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Abstract

In this paper, we determine all ternary Macaulay-Lex ideals gener-
ated by monomials of the form xuyvzw(w ≤ 1).
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Let S = k[x1, · · · , xn] be a polynomial ring over a field k graded by deg(xi) =
1 for all i. Macaulay [7] showed that for every graded ideal there exists a lexico-
graphic ideal with the same Hilbert function. Lexicographic ideals are defined
combinatorially and have extremal Betti numbers [2], [6], [11].

Let I be a monomial ideal, W = S/I . We say that a graded ideal in W
is lexifiable if there exists a lexicographic ideal in W with the same Hilbert
function. We call I and W Macaulay-Lex if every graded ideal in W is lex-
ifiable. By Gröbner basis theory, if every monomial ideal in W is lexifiable,
then W is Macaulay-Lex. In the following, we only consider monomial ide-
als. Macaulay’s theorem [7] says that (0) is a Macaulay-Lex ideal, Clements-
Lindström’s theorem [3] says that R = (xe1

1 , · · · , xen
n ) is a Macaulay-Lex ideal if

e1 ≤ · · · ≤ en ≤ +∞, Mermin-Peeva’s theorem [10] contains the above results.

Mermin-Murai [9] prove that I =
r∑

j=1
(xj,1, · · · , xj,nj

)2 is a Macaulay-Lex ideal

for xk,l > xr,s if l > s or l = s and k < r. Mermin’s theorem [8] characterizes
the monomial regular sequences which are Macaulay-Lex. All Macaulay-Lex



1014 Yu He

ideals of k[x, y] are determined in [4]. All Macaulay-lex ideals of k[x, y, z] that
do not contain any xm are determined in [5]. Some Macaulay-Lex ideals of
the form (xe1

1 , x
t1
1 x

e2
2 , x

t1
1 x

t2
2 x

e3
3 , · · · , xt1

1 · · ·xtn−1

n−1 x
en
n ) are determined in [1]. In

this paper, we determine all ternary Macaulay-Lex ideals generated by xs and
monomials of the form xuyvzw(w ≤ 1).

Let Sp be the set of all monomials of degree p in S. We order the variables
x1 > · · · > xn and denote > the homogeneous lexicographic order on the

monomial: for f =
n∏

i=1
xai

i , g =
n∏

i=1
xbi

i ∈ Sp, f > g if there exists m such that

am > bm and ai = bi(1 ≤ i < m). Let M = {x1, · · · , xn}. For S = k[x, y, z],
denote x1 = x, x2 = y, x3 = z. Let Ip be the set of all monomials of degree
p in I, |L| be the cardinality of a set L. Denote Wp = Sp\Ip as a subset
of Sp. Let Cp ⊆ Bp ⊆ Sp, Cp is called a lex-segment of length d in Bp if
Cp contains exactly the first d monomials of Bp, Lp is called the lex-segment
of Cp in Bp if Lp is a lex-segment of length | Cp | in Bp. The empty set ∅
is a lex-segment of any set. A monomial ideal I of S is called lexicographic
ideal or simply lex ideal if Ip is a lex-segment in Sp for every p. Denote
f = xaybzc = (a, b, c), deg(f) = a + b + c, degx(f) = a. For 1 ≤ i ≤ n, let
Api(t) = {f ∈ Wp | degxi

(f) ≥ t}, Ap(t) = Ap1(t). For Bp ⊆ Sp, 1 ≤ i ≤ n,
let Bpi(t) = {f ∈ Bp | degxi

(f) = t}, Bp(t) = Bp1(t). If g divides f , denote
g | f . For B ⊆ Sp, C ⊆ Sq, denote BC = {fg | f ∈ B, g ∈ C}, max(B) be the
lex-greatest element of B, min(B) be the lex-smallest element of B.

Proposition 1. [10] Let I be a monomial ideal of S, then I is a Macaulay-
Lex ideal of S if and only if ∀p ≥ 1, Jp ⊆ Wp, let Lp be the lex-segment of Jp

in Wp, then |MLp\I| = |MLp\Ip+1| ≤ |MJp\Ip+1| = |MJp\I|.
Proposition 2. [10] Let fi ∈ T = k[x1, · · · , xn−1](n ≥ 2), (fi | 1 ≤ i ≤ α)

be a Macaulay-Lex ideal of T , then (fi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal
of S = k[x1, · · · , xn].

Proposition 3. [10] If L is a lex ideal of S, R is a Macaulay-Lex ideal of
S, then L+R is a Macaulay-Lex ideal of S.

