U, lim Ly (EY, ... BM; FA)—>hm£b( VY@ @B F)
(_

given by ‘h((f(al ..... an,)\))(al ..... an,)\)eK) = (Uf(al 77777 %A))(a1 ..... o N)EK is also a
bornological A-module isomorphism. Now, fix ¢ € L,(EW, ... EM™: F). By
definition,

Ws(W2(Pi(p))) = (va 0 Uy © N 0 Wa,
Since

(al ----- a?z))('rglll) ® T ® xgj;))
(oo (ul) x - x uP)(al, )

ai a1 Yap )

(vyouy,ohow

we see that Ws(Ws(U1(p))) = Uy(¥(p)), and so U = ¥, o Ug0Wyo ¥y, [
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The isomorphism given in the above theorem is said to be canonical.

Now, let (Eéll))aleh, . (E&Z))aneln, (F))xes be families of bornological A-

modules. By partially ordering /; through the equality relation and by defining

uﬁfjaj as the identity mapping on Ec(fj) (a; € I;), we obtain a direct system

(E(%), “(Bi)aj)aje 1, of bornological A-modules so that

' ) — ()
lim B = P B3,

ajEIj

as bornological A-modules (1 < j < n). Analogously, by partially ordering J
through the equality relation and by defining vy, as the identity mapping on F)
(A € J), we obtain an inverse system (F),vy,)aes of bornological A-modules

so that
lim Fy = H F,
aed

as bornological A-modules. In the present case, the partial order relation on
the product K =1I; x --- x I, x J is also the equality relation and so

i W ™). ) = W QF
lim £y(E, ... BGY; F) I cEY..  ED;R)

a1 )
(al,...,an,)\)GK

as bornological A-modules. Therefore, we obtain from the previous theorem
the following

Corollary 22. The bornological A-modules

(@ ED..... @ B IIR) and I calBD,. B Ry

a1€l an€ly, AeJ (a1yeean,N)EK

are canonically isomorphic.

4 Bounded homogeneous polynomials on bornolog-
ical modules

Throughout this section m € N* is fixed and A denotes a bornological
commutative ring with identity element e # 0 such that m!e is invertible in A.

Let E and F be A-modules. Recall that a mapping p : E — F is said

to be an m-homogeneous polynomial if there is an A-multilinear mapping
f+ E™ — F such that

p(z) = f(z,...,x) forallz € F.
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Note that in this case the mapping g : E™ — F given by
g(x1, ..., ) = (mle)™ Z F(@rys - Trm))
TESm
(where S, denotes the symmetric group of {1,...,m}) is a symmetric A-
multilinear mapping which also satisfies

p(z)=g(z,...,z) forallz € E.

Thus, we can always get a symmetric multilinear mapping in the definition
of a homogeneous polynomial. We denote by P,(™F; F') the A-module of all
m-homogeneous polynomials from E into F'. Moreover, we define

EFP"=FE® ---QE and 2°"=1®---®@uz (z€FE).
—_— —_—

m times m times

Finally, v™(F) denotes the submodule of E®™ generated by the set {z®™; z €
E} and
0:2€FEw2®"ey™(F)

is called the canonical mapping.
The following result will be very useful for our purposes:

Lemma 23. Let G,G’' be two commutative groups and f a symmetric Z-

multilinear mapping from G™ into G'. Then, for every (z1,...,x,) € G™,
mlf(xy,...,xy) = Z (—1)m(attem) flez) 4 -+ 6nam),
€1,-.-,em€{0,1}

where f(x) = f(z,...,z) (z € G).
Proof. Argue as in [15] or [6]. O
Given an A-module E, we define § : E™ — E®™ by
§(z1,...,Tm) = (mle)™! Z Tr(1) @+ @ Tr(m)-
7ESm

Note that § is a symmetric A-multilinear mapping and §(z, ..., z) = %™ for
all x € E. Hence, by Lemma 23,

§(z1,...,Tm) = (mle)™! Z (=)@t ton) (e m) 4 ),
€1,...,em€{0,1}

which proves that ¢ actually maps E™ into 4™ (FE). From now on, we consider
) as a mapping from E™ into 4™ (F), which is said to be canonical. Note
that 0(x) = §(z,...,z) for all z € E, where 0 : E — y™(E) is the canonical
mapping. This shows that # is an m-homogeneous polynomial.
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Lemma 24. Let E and F be A-modules. For each m-homogeneous polynomial
p from E into F there exists a unique A-linear mapping from v™(E) into F,
which we denote by v,, such that

p(z) = v, (z®™)  forallz € E.
Moreover, the mapping
pEPEF)— v, € L,(Y"(E); F)

1s an A-module isomorphism.

E P F
SN A
Y"(E)

Proof. Given p € P,(™E; F') there exists by definition an A-multilinear map-
ping f, : E™ — F such that p(z) = f,(x,...,z) for all z € E. If v, is the
restriction of uy, to ™ (£), then

p(@) = folz,...,2) =up (@ @) = 0v,(z®™) forallz € E.

