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Abstract

In this paper, we determine all ternary Macaulay-Lex ideals gener-
ated by monomials of the form z"y"z"(w < 1).
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Let S = k[zy, - - -, x,] be a polynomial ring over a field k graded by deg(z;) =
1 for all i. Macaulay [7] showed that for every graded ideal there exists a lexico-
graphic ideal with the same Hilbert function. Lexicographic ideals are defined
combinatorially and have extremal Betti numbers [2], [6], [11].

Let I be a monomial ideal, W = S/I. We say that a graded ideal in W
is lexifiable if there exists a lexicographic ideal in W with the same Hilbert
function. We call I and W Macaulay-Lex if every graded ideal in W is lex-
ifiable. By Grobner basis theory, if every monomial ideal in W is lexifiable,
then W is Macaulay-Lex. In the following, we only consider monomial ide-
als. Macaulay’s theorem [7] says that (0) is a Macaulay-Lex ideal, Clements-

Lindstrém’s theorem [3] says that R = (z7*,-- -, z¢") is a Macaulay-Lex ideal if

e1 < -+ < e, <400, Mermin-Peeva’s theorem [10] contains the above results.
T

Mermin-Murai [9] prove that I = 3 (zj1,---,2j,,)% is a Macaulay-Lex ideal
j=1

for z; > 2, if [ > sor [ = s and k < r. Mermin’s theorem [8] characterizes
the monomial regular sequences which are Macaulay-Lex. All Macaulay-Lex
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ideals of k[x,y] are determined in [4]. All Macaulay-lex ideals of k[x,y, z| that
do not contain any z™ are determined in [5]. Some Macaulay-Lex ideals of
the form (2", 2252, at a2 ... 2l ..zl lat) are determined in [1]. In
this paper, we determine all ternary Macaulay-Lex ideals generated by x* and
monomials of the form z"y"2"(w < 1).

Let S, be the set of all monomials of degree p in S. We order the variables

xy > -+ > x, and denote > the homogeneous lexicographic order on the

monomial: for f = H g = H x € Sy, f > g if there exists m such that

Ay > by andaz—b(1<z<m) Let M = {zy,---,x,}. For S = k[z,y, 2],
denote 1 = x, 9 = y, 3 = z. Let I, be the set of all monomials of degree
p in I, |L| be the cardinality of a set L. Denote W, = S,\I, as a subset
of S,. Let C, C B, C S,, C, is called a lex-segment of length d in B, if
C, contains exactly the first d monomials of B, L, is called the lex-segment
of C, in B, if L, is a lex-segment of length | C}, | in B,. The empty set ()
is a lex-segment of any set. A monomial ideal I of S is called lexicographic
ideal or simply lex ideal if I, is a lex-segment in S, for every p. Denote
f = 2%b2¢ = (a,b,c), deg(f) = a+b+c, deg,(f) = a. For 1 < i < n, let
A,(t) = {f € W, | deg,(f) > t}, Ap(t) = Ap(t). For B, C S,, 1 <i < n,
let Byi(t) = {f € B, | deg,,(f) = t}, By(t) = Byui(t). If g divides f, denote
g| f. For BCS, CCJS,, denote BC ={fg| f e B,ge C}, max(B) be the
lex-greatest element of B, min(B) be the lex-smallest element of B.

Proposition 1. [10] Let I be a monomial ideal of S, then [ is a Macaulay-
Lex ideal of S if and only if Vp > 1, J, C W), let L, be the lex-segment of J,
in W, then | MLN| = M\ | < [MJNL | = [MIN].

Proposition 2. [10] Let f; € T' = k[zy, -, 2p—1](n > 2), (fi |1 <i < a)
be a Macaulay-Lex ideal of T, then (f; | 1 <i < «) is a Macaulay-Lex ideal
of S =klxy, -+, x,].

Proposition 3. [10] If L is a lex ideal of S, R is a Macaulay-Lex ideal of
S, then L + R is a Macaulay-Lex ideal of S.

Proposition 4. [4] Let
I= (’raoa Ialyblu T ‘raryaT)

be an ideal of S = k[x,yl; 7 >0;a0>a; >+ >a, >20;0=0by < b <--- <
b., then I is a Macaulay-Lex ideal of .S if and only if I satisfies the following
conditions

(4.1) If by = 1, then a; +b; > ag(2 < i < r); If by > 2, then a; +b; > ag(1 <
i <r);

(42) a;—1 + bz <a;+ bi—l—l(]- <i< T’)
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(4.3) Vp € {a; +b; | 0 < i <r}U{+oc}, let
Xp:{i|OSiST’;p>ai+bi};X+OO:{071,...7T}

X, ={j(1) <j2) << ju)}
If u > 3, then
ajw-1) T bjw) < aj) T bjw1)(2 < v <w)

Definition 1. Let I be a monomial ideal of k[x, y, z|, we say that I satisfies
the condition (ML3) for p, if | ML,\I |<| MJ,\I | holds for every J, C W,
and its lex-segment L, in W,.

Proposition 5. [5] Let I = (z°) 4+ (¢; | 1 < i < «),g; = a"iy”iz¥i, s =
Uy > Ui > Uig1, Vi < Vipr, Wy < wipg <1, 1 <v4w; < v +wi (1 <i < a).
If I satisfies the following conditions (5.1), (5.2), then the condition (5.3) and
(5.4) are equivalent. If I satisfies all the following conditions, then [ is a
Macaulay-Lex ideal of S = k[, y, z].