Proposition 4. [4] Let

I = (xa0 , xa1yb1, · · · , xaryar)

be an ideal of S = k[x, y]; r ≥ 0; a0 > a1 > · · · > ar ≥ 0; 0 = b0 < b1 < · · · <
br, then I is a Macaulay-Lex ideal of S if and only if I satisfies the following
conditions

(4.1) If b1 = 1, then ai + bi ≥ a0(2 ≤ i ≤ r); If b1 ≥ 2, then ai + bi ≥ a0(1 ≤
i ≤ r);

(4.2) ai−1 + bi ≤ ai + bi+1(1 ≤ i < r)



Ternary Macaulay-Lex ideals 1015

(4.3) ∀p ∈ {ai + bi | 0 ≤ i ≤ r} ∪ {+∞}, let

Xp = {i | 0 ≤ i ≤ r; p > ai + bi};X+∞ = {0, 1, · · · , r}

Xp = {j(1) < j(2) < · · · < j(u)}
If u ≥ 3, then

aj(v−1) + bj(v) ≤ aj(v) + bj(v+1)(2 ≤ v < u)

Definition 1. Let I be a monomial ideal of k[x, y, z], we say that I satisfies
the condition (ML3) for p, if | MLp\I |≤| MJp\I | holds for every Jp ⊆ Wp

and its lex-segment Lp in Wp.

Proposition 5. [5] Let I = (xs) + (gi | 1 ≤ i ≤ α), gi = xuiyvizwi , s =
u0 > ui > ui+1, vi ≤ vi+1, wi ≤ wi+1 ≤ 1, 1 ≤ vi +wi < vi+1 +wi+1(1 ≤ i < α).
If I satisfies the following conditions (5.1), (5.2), then the condition (5.3) and
(5.4) are equivalent. If I satisfies all the following conditions, then I is a
Macaulay-Lex ideal of S = k[x, y, z].

(5.1) Let q = min{ui + vi + wi | 1 ≤ i ≤ α, vi + wi ≥ 2}, then q ≥ s
(5.2) ui−1 + vi + wi ≤ ui + vi+1 + wi+1(1 ≤ i < α)
(5.3) Let q ≤ p + 1 ≤ uα−1 + vα + wα − 2, then I satisfies the condition

(ML3) for p
(5.4) Let q ≤ p+ 1 ≤ uα−1 + vα + wα − 2, ψ(x) = (x+ 1)(x+ 2),

Xp+1 = {0}∪{i | 1 ≤ i ≤ α; p+1 ≥ ui +vi +wi} = {j(0) < j(1) < · · · < j(β)}

θ(t) = uj(t) + vj(t+1) + wj(t+1) − p− 2(0 ≤ t < β), θ(β) = +∞.
If θ(σ) ≥ 1, then θ(i) ≥ 1(σ ≤ i ≤ β).
If β ≥ 2 and θ(β − 2) ≥ 1, let σ be the smallest one such that θ(σ) ≥ 1,

G = {(a, b, c, d, δ, π) | σ ≤ a < c < d ≤ β; b ≥ a; 0 ≤ π < θ(b);

0 ≤ δ < min{θ(c− 1), θ(d)}; δ +
d−1∑
t=c

θ(t) = π +
b−1∑
t=a

θ(t)}

then for every (a, b, c, d, δ, π) ∈ G, the following inequality holds

ψ(p− uj(d) − vj(c) − wj(c) + δ) −
d∑

t=c

ψ(p− uj(t) − vj(t) − wj(t))

≤ ψ(p− uj(b) + π) − ψ(p− uj(a)) −
b∑

t=a+1

ψ(p− uj(t) − vj(t) − wj(t))

Definition 2. Let I be a monomial ideal of S = k[x, y, z], xs be a minimal
generator of I, denote z(I) = min{a | xazb is a minimal generator of I}.
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Lemma 6. Let I = (gi | 1 ≤ i ≤ α) be a Macaulay-Lex ideal of S =
k[x1, · · · , xn](n ≥ 2), gi = (ui1, · · · , uin)(1 ≤ i ≤ α) be minimal generators of

I, q = min{ n∑
j=1

uij | 1 ≤ i ≤ α;
n∑

j=2
uij ≤ 1}, then

n∑
j=1

uij ≥ q(1 ≤ i ≤ α).

Proof. Let uim ≥ 1. If deg(gi) < q, let f = x−1
m gi, p = deg(gi) − 1,

Jp = {f}, then Lp = {xp
1}, xp

1xj /∈ I(1 ≤ j ≤ n), xmf ∈ I, hence

| MLp\I |=| {xp
1xj | 1 ≤ j ≤ n} |= n > n− 1

=| {xjf | 1 ≤ j ≤ n, j �= m} |≥|MJp\I |
a contradiction, so deg(gi) ≥ q.