The uniqueness of v, follows immediately from the fact that v (E') is generated
by the elements of the form 2®™. Clearly the mapping p — v, is A-linear. So,
it remains to show that it is onto. For this purpose, fix v € L£,(y"(E); F') and
let 0 : E™ — 4™ (F) be the canonical mapping. Then f =vod: E™ — Fis
an A-multilinear mapping and so

p(z) = f(z,...,x) (z€FE)
defines an m-homogeneous polynomial from E into F'. Since
p(z) = f(z,...,2) =v(d(z,...,2)) =v(x®") forallz € E,
v = v, and the proof is complete. n
If E and F' are bornological A-modules, the set
Py("E; F) =P, ("E; F)NB(E; F)

of all bounded m-homogeneous polynomials from £ into F' is a submodule of
both P,("E; F) and B(E; F'). The bornology of equiboundedness on B(E; F)
induces an A-module bornology on P,("E; F). Unless otherwise specified,
we consider P,("E; F') endowed with this bornology. Moreover, we consider
4™ (E) endowed with the bornology induced by the tensor product bornology
on E®™ and so the canonical mappings

0:FE—~"(E) and 6:E™ —~"(E)

are bounded.
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Theorem 25. Let E and F be bornological A-modules. If p : E — F is an
m-homogeneous polynomial, then p is bounded if and only if v, is bounded.
Moreover,

YipePy(MEF) — v, € Lp(y"(E); F)
s a bornological A-module isomorphism.

Proof. Let X be an equibounded subset of Py(™E; F'). For each p € X, let
fp  E™ — F be a symmetric A-multilinear mapping such that

p(x) = fp(z,...,xz) forallz e E.

By Lemma 23,

fol@1, ..., m) = (mle)™! Z (—1)mlattemp ey + -+ €nTy)

for every (xy,...,z,) € E™. This formula shows that {f,;p € X} is an
equibounded subset of £,(E, - - - , E; F), and therefore {uy,;p € X'} is an equi-
bounded subset of L£,(E®™; F') by Theorem 13. Since v, is the restriction of
uy, to ¥y (E), we conclude that

Y(&X) = {vyp € X}

is an equibounded subset of L£,(y™(F); F'). This proves that v really maps
Pyo(™E; F) into Ly,(7™(E); F') and is a bounded mapping. On the other hand,
if Y is an equibounded subset of Ly(y™(E); F'), then

YY) =Yool

is an equibounded subset of P,("™E; F') because 6 is bounded. Thus, v is onto
and 1~! is also a bounded mapping. O]

If E,F are two bornological A-modules and v : £ — F is a bounded
A-linear mapping, we define

u®m:u®...®U,
———

m times

which is a bounded A-linear mapping from E®™ into F®™. Since
u®m (%) = (u(a:))®m for all x € E,
it follows that u®™(y™(E)) C v™(F'). We denote by

7" (u) A" (E) = A" (F)
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the bounded A-linear mapping obtained by restricting u®™ to y™(FE).

Let (Eq,uga)acr be a direct system of bornological A-modules. Consider
the bornological A-module
E=1limE,
—)

and let u, : E, — E be the canonical bounded A-linear mapping (« € I). For
each a < §in I, we define

waa = 7" (Uga) : 7" (Ea) = 7" (Ep),
which is a bounded A-linear mapping. It is easy to show that

('Ym(Ea)v wﬁa)ag

is a direct system of bornological A-modules. For each o € I, let
wa 7" (Ea) = limy™ (Eo)

be the canonical bounded A-linear mapping. Now, for each a € I, we define
ha =" (ua) : v"(Ea) = 7™ (E),

which is a bounded A-linear mapping. Since h, = hg o wg, Whenever o < f3
in I, there exists a unique bounded A-linear mapping

h:lUm~™(E,) — y™(E)
H
such that h, = how, for every a € I. The mapping h is said to be canonical.
We summarize this discussion in the following

Proposition 26. The canonical mapping
h: lin Y (Ey) — fym(lin E.)
1s a bounded A-linear mapping.
Since a direct sum is a special case of direct limit, we obtain the following
Corollary 27. For every family (Eq)acr of bornological A-modules, the canon-

ical mapping
h: @ (Ea) =" <EB Ea>,

acl acl
which satisfies
B((25aer) = D (alza) ™
ael
(where Ao+ Eo — @ge; Ep is the canonical injection), is a bounded A-linear
mapping.
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The mapping h in the above corollary (and, in particular, the mapping h
in Proposition 26) is not necessarily a bornological A-module isomorphism for
algebraic reasons. For example, let K be a commutative field of characteristic
zero and consider F; = Ey = F = K regarded as K-vector spaces. Since
dim~?(E;) = dim~?(FE) = 1 and dimy*(Ey @& E,) = dim L,(V*(E1® Ey); F) =
dim P, (*(E; & F,); F) = 3, the K-vector spaces

V(E1® Ey)  and  7*(Er) @ 7*(E»)

are not isomorphic.

The result corresponding to Corollary 22 (and, in particular, to Theo-
rem 21) is also not necessarily true for modules of homogeneous polynomials.
For example, let K, E;, E5 and F' be as in the previous paragraphy. Since
dim P,(*FEy; F) = dim P,(*E,; F) = 1, the K-vector spaces

P.(E,® E,);F) and P,2E;; F) x Pu(*Ey; F)

are not isomorphic.
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