(5.1) Let ¢ = min{u; +v; +w; | 1 <i < a,v; +w; > 2}, then ¢ > s

(52) U1+ v +w; <y + Vit1 + wi+1(]— <i< Oé)

(5.3) Let ¢ < p+1 < ug_q1 + vq +w, — 2, then I satisfies the condition
(ML3) for p

(5.4) Let ¢ <p+1<uq1+vq+wy—2,¢%()=(x+1)(z+2),

Xpr ={0Uu{i|1<i<a;p+1>u+uv+w}={j0) <jl)<---<j(B)}

Q(t) = uj(t) + /Uj(tJrl) + w]’(tJrl) —p— 2(0 S t < 5), 0(5) = 400.
If O(o) > 1, then 0(i) > 1(0 <i < f3).
If 3>2and 0(8 —2) > 1, let o be the smallest one such that §(c) > 1,

G={(a,b,c,d,é,m) |c<a<c<d<pB;b>a,0<7m<l(b);

0< 8 <min{f(c—1),0(d)};5+ dfe(t) —r+ §H(t)}

then for every (a,b,c,d,d,m) € G, the following inequality holds

d
V(P — Uj(a) — Vi) — Wie) + 0) — D_ (P — uj) — Vi) — Wjr))

t=c

b

<P —uip) + 1) — V(P — Uja) — D V(P — ujy — Vi) — W)
t=a+1

Definition 2. Let I be a monomial ideal of S = k[z,y, 2], ° be a minimal
generator of I, denote z(I) = min{a | #%2° is a minimal generator of I}.
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Lemma 6. Let I = (g; | 1 < i < «) be a Macaulay-Lex ideal of S =
k[xy, - - ](n > 2), g = (uzl, ) (1 <0 < a) be minimal generators of

I, q—mln{zu”]1<z<a Zuwgl} then Zuu>q(1<z<a)

Proof. Let Ui > 1. If deg(gz) < q, let f = x,lg;, p = deg(g;) — 1,
Jp ={f}, then L, = {2}, aflz; ¢ I(1 < j <n), z,f € I hence

| ML =] {1 1< <} |=n>n—1
= {z;f | 1<j<n,j#m}[>] M\ |
a contradiction, so deg(g;) > q.

Theorem 7. Let [ be an ideal generated by monomials of the form
2"yvz"(w < 1), z° be a minimal generator of I, r = z(I), Q = {f | f = (a, b, ¢)
is a minimal generator of I,a < r} # 0. If I is a Macaulay-Lex ideal of
S = klz,y, 2], then  is one of the following three sets:

{in yvz sz

1<i<m} (7.1)

{a"iyviz"i bz} (wy =0) (7.2)
{a%ybiz |1 <i<m}u{z'} (7.3)

where u; > uip1, v; < Vg1, Wy < wipy <1, v+ wp < vy + Wit @ > g,
b; < bi—l—l(]- <1< m)

Proof. If Q = {z%iy"
set (7.1).

Let Q ={g; |1 <i<a}U{h|1<i<n}, g = atiy’iz, hy = x%y’
Ui > Uig1, Uy < UZ'+1(1 <1< CK), A5 > Qiq1, b; < bi+1(1 <1< 7T). If V1 = O, then
g1 =1x"z r=2z(I) <wu; <r,a contradiction, so v; > 1. Similarly, b; > 1.

Case 1. u; <r —2.

First, we prove that a, > u;. If a; < uy, let a; be the greatest one such
that a; < u;. Since h; does not divide ¢, we have b; > v; +1 > 2. Let
fo = (u1,b; — 1,0), p = uy + b; — 1, then h; | yfa, g1 | 2f2, hence yfo, zfo € I.
If j <14, then a; > uy, h; does not divide fo. If j > 4, then b; > b;, h; does not
divide fy, hence fo ¢ I. Let f1 = (u3 +1,0,b; — 2). Since v; > 1 and b; > 1,
g+ and h; do not divide zf1, so fi,zfi ¢ I. Let B={fe W, | f> fi}.

If b; > 3, then f3 = (u1+1,0;—2,0) > f1, fs € BUI, xfs = yfs € MBUI.
Let J, = BU{fa}, then L, = BU{fi}, | MJ,\I |=| MB\I |. Vf € MB,
deg.(f) > ur + 2 or deg,(f) > 1,50 zf1 # f, 21 ¢ (MB) U I,

| MLAL[Z] MB\I'| + | {zf1} [=] MB\I'| +1 >| MB\I [=| MJ,\I |

1 <i<a}or{z%y"z|1<i<a}, then Q is the

a contradiction, so b; < 3,0, =2, vy =1,1=1,2.
Let i =1, then by = 2. If r < s, then 2"z is a minimal generator of I. By
Lemma 6, u; + 2 = deg(g1) > r+ 1, uy > r — 1, a contradiction. If r = s,
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then u; +2 =deg(g1) > s=r>u; +2, uy = s — 2, gy = z° %yz. Similarly,
a; +2 =deg(hy) > s, a1 >s—2=mwu; > ay, a =s—2, h =2 ?y% Let
fi=a2y, p=s—1, J, ={f1}, then L, = {aP},

| M =] {2y, 212} = 2> 1 =] {2y} |=| MU |

a contradiction, so i # 1, i = 2.

Let i« = 2, then by = 2, by = v; = 1. By the choice of a;, we have
a; > uy > ay. By Lemma 6, u; +2 = deg(q1) > a1 +1 > uy +2, uy =
a; — 1, ay + 2 = deg(hy) > a1 +1 > as +2, a0 = a3 — 1, g1 = (uq,1,1),
hl = (Ul + ]., 1,0), hg = (U1,2,0). Let f2 = (Ul, 1,0), p = ai, Jp = {fg}, then
fo @1, xfo,yfo,zfo €I, | MJ\I |=0, L, = {«P}. Since s > r > a; + 1, if
s>p+1=a;+1, then z° does not divide 2P, 2P & I, | ML,\I |> 1 >|
MJ,\I |, a contradiction. If s = ay; + 1, then s =7 =ay; +1 > p, 2° and g;, h;
do not divide 2Pz, hence Pz ¢ I, | ML,\I |> 1 >| MJ,\I |, a contradiction,
SO Qr > Uj.

If b, < vy, then Q is the set (7.1). Let b, > vy +1 > 2.

Ifbo, =2, thenvy =1, 7=1,2. lf =2, thenby, =2,b; =1, a; > as > uq,
a; > up + 2 =deg(g1) > a1 + 1, a contradiction, so 7 = 1, by = 2. If r < s,
then a; +1 > uy +2 = deg(g1) > r + 1, a; > r, a contradiction, so r = s,
ap+1>u+2=deg(g1) >s>a;+1,a; =s—1, Qis the set (7.3).