Theorem 7. Let I be an ideal generated by monomials of the form
xuyvzw(w ≤ 1), xs be a minimal generator of I, r = z(I), Ω = {f | f = (a, b, c)
is a minimal generator of I, a < r} �= ∅. If I is a Macaulay-Lex ideal of
S = k[x, y, z], then Ω is one of the following three sets:

{xuiyvizwi | 1 ≤ i ≤ m} (7.1)

{xuiyvizwi | 1 ≤ i ≤ m} ∪ {xr−1ybz}(w1 = 0) (7.2)

{xaiybiz | 1 ≤ i ≤ m} ∪ {xr−1yv} (7.3)

where ui > ui+1, vi ≤ vi+1, wi ≤ wi+1 ≤ 1, vi + wi < vi+1 + wi+1, ai > ai+1,
bi < bi+1(1 ≤ i < m).

Proof. If Ω = {xuiyvi | 1 ≤ i ≤ α} or {xuiyviz | 1 ≤ i ≤ α}, then Ω is the
set (7.1).

Let Ω = {gi | 1 ≤ i ≤ α} ∪ {hi | 1 ≤ i ≤ π}, gi = xuiyviz, hi = xaiybi,
ui > ui+1, vi < vi+1(1 ≤ i < α), ai > ai+1, bi < bi+1(1 ≤ i < π). If v1 = 0, then
g1 = xu1z, r = z(I) ≤ u1 < r, a contradiction, so v1 ≥ 1. Similarly, b1 ≥ 1.

Case 1. u1 ≤ r − 2.
First, we prove that aπ > u1. If aπ ≤ u1, let ai be the greatest one such

that ai ≤ u1. Since hi does not divide g1, we have bi ≥ v1 + 1 ≥ 2. Let
f2 = (u1, bi − 1, 0), p = u1 + bi − 1, then hi | yf2, g1 | zf2, hence yf2, zf2 ∈ I.
If j < i, then aj > u1, hj does not divide f2. If j ≥ i, then bj ≥ bi, hj does not
divide f2, hence f2 /∈ I. Let f1 = (u1 + 1, 0, bi − 2). Since v1 ≥ 1 and b1 ≥ 1,
gt and hj do not divide zf1, so f1, zf1 /∈ I. Let B = {f ∈Wp | f > f1}.

If bi ≥ 3, then f3 = (u1 +1, bi−2, 0) > f1, f3 ∈ B∪I, xf2 = yf3 ∈MB∪I.
Let Jp = B ∪ {f2}, then Lp = B ∪ {f1}, | MJp\I |=| MB\I |. ∀f ∈ MB,
degx(f) ≥ u1 + 2 or degy(f) ≥ 1, so zf1 �= f , zf1 /∈ (MB) ∪ I,

|MLp\I |≥|MB\I | + | {zf1} |=|MB\I | +1 >|MB\I |=|MJp\I |
a contradiction, so bi < 3, bi = 2, v1 = 1, i = 1, 2.

Let i = 1, then b1 = 2. If r < s, then xrz is a minimal generator of I. By
Lemma 6, u1 + 2 = deg(g1) ≥ r + 1, u1 ≥ r − 1, a contradiction. If r = s,
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then u1 + 2 = deg(g1) ≥ s = r ≥ u1 + 2, u1 = s − 2, g1 = xs−2yz. Similarly,
a1 + 2 = deg(h1) ≥ s, a1 ≥ s − 2 = u1 ≥ a1, a1 = s − 2, h1 = xs−2y2. Let
f1 = xs−2y, p = s− 1, Jp = {f1}, then Lp = {xp},

| MLp\I |=| {xs−1y, xs−1z} |= 2 > 1 =| {xs−1y} |=|MJp\I |
a contradiction, so i �= 1, i = 2.

Let i = 2, then b2 = 2, b1 = v1 = 1. By the choice of ai, we have
a1 > u1 ≥ a2. By Lemma 6, u1 + 2 = deg(g1) ≥ a1 + 1 ≥ u1 + 2, u1 =
a1 − 1, a2 + 2 = deg(h2) ≥ a1 + 1 ≥ a2 + 2, a2 = a1 − 1, g1 = (u1, 1, 1),
h1 = (u1 + 1, 1, 0), h2 = (u1, 2, 0). Let f2 = (u1, 1, 0), p = a1, Jp = {f2}, then
f2 /∈ I, xf2, yf2, zf2 ∈ I, | MJp\I |= 0, Lp = {xp}. Since s ≥ r ≥ a1 + 1, if
s > p + 1 = a1 + 1, then xs does not divide xp+1, xp+1 /∈ I, | MLp\I |≥ 1 >|
MJp\I |, a contradiction. If s = a1 + 1, then s = r = a1 + 1 > p, xs and gi, hi

do not divide xpz, hence xpz /∈ I, | MLp\I |≥ 1 >| MJp\I |, a contradiction,
so aπ > u1.

If bπ ≤ v1, then Ω is the set (7.1). Let bπ ≥ v1 + 1 ≥ 2.
If bπ = 2, then v1 = 1, π = 1, 2. If π = 2, then b2 = 2, b1 = 1, a1 > a2 > u1,

a1 ≥ u1 + 2 = deg(g1) ≥ a1 + 1, a contradiction, so π = 1, b1 = 2. If r < s,
then a1 + 1 ≥ u1 + 2 = deg(g1) ≥ r + 1, a1 ≥ r, a contradiction, so r = s,
a1 + 1 ≥ u1 + 2 = deg(g1) ≥ s ≥ a1 + 1, a1 = s− 1, Ω is the set (7.3).

Let bπ ≥ 3. If aπ < r − 1, let f2 = y−1hπ, p = aπ + bπ − 1, then f2 /∈ I,
g1 | zf2, hence yf2, zf2 ∈ I. Let f1 = (aπ+1, 0, bπ−2), B = {f ∈Wp | f > f1},
Jp = B ∪ {f2}, then Lp = B ∪ {f1}. Similar to the above, xf2 ∈ MB ∪ I,
zf1 /∈ MB ∪ I, | MLp\I |≥| {zf1} |= 1 > 0 =| MJp\I |, a contradiction, so
aπ = r − 1, π = 1, Ω is the set (7.3).

Case 2. u1 = r − 1.
If α = 1, then Ω is the set (7.2). Let α ≥ 2, we prove that aπ > u2. If

aπ ≤ u2, let ai be the greatest one such that ai ≤ u2. Since hi does not divide
g2, we have bi ≥ v2 + 1 ≥ v1 + 2 ≥ 3. Let f2 = (u2, bi − 1, 0), p = u2 + bi − 1,
f1 = (u2 + 1, 0, bi − 2), B = {f ∈Wp | f > f1}, Jp = B ∪ {f2}, Lp = B ∪ {f1},
then | MLp\I |>|MJp\I | as above, a contradiction, so aπ > u2.

If bπ ≤ v2, then Ω is the set (7.2). Let bπ ≥ v2 + 1 ≥ 3. Similar to the case
u1 ≤ r − 2, bπ ≥ 3, we have aπ = r − 1, π = 1, hence Ω is the set (7.3).

If z(I) = s and Ω = {xuiyvizwi | 1 ≤ i ≤ m}, then I is the ideal in
Proposition 5. If z(I) = s and Ω = {xaiybiz | 1 ≤ i ≤ m} ∪ {xr−1yv}, then I
is the ideal in Proposition 5 and 8.

Proposition 8. Let I = (xs, xs−1yb) + (gi | 1 ≤ i ≤ α), gi = xuiyviz,
s = u0 > ui > ui+1, 1 ≤ vi < vi+1(1 ≤ i < α), b > v1. If u1 = s − 1 and
α ≥ 2, let b > v2, then I is a Macaulay-Lex ideal of S = k[x, y, z] if and only
if R = (xs) + (gi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal of S.

Proof. (⇐): Let D = (f ∈ Ss+b−1 | f ≥ xs−1yb), then D is a lex ideal of
S. By Proposition 3, I = R +D is a Macaulay-Lex ideal of S.
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(⇒): Let V = S/R, Jp ⊆ Vp, Jp �= ∅, Lp be the lex-segment of Jp in Vp,
Jp �= Lp, we need prove that |MLp\R |≤|MJp\R |.

If p+ 1 < s+ b− 1 = deg(xs−1yb), then It = Rt, Vt = Wt(t ≤ p+ 1), Lp is
the lex-segment of Jp in Wp, hence

|MLp\Rp+1 |=|MLp\Ip+1 |≤|MJp\Ip+1 |=|MJp\Rp+1 | (8.1)