Let by > 3. Ifa, <r—1,let fo =y 'hy, p = ar +b; — 1, then fo & I,
g1 | 2f2, hence yfa, 2fo € I. Let fi = (ax+1,0,0.—2), B={f e W, | f> fi},
J, = BU{fs}, then L, = BU{f1}. Similar to the above, zf, € MB U I,
zfir ¢ MBUI, | ML\I |>| {zfi} |= 1> 0 =] MJ,\I |, a contradiction, so
ar =r—1, =1, Qis the set (7.3).

Case 2. uy =r —1.

If @« = 1, then § is the set (7.2). Let v > 2, we prove that a, > uy. If
a; < us, let a; be the greatest one such that a; < us. Since h; does not divide
g2, we have b; > vg + 1 > vy +2 > 3. Let fo = (ug,0; — 1,0), p = ug + b; — 1,
fi= (UQ+1,0,bi—2), B = {f S Wp | f> fl}, Jp:BU{fQ}, Lp:BU{fl},
then | ML,\I |>| MJ,\I | as above, a contradiction, so a, > us.

If b, < vy, then € is the set (7.2). Let b, > vy + 1 > 3. Similar to the case
uy <r—2, by >3, we have a, =r — 1, 7 = 1, hence 2 is the set (7.3).

If 2(I) = s and Q = {a%iy¥z* | 1 < i < m}, then I is the ideal in
Proposition 5. If z(I) = s and Q = {z%y%z | 1 <i < m} U {z"" 'y}, then I
is the ideal in Proposition 5 and 8.

Proposition 8. Let I = (25,25 'y®) + (¢: | 1 < i < @), g; = z¥iyYiz,
s =uy > u > ug1, 1 < v <wvq(l <i<a),b>wv. Ifu =s—1and
a > 2, let b > vy, then I is a Macaulay-Lex ideal of S = k[z,y, 2] if and only
if R=(2%)4 (¢; | 1 <i < ) is a Macaulay-Lex ideal of S.

Proof. («): Let D = (f € Ssup_1 | f > 2°19°), then D is a lex ideal of
S. By Proposition 3, I = R+ D is a Macaulay-Lex ideal of S.
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(=): Let V.= S/R, J, CV,, J, # 0, L, be the lex-segment of .J, in V,
Jp # L,, we need prove that | ML,\R |<| MJ,\R |.

Ifp+1<s+b—1=deg(z* 'y’ then [, = Ry, Vi = W, (t <p+1), L, is
the lex-segment of J, in W, hence

| MLp\Rp—H |:| MLP\IP—H |§| MJp\]p-H |:| MJp\Rp—H | (8'1)

Ifp+1>s+b—1>s+wv,thenp—s+1>wv, a5 Y=tz e R,y Let
Bp(t) = {f S ‘/p ’ deg:t(f) 2 t}a g = (61762763) = min(Jp)a h = (dlad27d3) =
max(V,\J,), K, = (J,\{g}) U{h}, then g < h. If e3 =0, then ¢ < s — 1, g;
does not divide yg, hence yg ¢ R. Since g; does not divide g, if e3 > 1, then
gi does not divide zg, hence zg ¢ R. Let f = (c1,¢2,¢3) € J,\{g}, then f > g.
If e3 =0, then ¢; > ey, of >yf > 2f > yg, yg & M(J,\{g9}) U R, hence

| MIA\R [ 2] M(J\D\R | + | {yg} [=| M(Jp\MgP\R [ +1

If es > 1, then of > yf > z2f > 29, zg ¢ M(J,\{9}) UR, | MJ,\R |>
| M(J,\{g})\R | +1 holds also.
Let di = s — 1, then zh € R. If h = 2~ 'yP=*T! then zh € R,

| MENR [<| M(J,\MgP\R [ + | {yh} |

= M(J,\{g})\R [ +1 <| MJ\R | (8.2)

If h # 2 1yP=sT1 then hy = yz='h > h, hy € (J,\{9}) UR, yh = zhy €
M(J,\{9})UR, | MK,\R |<| MJ,\R | holds also. If | ML,\R |<

| MK,\R |, then | ML,\R |<| M J,\R |. Replace J, by K,, namely, translate
g to h. Repeat the above translation until J, = L, C B,(s—1) or B,(s—1) C
Jp. We can suppose that B,(s — 1) C J,, then B,(s — 1) C L,,.

Since I is a Macaulay-Lex ideal of S and (z°7') is a lex ideal of S, F =
(2571 + I = (2°7') + R is a Macaulay-Lex ideal of S. Let U = S/E, C, =
J\By(s — 1), D, = L,\B,(s — 1), then D, is the lex-segment of C}, in U, =
V,\By(s — 1), hence | MD,\E |<| MC,\E |. Next, we prove that

MC\R C (MB,(s — 1)\R) U (MC,\E)

Let f = (e1,e2,6e3) € Cp, then e < s — 1. If yf € MC,\R, then z°~! does
not divide yf, yf € MC,\E. Similarly, if zf € MC,\R, then zf € MC,\E.
Let 2f € MC,\R. If e; < s — 3, then 2°~! does not divide zf, xf € MC,\E.
Let ey =s—2. Sincep>s+b—2>s, wehavees > 1oreg > 1. If eg > 1,
let h = zy~'f, then h € B,(s — 1), f = yh € MB,(s — 1)\R. Similarly, if
es > 1, then zf € MB,(s — 1)\R.

Since R C E, we have

MJ\R = M(B,(s — 1) UC,)\R = (MB,(s — 1)\R) U (MC,\R)
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C (MBy(s = 1)\R) U (MC,\E) € (MBy(s — 1)\R) U (MC,\R) = MJ,\R

hence
MJ\R = (MBy(s — 1)\R) U (MC,\E)

ML\R = (MB,(s — 1)\R) U (MD,\E)
are disjoint unions,
| ML\R |=[ MBy(s = D)\R | + | MD,\E |
S| MBy(s —1I\R [+ | MC\E [=| MJ,\R | (8.3)

If 2(I) = s and Q = {z%y¥iz" | 1 <i <m}U{z" 'ybz}(w; = 0), then I
is the ideal in the following Proposition 9.