If p+ 1 ≥ s+ b− 1 ≥ s+ v1, then p− s+ 1 ≥ v1, x
s−1yp−s+1z ∈ Rp+1. Let

Bp(t) = {f ∈ Vp | degx(f) ≥ t}, g = (e1, e2, e3) = min(Jp), h = (d1, d2, d3) =
max(Vp\Jp), Kp = (Jp\{g}) ∪ {h}, then g < h. If e3 = 0, then e1 < s− 1, gi

does not divide yg, hence yg /∈ R. Since gi does not divide g, if e3 ≥ 1, then
gi does not divide zg, hence zg /∈ R. Let f = (c1, c2, c3) ∈ Jp\{g}, then f > g.
If e3 = 0, then c1 > e1, xf > yf > zf > yg, yg /∈M(Jp\{g}) ∪R, hence

|MJp\R |≥|M(Jp\{g})\R | + | {yg} |=|M(Jp\{g})\R | +1

If e3 ≥ 1, then xf > yf > zf > zg, zg /∈M(Jp\{g}) ∪R, |MJp\R |≥
| M(Jp\{g})\R | +1 holds also.

Let d1 = s− 1, then xh ∈ R. If h = xs−1yp−s+1, then zh ∈ R,

| MKp\R |≤|M(Jp\{g})\R | + | {yh} |

=|M(Jp\{g})\R | +1 ≤|MJp\R | (8.2)

If h �= xs−1yp−s+1, then h2 = yz−1h > h, h2 ∈ (Jp\{g}) ∪ R, yh = zh2 ∈
M(Jp\{g}) ∪ R, |MKp\R |≤|MJp\R | holds also. If |MLp\R |≤
| MKp\R |, then | MLp\R |≤|MJp\R |. Replace Jp by Kp, namely, translate
g to h. Repeat the above translation until Jp = Lp ⊆ Bp(s−1) or Bp(s−1) ⊆
Jp. We can suppose that Bp(s− 1) ⊆ Jp, then Bp(s− 1) ⊆ Lp.

Since I is a Macaulay-Lex ideal of S and (xs−1) is a lex ideal of S, E =
(xs−1) + I = (xs−1) + R is a Macaulay-Lex ideal of S. Let U = S/E, Cp =
Jp\Bp(s − 1), Dp = Lp\Bp(s − 1), then Dp is the lex-segment of Cp in Up =
Vp\Bp(s− 1), hence | MDp\E |≤|MCp\E |. Next, we prove that

MCp\R ⊆ (MBp(s− 1)\R) ∪ (MCp\E)

Let f = (e1, e2, e3) ∈ Cp, then e1 < s − 1. If yf ∈ MCp\R, then xs−1 does
not divide yf , yf ∈ MCp\E. Similarly, if zf ∈ MCp\R, then zf ∈ MCp\E.
Let xf ∈MCp\R. If e1 ≤ s− 3, then xs−1 does not divide xf , xf ∈MCp\E.
Let e1 = s− 2. Since p ≥ s + b− 2 ≥ s, we have e2 ≥ 1 or e3 ≥ 1. If e2 ≥ 1,
let h = xy−1f , then h ∈ Bp(s − 1), xf = yh ∈ MBp(s − 1)\R. Similarly, if
e3 ≥ 1, then xf ∈MBp(s− 1)\R.

Since R ⊆ E, we have

MJp\R = M(Bp(s− 1) ∪ Cp)\R = (MBp(s− 1)\R) ∪ (MCp\R)
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⊆ (MBp(s− 1)\R) ∪ (MCp\E) ⊆ (MBp(s− 1)\R) ∪ (MCp\R) = MJp\R
hence

MJp\R = (MBp(s− 1)\R) ∪ (MCp\E)

MLp\R = (MBp(s− 1)\R) ∪ (MDp\E)

are disjoint unions,

|MLp\R |=|MBp(s− 1)\R | + |MDp\E |

≤|MBp(s− 1)\R | + |MCp\E |=|MJp\R | (8.3)

If z(I) = s and Ω = {xuiyvizwi | 1 ≤ i ≤ m} ∪ {xr−1ybz}(w1 = 0), then I
is the ideal in the following Proposition 9.

Proposition 9. Let I = (xs, xs−1ybz) + (gi | 1 ≤ i ≤ α), gi = xuiyvizwi ,
s = u0 > ui > ui+1, 1 ≤ vi ≤ vi+1, wi ≤ wi+1 ≤ 1, vi + wi < vi+1 + wi+1(1 ≤
i < α), v1 > b ≥ 1, w1 = 0, then I is a Macaulay -Lex ideal of S if and only if
the following conditions hold

(9.1) Let q = min{ui + vi + wi | 1 ≤ i ≤ α}, then q ≥ s
(9.2) E = (xs−1) + (gi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal of S
(9.3) If α ≥ 2, then s+ b < uα−1 + vα + wα

(9.4) If p+1 < s+b, then R = (xs)+(gi | 1 ≤ i ≤ α) satisfies the condition
(ML3) for p

Proof. (⇒): By Lemma 6, (9.1) holds. Since (xs−1) is a lex ideal of S and
E = (xs−1) + I, (9.2) holds.