Proposition 9. Let I = (2%, 25 1%2) + (g; | 1 < i < @), g; = x¥iy¥iz¥,
s =g > U > Uip1, L < vy < v, w < wipr < Lvy+wy < vig + wiga (1 <
i<a),vy>b>1 w =0, then [ is a Macaulay -Lex ideal of S if and only if
the following conditions hold

(9.1) Let ¢ = min{u; +v; + w; | 1 <i < a}, then ¢ > s

(9.2) E= (z*') 4+ (9| 1 <i < ) is a Macaulay-Lex ideal of S

(9.3) If « > 2, then s + b < ug_1 + Vo + Wy

(94) If p+1 < s+b, then R = (2°)+ (¢; | 1 <i < a) satisfies the condition
(ML3) for p

Proof. (=): By Lemma 6, (9.1) holds. Since (z*71) is a lex ideal of S and
E = (z*71) + I, (9.2) holds.

Ifp+1<s+blet V=S/R, J, CV, L,be the lex-segment of .J, in V},,
then I, = Ry, Vi, = Wi(t < p+1). Similar to (8.1), | ML,\R |<| MJ,\R |,
(9.4) holds.

Next, we prove (9.3). If u; = s — 1, by (9.2) and (5.2),

s+b<s+vi—1=u;+v; <uy+ v+ wy < Uy_1+ Vo + Wy

Let uy < s—1. If s+b > uqp_1+ 04+ wy, then s+b < s—14+v; <
U+ U+ Wy < Ug1 + Vg +Wo <S+b,s+b=5—14vy =u; + vy + wsy. Let
p=s+b—2=s4+v; —3=u; + v+ wy — 2,

f _ (Ul—l,vg—l,’LUQ) Vg > U1
2 (Ul — 1,?)2,0) Vg = Uq

then fo ¢ I. If vo > vy, then g1 | xfe, g2 | yfo, xfo,yfo € I. If vy = vy,
then wy =1, g1 | ©f2, g2 | 2fo, 2 fa,2fo € 1. Let J, = {fo}, fr = a* Typ=st1,
then L, = {fi}. Since p—s+2=5b < v; < v, ¥’z and ¢;(1 < i < a)
do not divide yf and zf1, yfi,z2f1 ¢ I, | ML,\I |> 2 > 1> MJ,\I |, a
contradiction, so s + b < Uq_1 + Vo + Wq.
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(<): Let J, C W, J, # 0, L, be the lex-segment of J, in W, we need
prove that | M L,\I |<| MJ\I |.

Ifp+1>s+b thenp—s+1>0b a5 lybz | a5 ypstly = f f €
I1(s —1) # 0. Let g = min(J,). If h = max(W,\J,) € Wy(s — 1), let K, =
(J,\{g})U{h}, then zh € I. Similar to (8.2), | MK,\I |<| M J,\I |. Translate
g to huntil J, = L, C A,(s—1) or A,(s —1) C J,. We can suppose that
A,(s—1) C J,, then A,(s—1) C L,. Let C, = J,\Ay(s—1), D, = L,\A,(s—1),
V = S/E, then D, is the lex-segment of C}, in V, = W\ A4,(s — 1). By (9.2),
| MD\E |<| MC,\E |. Similar to (8.3),

| ML\ |=[ MAy(s = D\ | + [ MDp\E |
<| MAp(s = DN [ + | MC\E |=[ ML | (9.5)

If p+1<s+b, then [, = Ry(t <p+1). Similar to (8.1), | ML,\I |<
| MJ\I | holds.

If 2(I) =r < sand Q =0, then I is the ideal in the following Proposition
10.

Proposition 10. Let [ = (z°,272) + (h; | 1 <i <m), h; = 2%yb s > 7,
s > a; > a1, 1 < b < b(1 <i<m), ay, >r, hg = 2% then I is a
Macaulay-Lex ideal of S = k[z,y, 2] if and only if D = (h; | 0 < i < m) is a
Macaulay-Lex ideal of T' = k[z, y].

Proof. (=): By Proposition 4, D is a Macaulay-Lex ideal of T" if and only
if ¥ = 27"D is a Macaulay-Lex ideal of T, we need only prove that E is a
Macaulay-Lex ideal of . Let V = T/E, J, CV,, L, be the lex-segment of
J, in V,, we need prove that | {z,y}L,\E |<| {z,y}J,\E |. Let f € T, then
x~"h; | fif and only if h; | 2"f(0 < i < m), so f — 2"f : V, = Api.(7)
is a bijection preserving lex-order, Dy, = 2" E,, 2"J, C A, (r), "L, is the
lex-segment of 2"J, in 2"V, = A,.,(r), hence | M(«"L,)\I |<| M (2" J,)\I |.
Since 2" zJ, C I and 2"2L, C I, we have,

[ {2,y Lo\ Epir [=] {, y}(@" L)\ (2" Epsa) [=] {2, 4} (2" Lp)\ Dpri1 |

= M(@" Lp)\Iprir |<| M (2" T\ Dpirs1 [=[ {z, 9} Jp\Eps1 |

(<): Let J, C W, J, # 0, L, be the lex-segment of J, in W,, we need
prove that | M L,\I |<| MJ,\I |. Let ¢ = min{a; +b; | 0 < i < m}.

Ifp+1<gq, let R=(2"2), then R is a Macaulay-Lex ideal of S, I; =
Ri(t <p-+1). Similar to (8.1), | ML,\I |<| M J,\I | holds.

Let p+1>¢q If F, = A,(r)\J, # 0, let g = min(J,), h = max(F}),
K, = (J,\{g}) U{h}, then zh € I, xh or yh € M(J,\{g}) U I. If g & A,(r),
similar to (8.2), | MK,\I |<| MJ,\I |. Translate g to h until A,(r) C J, or
J, C Ay(r). If J, C A,(r), then L, C A,(r),

| ML\I |=[{z,y} L\D |<[ {z,y}Jp\D |=| MJ\I |
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If A,(r) C J,, then A,(r) C L,. Let E = (27), C, = J,\A,(r), D, = L,\A,(r),
V = S/E, then E is a Macaulay-Lex ideal of S, D, is the lex-segment of C,
in V, = W,\A,(r), hence | MD,\E |<| MC,\E |. Similar to (8.3) and (9.5),
| ML <] M.