If p + 1 < s+ b, let V = S/R, Jp ⊆ Vp, Lp be the lex-segment of Jp in Vp,
then It = Rt, Vt = Wt(t ≤ p + 1). Similar to (8.1), | MLp\R |≤| MJp\R |,
(9.4) holds.

Next, we prove (9.3). If u1 = s− 1, by (9.2) and (5.2),

s+ b ≤ s+ v1 − 1 = u1 + v1 < u1 + v2 + w2 ≤ uα−1 + vα + wα

Let u1 < s − 1. If s + b ≥ uα−1 + vα + wα, then s + b ≤ s − 1 + v1 ≤
u1 + v2 +w2 ≤ uα−1 + vα +wα ≤ s+ b, s+ b = s− 1 + v1 = u1 + v2 +w2. Let
p = s+ b− 2 = s+ v1 − 3 = u1 + v2 + w2 − 2,

f2 =

{
(u1 − 1, v2 − 1, w2) v2 > v1

(u1 − 1, v2, 0) v2 = v1

then f2 /∈ I. If v2 > v1, then g1 | xf2, g2 | yf2, xf2, yf2 ∈ I. If v2 = v1,
then w2 = 1, g1 | xf2, g2 | zf2, xf2, zf2 ∈ I. Let Jp = {f2}, f1 = xs−1yp−s+1,
then Lp = {f1}. Since p − s + 2 = b < v1 ≤ vi, x

s−1ybz and gi(1 ≤ i ≤ α)
do not divide yf1 and zf1, yf1, zf1 /∈ I, | MLp\I |≥ 2 > 1 ≥| MJp\I |, a
contradiction, so s+ b < uα−1 + vα + wα.
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(⇐): Let Jp ⊆ Wp, Jp �= ∅, Lp be the lex-segment of Jp in Wp, we need
prove that | MLp\I |≤|MJp\I |.

If p + 1 ≥ s + b, then p − s + 1 ≥ b, xs−1ybz | xs−1yp−s+1z = f , f ∈
Ip+1(s− 1) �= ∅. Let g = min(Jp). If h = max(Wp\Jp) ∈ Wp(s− 1), let Kp =
(Jp\{g})∪{h}, then xh ∈ I. Similar to (8.2), |MKp\I |≤|MJp\I |. Translate
g to h until Jp = Lp ⊆ Ap(s − 1) or Ap(s − 1) ⊆ Jp. We can suppose that
Ap(s−1) ⊆ Jp, then Ap(s−1) ⊆ Lp. Let Cp = Jp\Ap(s−1), Dp = Lp\Ap(s−1),
V = S/E, then Dp is the lex-segment of Cp in Vp = Wp\Ap(s− 1). By (9.2),
| MDp\E |≤|MCp\E |. Similar to (8.3),

| MLp\I |=|MAp(s− 1)\I | + |MDp\E |
≤|MAp(s− 1)\I | + | MCp\E |=|MJp\I | (9.5)

If p+ 1 < s+ b, then It = Rt(t ≤ p+ 1). Similar to (8.1), |MLp\I |≤
| MJp\I | holds.

If z(I) = r < s and Ω = ∅, then I is the ideal in the following Proposition
10.

Proposition 10. Let I = (xs, xrz) + (hi | 1 ≤ i ≤ m), hi = xaiybi, s > r,
s > ai > ai+1, 1 ≤ bi < bi+1(1 ≤ i < m), am ≥ r, h0 = xs, then I is a
Macaulay-Lex ideal of S = k[x, y, z] if and only if D = (hi | 0 ≤ i ≤ m) is a
Macaulay-Lex ideal of T = k[x, y].

Proof. (⇒): By Proposition 4, D is a Macaulay-Lex ideal of T if and only
if E = x−rD is a Macaulay-Lex ideal of T , we need only prove that E is a
Macaulay-Lex ideal of T . Let V = T/E, Jp ⊆ Vp, Lp be the lex-segment of
Jp in Vp, we need prove that | {x, y}Lp\E |≤| {x, y}Jp\E |. Let f ∈ Tp, then
x−rhi | f if and only if hi | xrf(0 ≤ i ≤ m), so f → xrf : Vp → Ap+r(r)
is a bijection preserving lex-order, Dp+r = xrEp, x

rJp ⊆ Ap+r(r), x
rLp is the

lex-segment of xrJp in xrVp = Ap+r(r), hence | M(xrLp)\I |≤| M(xrJp)\I |.
Since xrzJp ⊆ I and xrzLp ⊆ I, we have,

| {x, y}Lp\Ep+1 |=| {x, y}(xrLp)\(xrEp+1) |=| {x, y}(xrLp)\Dp+r+1 |
=|M(xrLp)\Ip+r+1 |≤|M(xrJp)\Ip+r+1 |=| {x, y}Jp\Ep+1 |