Similar to Proposition 10, interchange y and z, we have

Proposition 11. Let I = (2%,27y) + (h; | 1 < i < m), h; = 2%2",
§>1r, 8> a; > a1, 1 < b < by (1 <i<m),ay, >r, hg =%, then T
is a Macaulay-Lex ideal of S = k[z,y, 2] if and only if (h; | 0 < i < m) is a
Macaulay-Lex ideal of k[z, z].

If 2(I) =r < s and Q = {a%yYiz"i
Proposition 12, 13 and Corollary 15.

1 < i < m}, then I is the ideal in

Proposition 12. Let [ = (2%, 2"2)+(¢; | 1 <1 < @), g; = ay" 2", s >,
5> u; > Uigr, 1 <oy v, wy S wipn <1, 1 <0+ wy < v Fwi (1<
i <a), go=x (ug,vo, wo) = (5,0,0), uy_1 > 1 > Uy, wy, =0, v, > 2, then I
is a Macaulay-Lex ideal of S = k[z,y, z] if and only if I satisfies the following
conditions

(12.1) Let ¢ = min{w; + v; + w; | 0 < i < a}, then ¢ >r+1

(122)Y = (9, | 0 < i < o)+ (2"y") is a Macaulay-Lex ideal of T' = k[z, y].
Let m = min{u; +v; | 0 <i < o}, then r + v, > m.

(12.3) (") 4+ (g; | 0 <i < «a) = (2") + [ is a Macaulay-Lex ideal of S

(12.4) If a > o, then m < uq_1 + vy + Wy

(125) f wy = 1, let A = min{u; + v, +1 |1 < i < a,w; = 1}, p =
min{u; +v; | 0 <i < a,w; = 0}, then A\ > p.

(12.6) If m > p+1 > g, then R = (2") + (g; | 0 < i < «) satisfies the
condition (ML3) for p

Proof. (=): By Lemma 6, (12.1) holds. Since (z") is a lex ideal of S, by
Proposition 3, (12.3) holds.

Next, we prove (12.2). Similar to Proposition 10, let £ = 27"Y, V =T/E,
Jp € V,, L, be the lex-segment of J, in V},, then

[ {2,y p\Epsr [=] {2, g} (2" Lp)\ (2" Epya) [=] {2, 4} (2" Lp)\Yprp1 |

=| M (2" Lp)\Lptr+1 [ <] M(2" I\ Lpiri1 [=| {2, 4} T\ Epta |
If uy_y > r, then 2"y" is a minimal generator of Y. By (4.1), r +v, > s > m.
Let uy,_1 =r, then r + v, = Uy_1 + Vg > Uy_1 + Uy_1 > M.
Next, we prove (12.4). Similar to (9.3), if m > uq_1 + vy + we = p+2, let

f _ (ua,1 - 17”04 - 17wa> Vo > Va—1
2 (ua,1 - 17 Va, O) Vo = VUa-1

J, = {fa}, then L, = {aP}. For 0 < i < o, u; +v; > m > p+1, g; does
not divide zP™! and aPy. For i > o, v; > v, > 2, g; does not divide xP*!
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and 2Py, so 2P aPy ¢ I, | ML,\I |> 2 >1>| MJ,\I |, a contradiction, so
m < Ug—1 + Vo + Wy

Next, we prove (12.5). If A < u, let u; be the greatest one such that
+1l=A=u+uv,+1, J, = A,(u;) N Ap(1), then L, = A,(u; +1). Since
p(r) ={z"y"™" [r <t <p},

p
A

| MA, (PN =] {z, y}Ap(r) =] yAp(r) | + [ {2"T1} [=] Ap(r) | +1
For u; <t <r, L,(t) = S,(t) ={z'y?~"929 |0 < j <p—t},

[ {y, 23 Lp(ONT =] 2Ly (t) | + | {="y" "} =] Ly(t) | +1
For u; <t <r, J,(t) = Sp(t)\{z'y"*}. If u; <t < r, then
[ {y, 2bp(OND [=] 2, () | + | {2y "2} [=] Jp(t) [ +1 (12.7)
If t = w;, since f3 =y 'g; € Jy(w), yfs € I, we have
| {y, 23 Jp(ui)\I [=] 2Jp (i) |=] Jp(ui) |
S0 .
| ML =] {z,y}Ap(r) |+ >0 [ {y, 2} Lp(t\T |

t=u;+1
S A0 14 S (0] +1) =] Ly [+ =
t=u;+1
A= 3 0 2HOM = 3 (170 141+ )|

=|J, | +r—u; —1 <| ML,\I |

a contradiction, so A > pu.

Next, we prove (12.6). Let m > p+1 > ¢, F = (") + 1 = (2") + R,
U=S8/F,V = S/R, then F is a Macaulay-Lex ideal of S. Let J, C V,,
J, # 0, E, be the lex-segment of .J, in V},, we need prove that | ME,\R |<
| MR . Let By(t) = {f €V, | degy(f) > t}, g = min(J,)

Let J, N By(r) # 0. If B,(r)\J, # 0, then there exists h € B,(r)\J, such
that f = yz~'h or y~'2h € J,, hence yh = zf or zh = yf € M(J,\{g}).
Translate g to h until .J, C B,(r) or By(r) C J,. If B,(r) C J,, then B,(r) C
E,. Let C, = J,\By(r), D, = E,\B,(r), then D, is the lex-segment of C,
in U, = V,\B,(r), hence | MD,\F |<| MC,\F |. Similar to (8.3) and (9.5),
| MENI |[<| MJ\I |. If J, C B,(r), then E, C B,(r). For i > o, since
r+v, > m > p+1, p—r+1 < v, < v;, 80 g; does not divide x"y? ™" R, (r) =
0, By(r) = 2"k[y, z]p—r, 7 "E, is the lex-segment of x7".J, in a7 "B,(r) =
kly, 2lp—r,

| MENT |=[ {y, 2} Ep |=[ {y, 2}(z7"Ep) |
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<I{y, 2} (=" Jp) [=| {y, 2} Jp [=| M\ |
Let J, N By(r) = 0, then J, C W,. Let L, be the lex-segment of J, in
Wy, D =(¢9; | 0o <i < a),then D C I, | ML\I |<|] MJ,\I |. Since
MJ, N () =0, | MIN\I |<| MJI\D |=| MJ,\R |. Since | B,(r) |=
| A,(r) |, if | E, |<| By(r) |, then E, C B,(r), L, C Ay(r). Similar to (12.7),