(⇐): Let Jp ⊆ Wp, Jp �= ∅, Lp be the lex-segment of Jp in Wp, we need
prove that | MLp\I |≤|MJp\I |. Let q = min{ai + bi | 0 ≤ i ≤ m}.

If p + 1 < q, let R = (xrz), then R is a Macaulay-Lex ideal of S, It =
Rt(t ≤ p+ 1). Similar to (8.1), |MLp\I |≤|MJp\I | holds.

Let p + 1 ≥ q. If Fp = Ap(r)\Jp �= ∅, let g = min(Jp), h = max(Fp),
Kp = (Jp\{g}) ∪ {h}, then zh ∈ I, xh or yh ∈ M(Jp\{g}) ∪ I. If g /∈ Ap(r),
similar to (8.2), | MKp\I |≤| MJp\I |. Translate g to h until Ap(r) ⊆ Jp or
Jp ⊆ Ap(r). If Jp ⊆ Ap(r), then Lp ⊆ Ap(r),

| MLp\I |=| {x, y}Lp\D |≤| {x, y}Jp\D |=|MJp\I |
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If Ap(r) ⊆ Jp, then Ap(r) ⊆ Lp. Let E = (xr), Cp = Jp\Ap(r), Dp = Lp\Ap(r),
V = S/E, then E is a Macaulay-Lex ideal of S, Dp is the lex-segment of Cp

in Vp = Wp\Ap(r), hence | MDp\E |≤| MCp\E |. Similar to (8.3) and (9.5),
| MLp\I |≤|MJp\I |.

Similar to Proposition 10, interchange y and z, we have

Proposition 11. Let I = (xs, xry) + (hi | 1 ≤ i ≤ m), hi = xaizbi ,
s > r, s > ai > ai+1, 1 ≤ bi < bi+1(1 ≤ i < m), am ≥ r, h0 = xs, then I
is a Macaulay-Lex ideal of S = k[x, y, z] if and only if (hi | 0 ≤ i ≤ m) is a
Macaulay-Lex ideal of k[x, z].

If z(I) = r < s and Ω = {xuiyvizwi | 1 ≤ i ≤ m}, then I is the ideal in
Proposition 12, 13 and Corollary 15.

Proposition 12. Let I = (xs, xrz)+(gi | 1 ≤ i ≤ α), gi = xuiyvizwi , s > r,
s > ui > ui+1, 1 ≤ vi ≤ vi+1, wi ≤ wi+1 ≤ 1, 1 ≤ vi + wi < vi+1 + wi+1(1 ≤
i < α), g0 = xs, (u0, v0, w0) = (s, 0, 0), uσ−1 ≥ r > uσ, wσ = 0, vσ ≥ 2, then I
is a Macaulay-Lex ideal of S = k[x, y, z] if and only if I satisfies the following
conditions

(12.1) Let q = min{ui + vi + wi | σ ≤ i ≤ α}, then q ≥ r + 1
(12.2) Y = (gi | 0 ≤ i < σ)+(xryvσ) is a Macaulay-Lex ideal of T = k[x, y].

Let m = min{ui + vi | 0 ≤ i < σ}, then r + vσ ≥ m.
(12.3) (xr) + (gi | σ ≤ i ≤ α) = (xr) + I is a Macaulay-Lex ideal of S
(12.4) If α > σ, then m < uα−1 + vα + wα

(12.5) If wα = 1, let λ = min{ui + vi + 1 | 1 ≤ i ≤ α,wi = 1}, μ =
min{ui + vi | 0 ≤ i < α,wi = 0}, then λ ≥ μ.

(12.6) If m > p + 1 ≥ q, then R = (xr+1) + (gi | σ ≤ i ≤ α) satisfies the
condition (ML3) for p

Proof. (⇒): By Lemma 6, (12.1) holds. Since (xr) is a lex ideal of S, by
Proposition 3, (12.3) holds.