’ MEP\R =] {y, Z}Ep |=| E, | +1 =| L, | +1 =] {x>y}Lp ’

:| MLP\I |§| M‘]p\] |§| MJP\R|

Let | E, |>| By(r) |, then E, D By(r). Let C, = E,\B,(r), then L, =
Cp U Ap(r). Since | MBy(r)\R [=| By(r) | +1 =| Ap(r) | +1 =[ MA,(r)\ |,
similar to (8.3),

| ME,\R |=[ MB,(r)\R | + | MC,\F |=| MA,(r)\I | + [ MCp\F |
:| MLP\I |§| M‘]p\] |§| MJP\R|

(<): Let J, C W, J, # 0, L, be the lex-segment of J, in W, we need
prove that | M L,\I |<| MJ,\I |. Let g = min(J,).

Let p+1 > m. If A,(r)\J, # 0 and g ¢ A,(r), then there exists h €
A,(r)\J, such that f = zy~*h or x~'yh € J,UI, hence th =yf or yh =af €
M(J,\{g}) U I. Translate g to h until J, C A,(r) or A,(r) C J,, similar to
Proposition 10, | ML,\I |<| MJ\I |.

Ifp+1<gqglet F=(2°2"2)4+ (g |1 <i<o), then I, = Fy(t <p+1).
By Proposition 10, F' is a Macaulay-Lex ideal of S. Similar to (8.1),
| MINT || MINT |

Let ¢ <p+1<m,then p+1 < r+uv,. Let i > o be the smallest one such
that u; +v; + w; < p+1, by (12.5), w; = 0. Since p —v; < p—v, < r —1,
forp—v; <t<r,p—t<uw,ay?=t ¢ I, W,(t) = S,(t). Similarly, I,.1(t) =
Dp—uvi+l<t<r).

If there exists ¢ such that p—v; <t < r and J,(t) =0, let C, = J,NA,(t),
K = (2"z), D, be the lex-segment of C), in W,,, Z, = (J,\C,) U D,, then K
is a Macaulay-Lex ideal of S. Let f = (e,c,d) € MC,\K, then e > t. For
0 <j <o, deg(gj) > m > p+1, g; does not divide f. For o < j < 4,
deg(g;) > p+1, gj does not divide f. For j > i, c=p+1l—e—d<p—e+1<
p—t < v <wvj;, gj does not divide f, so f € MC,\I, MC,\K C MC,\I.
Since K C I, MC,\K = MC,\I, so

| MD\I [=] MD\K [<| MC\K |=| MG\ |
| MZNI = M(J\CNT | + [ MDp\I |
<| M(J\C)NL | + | MONT |=| MU\ |

Replace J, by Z,, we can suppose that C), is a lex-segment of W,. If C}, # 0,
then 2 € J,. Translate g to max(W,\J,) until J, C A,(r) or A,(r) C J,,
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then | ML\ |<| MJNT |. I C, = 0, let V = S/R, then J, C V,. Let E,
be the lex-segment of J, in V,, G = (¢; | 0 < i < «), then G C R, G C I.
Since C, = 0, J,NA,(r —1) =0, so MJ, N (z") =0, MJ, N (z"z) = 0,
| MEN\R |<| MJ\R |=| MJ\G |=] M\ |,

Let Bp(t) ={fe Vi | deg,(f) > t}. If | L, |<| Ap(r) |, then L, C AP(T),
E, C By(r),

| MLP\I |:| Lp | +1 :| Ep | +1 :| MEP\R |§| MJP\I |

If | L, |>] Ay(r) |, let D, = L,\A,(r), FF = (2")+ 1 = (2") + R, then
A,(r) C L, By(r) C E,, E, =D, U B,(r). Similar to (8.3),

| ML\ |=[ MA,(r)\L | + | MD\F |=| MB,(r)\R | + | MD\F |

=| ME\R |<| MJ\R |=| MJ,\I |

Lot Jy(6) £ 0(p — v < £ <), o= p— v+ L T (Ay(0) 1 A1)\, £ 0,
let ¢ > u be the greatest one such that K, = (W,(t) N A,3(1))\J, # 0. Since
Jy(t) # 0, there exists h € K, such that f; = yz~'h or y~'zh € J,\{g}, hence
yh = zfy or zh = yfi € M(J,\{g}). Similar to (8.2), translate g to h until
Ay () N Aus(l) C J, or J, N Apy(l) is a lex-segment of Ay(p) N Aps(1). If
Jp(p) = 0, similar to the above, | ML,\I |<| MJ\I |.

Let Jy(u) # 0, then A,(u+1)NAps(1) C Jp, Jp(p)NAps(1) is a lex-segment
of W,() N Aps(1). We reduce J, such that 2? € J,, then | ML,\I |<
| MJ,\I | as above. Let 2? ¢ J,.

If there exists A > p such that z*y?=* € J,, let A be the greatest one, then
A < p. Translate g to a?M1yP=A=1 gAT2yp=A=2 ... 2P then a? € J,.

Let zfy?~" ¢ J,(u < t < p). Since J,(p) N Apz(1) is a lex-segment of
Wp(,u) N Apg(l), f2 = (,LL,UZ‘ — 2,1) S Jp or f3 = (,LL,UZ' — 1,0) S Jp. If |
Jo(u) = 1, then Jy(u) = {;}, g = min(J,) = f;(j = 2,3). It g = for then
y9,29 ¢ MUIMgD) UL, | MINT 2] MGG | +2. Tn fact, for t > i
vy > vy, g¢ does not divide yg and zg. If g = f5, then xg, zg ¢ M(J,\{g}) U 1.
Similar to (8.2), translate g to 2P, then z” € J,.

If | J,(p) |> 2, then fo € J,. If f3 & J,, then g # fo, 2fs = yfa €
M(J,\{g}). Since p —v; +1 > w;, g; | yfs, yfs € I. Translate g to f3, then
f3 € J,. Similarly, translate g to zy™' f3, 2®y~2f3, - - -, 2, then 2? € J,,.

Example 1. I = (21, 2%92) + (222, 20", 2°¢% y!!) and J = (2!, 2°2) +
(2129?2101 2598 y192) are Macaulay-Lex ideals of S = k[xz,y, 2] satisfying
qg<m.

For I and J, the condition (5.4) is the same, we need only consider I.
12,2 .10, 4

(x11 2129?2109 2990) is a Macaulay-Lex ideal of k[x, y], (12.2) holds. (z'°, 2%y, y'!)

and (29, 2°y°, y') are Macaulay-Lex ideals of k[z,y] and S, (12.3), (12.6) hold.
The other conditions hold also.



Ternary Macaulay-Lex ideals 1025

Proposition 13. Let [ = (2*,2"2) 4+ (¢; | 1 <i < )+ (h; | 1 < i < 7m),
hi = x%yb, g; = 2%yYiz, s > 1 > Uy, U > uir1, 1 < v < viq(l <0 < a),
s>a; > a1, 1 <b; <b(1<i<m),ar>r, hy=21° ay=s,by=0,then [
is a Macaulay-Lex ideal of S = k[xz,y, z] if and only if I satisfies the following
conditions

(13.1) Let m = min{a; +b; | 0 <i <7}, ¢ =min{u; +v; + 1| 1 <i < a},
then g > m

(13.2) (h; | 0 <7 < m) is a Macaulay-Lex ideal of k[z, y]

(13.3) (") + (g: | 1 <i < «) is a Macaulay-Lex ideal of S

Proof. (=): Similar to (12.5), if ¢ < m, let i > 1 be the smallest one such
that p+1=¢ =w +v,+1, J, = A,(w;) N Aps(1), then L, = A,(u; + 1),
| ML,\I |>| MJ,\I |, a contradiction, so ¢ > m.

(<): Let J, CW,, J, # 0, L, be the lex-segment of .J,, in W,,, we need prove
that | ML\I |<| MJ\I |. fp+1<gq,let R= (z%2"2) + (h; | 1 <i <),
then R is a Macaulay-Lex ideal of S, Ry = [I;(t < p+ 1). Similar to (8.1),
| ML\I |<| MJ,\I | holds. If p+1 > ¢, then p+1 > m. Translate
g = min(J,) into A,(r) until J, C A,(r) or A,(r) C J,. Similar to Proposition
10, | ML\ |<| MJNI |-

Similar to Proposition 13, we have

Proposition 14. Let [ = (z°,2"y) + (¢; | 1 <i <)+ (h |1 <i <),
hi = x%2%, g; = a™iyYiz" s > > ug, vy > U, 1< < v, wy < wipq <1,
2< 4+ w; < Ui+1+wi+1(1 <i< Oé), S > a; > Gy, 1<b < bi—l—l(]- <i< 7T),
ar >, hg = 1% ag = s, by = 0, then I is a Macaulay-Lex ideal of S = k[x, y, 2]
if and only if I satisfies the following conditions

(14.1) Let m = min{a; +b; | 0 <i < 7}, ¢ = min{w; +v; +w; | 1 <i < a},
then ¢ > m

(14.2) (h; | 0 <@ < ) is a Macaulay-Lex ideal of k[z, 2]

(14.3) (") 4+ (g; | 1 <i < «) is a Macaulay-Lex ideal of S

In Proposition 14, let 7 = 1 = by, we have

Corollary 15. Let I = (25,272) + (¢; | 1 < i < «), g = atiy’iz",
s>r>up, vy =1, w =0, u; > Ugq, Vi < Vpp, W Lwipr <1, Fw; <
Vip1 + wir1(1 < i < ), then I is a Macaulay-Lex ideal of S = k[z,y, 2] if and
only if I satisfies the following conditions

(15.1) Let ¢ = min{u; +v; +w; | 2 <i < a}, then ¢ >r+1

(15.2) (") + (9; | 2 < i < ) is a Macaulay-Lex ideal of S

If 2(I) =7 < sand Q = {2%y%z | 1 <i < m}U{z"1y*}, then I is the
ideal in the following Proposition 16.

Proposition 16. Let [ = (2*,2"2)+ (h; | 1 <i<m)+ (¢ | 1 <i < a),
hi = a%y, g, = a"y"iz, ar =1 — 1,8 > 1, 8 > a; > a1, 1 < by < b (1 <
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i< ), r > u > ug, 1< v <o (1 <idi<a), hg =25 a9 = s, by =0,
by >v;. fup =r—1and a > 2, let b, > vy, then [ is a Macaulay-Lex ideal
of S = klx,y, z] if and only if I satisfies the following conditions

(16.1) Let m = min{a; +b; | 0 <i <7}, ¢ =min{u; +v; + 1|1 <i < a},
then ¢ > m

(16.2) (h; | 0 < i < 7) + (x"y’") is a Macaulay-Lex ideal of T' = k[, ],
r+br>m

(16.3) If a« > 2, then 7 + v1 < Up—1 + V4

(164) If p+1 < r+ vy, then £ = (2") + (g; | 1 < i < «) satisfies the
condition (ML3) for p

(16.5) Y = (z" ') + (¢; | 1 <i < «) is a Macaulay-Lex ideal of S

Proof. (=): (16.1) is similar to (12.5). (16.2) is similar to (12.2). Since
Y = (z"') + I, (16.5) holds. If p+1 < r + vy, then p+ 1 < a, + b;. Let
F=@")+1,V =5/E, U= S/F, then F' is a Macaulay-Lex ideal of S,
E,=F, V,=U(t <p+1). Similar to (8.1), (16.4) holds.

Next, we prove (16.3). By (5.2) and (16.5), if uy =r—1, then r — 1+ v, =
up +v1 < up+ 09 < Uy + 0. Let ug <r—1. If r — 14 v > uqg_1 + vy, then
r—14v <ui+vs <t 140, <r—14wv, r—14+v; =u;1+v;(2 <i<a).
Letp=wui+ve—1=r+v -2, fo = (ug —1Lva—1,1), J, = A,(r) U{fa},
fi=a""tyP" 1 then fo ¢ I, xfo,yfo € I, L, = Ap(r)U{f1}. Since p—r+1 <
v1 < by, hy and ¢;(1 <@ < «) do not divide yf; and zf;, hence yfi,2f1 ¢ I,

| ML |=[ MA(r)\NL | + [ {yfr, 2f1} [=[ MAp(r)\T [ +2
>| MA (PN | 1 =[ MA, (N | + | {zfa} [Z] M\ |

a contradiction, so 7 — 1 + v1 < Ug—1 + V4.

(<): Let J, C W, J, # 0, L, be the lex-segment of J, in W, we need
prove that | ML\I |<| MJ,\I |. lf p+1 < g, then p+1 < uy+v1+1 < az+0bs.
Let R = (2%,2"2) + (h; | 1 < i < 7), then R is a Macaulay-Lex ideal of S,
R, = I,(t < p+1). Similar to (8.1), | ML\ |<| MJNI |.

Let p+1 > g, then p+1 > m. Translate g = min(J,) into A,(r) until J, C
A,(r) or Ay(r) C J,. If J, C A,(r), similar to Proposition 10, | ML,\I |<]|
MJ,\I |. We can suppose that A,(r) C J,.

If p+1 < r+wvy, similar to (8.3), let B, = J,\A4,(r), C, = L,\Ap(r), then
| MC\E <] MBAE |, | MINT |<| M\ |

Let p+1>r+wvy, thenp—r+1>wv, (r—1,p—r+1,1) € [,;1(r—1) # 0.
Translate g to h = max(W,(r—1)\J,) until J, = L, C A,(r—1) or A,(r—1) C
Jp, then | ML\I |<| MJ\I |.

If 2(I) =7 < sand Q = {z¥yviz¥ | 1 <i <m}U{z" 2} (w; = 0), then
I is the ideal in the following Proposition 17.

Proposition 17. Let I = (2%, 272,27 Y9%2) + (¢; | 1
Uy s > s > U > Uiy, 1 <0 S v, wp < Wi <
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vir1 +wi (1 <0 < ), go = 2%, (ug,vo,wy) = (5,0,0), ug_1 > 1 > u,,
vy > b > 1, w, =0, then I is a Macaulay-Lex ideal of S = k[x,y, 2] if and
only if I satisfies the following conditions

(17.1) Let ¢ = min{u; +v; +w; | 0 <i < a}, then ¢ >r+1

(172) R=1(g; | 0 < i < o)+ (2"y"™) is a Macaulay-Lex ideal of T' = k|, y].

(17.3) Let m = min{u; + v; | 0 < i < o}, then r+b>m

(174) If wy =1, let A = min{u; +v;, +1 | 0 <i < ayw; =1}, p =
min{w; +v; | 0 < i < a;w; =0}, then A >

(17.5) If g < p+1 < m, then F = (2") + (¢; | 0 < i < «) satisfies the
condition (ML3) for p

(176) Im <p+1<r+b then Y = (2") + (¢; | 0 < i < «) satisfies the
condition (ML3) for p

(17.7) (z" 1) + (g; | 0 < i < «) is a Macaulay-Lex ideal of S

(17.8) If a > o, then 7 + b < ug_1 + Vo + Wy

Proof. (=): We prove (17.3). Ilf p+1=r+b<m,let J,=A,(r—1)N
Ays(1), then L, = A,(r). Fori > o, p—r<b<v, <v,p—r+1<u,so
2" 1y’z and ¢;(i > o) do not divide (r — 1,p —r + 1,0) and (r — 1,p — 1, 1),
L(r—1) =0, W,(r — 1) = S,(r — 1). Similar to the proof of (12.5), since

T lbe c [p+17

‘ MLp\[ ‘:‘ Lp ’ +1 :‘ Jp ’ +1 >’ Jp ’2| MJp\[ ‘

a contradiction, so r + b > m.

(17.8) is similar to (9.3) and (16.3). The other conditions are similar to
Proposition 12.

(<): Let J, C W, J, # 0, L, be the lex-segment of J, in W,, we need
prove that | ML,\I |<| MJ,\I |.

Ifp+1l<qgandp+1<m,let E = (2"z), then E is a Macaulay-Lex ideal
of S, B, = I,(t < p+1). Similar to (8.1), | ML\ |<| MJN\I |.

If g < p+1 < m,by (17.5), similar to the case ¢ < p+1 < m of Proposition
12, | ML\ |<| MJNI |-

If p+1 > m, translate g = min(J,) into A,(r) until J, C A,(r) or A,(r) C
Jp. It J, € A,(r), similar to Proposition 10, | ML,\I |<| M J,\I |. We can
suppose that A,(r) C J,.

Ifm <p+1<r+blet B, = J,\A,(r), C, = L,\A,(r). By (17.6),
| MC,\Y |<| MB,\Y |. Similar to (8.3), | ML\ |<| MJNI |.

Ifp+1>r+b then (r—1,p—r+1,1) € I,;1(r — 1) # (. Translate
g to max(W,(r — 1)\J,) until J, = L, € A,(r — 1) or A,(r — 1) C J,. If
A,(r—1) C J,, let B, = J,\A,(r — 1), C, = L,\A,(r — 1). Similar to (8.3),
| ML || MINT |

Example 2. [ = (2! xgzxyz)+($12y2x y', 2%y" y!3) and J =
(x1, 22, 28952) + (I12y2 x10y4 25y, y'%2) are Macaulay-Lex ideals of S =

k[x,y, z] satisfying ¢ < m.
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For I and J, the condition (5.4) is the same, we need only consider I.
(21, 22y? 2% 2997) is a Macaulay-Lex ideal of k[z, y], (17.2) holds. (210, 2%y, y'3),
(29, 2°y", y'3) and (2% 2°%y",y'3) are Macaulay-Lex ideals of k[z,y] and S,
(17.5), (17.6), (17.7) hold. The other conditions hold also.
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