Next, we prove (12.2). Similar to Proposition 10, let E = x−rY , V = T/E,
Jp ⊆ Vp, Lp be the lex-segment of Jp in Vp, then

| {x, y}Lp\Ep+1 |=| {x, y}(xrLp)\(xrEp+1) |=| {x, y}(xrLp)\Yp+r+1 |
=|M(xrLp)\Ip+r+1 |≤|M(xrJp)\Ip+r+1 |=| {x, y}Jp\Ep+1 |

If uσ−1 > r, then xryvσ is a minimal generator of Y . By (4.1), r+ vσ ≥ s ≥ m.
Let uσ−1 = r, then r + vσ = uσ−1 + vσ > uσ−1 + vσ−1 ≥ m.

Next, we prove (12.4). Similar to (9.3), if m ≥ uα−1 + vα +wα = p+ 2, let

f2 =

{
(uα−1 − 1, vα − 1, wα) vα > vα−1

(uα−1 − 1, vα, 0) vα = vα−1

Jp = {f2}, then Lp = {xp}. For 0 ≤ i < σ, ui + vi ≥ m > p + 1, gi does
not divide xp+1 and xpy. For i ≥ σ, vi ≥ vσ ≥ 2, gi does not divide xp+1
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and xpy, so xp+1, xpy /∈ I, | MLp\I |≥ 2 > 1 ≥| MJp\I |, a contradiction, so
m < uα−1 + vα + wα.

Next, we prove (12.5). If λ < μ, let ui be the greatest one such that
p + 1 = λ = ui + vi + 1, Jp = Ap(ui) ∩ Ap3(1), then Lp = Ap(ui + 1). Since
Ap(r) = {xtyp−t | r ≤ t ≤ p},

|MAp(r)\I |=| {x, y}Ap(r) |=| yAp(r) | + | {xp+1} |=| Ap(r) | +1

For ui < t < r, Lp(t) = Sp(t) = {xtyp−t−jzj | 0 ≤ j ≤ p− t},
| {y, z}Lp(t)\I |=| zLp(t) | + | {xtyp−t+1} |=| Lp(t) | +1

For ui ≤ t < r, Jp(t) = Sp(t)\{xtyp−t}. If ui < t < r, then

| {y, z}Jp(t)\I |=| zJp(t) | + | {xtyp−tz} |=| Jp(t) | +1 (12.7)

If t = ui, since f3 = y−1gi ∈ Jp(ui), yf3 ∈ I, we have

| {y, z}Jp(ui)\I |=| zJp(ui) |=| Jp(ui) |
so

|MLp\I |=| {x, y}Ap(r) | +
r−1∑

t=ui+1

| {y, z}Lp(t)\I |

=| Ap(r) | +1 +
r−1∑

t=ui+1

(| Lp(t) | +1) =| Lp | +r − ui

| MJp\I |=
r−1∑
t=ui

| {y, z}Jp(t)\I |=
r−1∑

t=ui+1

(| Jp(t) | +1)+ | Jp(ui) |

=| Jp | +r − ui − 1 <|MLp\I |
a contradiction, so λ ≥ μ.

Next, we prove (12.6). Let m > p + 1 ≥ q, F = (xr) + I = (xr) + R,
U = S/F , V = S/R, then F is a Macaulay-Lex ideal of S. Let Jp ⊆ Vp,
Jp �= ∅, Ep be the lex-segment of Jp in Vp, we need prove that |MEp\R |≤
| MJp\R |. Let Bp(t) = {f ∈ Vp | degx(f) ≥ t}, g = min(Jp).

Let Jp ∩ Bp(r) �= ∅. If Bp(r)\Jp �= ∅, then there exists h ∈ Bp(r)\Jp such
that f = yz−1h or y−1zh ∈ Jp, hence yh = zf or zh = yf ∈ M(Jp\{g}).
Translate g to h until Jp ⊆ Bp(r) or Bp(r) ⊆ Jp. If Bp(r) ⊆ Jp, then Bp(r) ⊆
Ep. Let Cp = Jp\Bp(r), Dp = Ep\Bp(r), then Dp is the lex-segment of Cp

in Up = Vp\Bp(r), hence | MDp\F |≤| MCp\F |. Similar to (8.3) and (9.5),
| MEp\I |≤| MJp\I |. If Jp ⊆ Bp(r), then Ep ⊆ Bp(r). For i ≥ σ, since
r+vσ ≥ m > p+1, p−r+1 < vσ ≤ vi, so gi does not divide xryp−r+1, Rp+1(r) =
∅, Bp(r) = xrk[y, z]p−r, x

−rEp is the lex-segment of x−rJp in x−rBp(r) =
k[y, z]p−r,

|MEp\I |=| {y, z}Ep |=| {y, z}(x−rEp) |
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≤| {y, z}(x−rJp) |=| {y, z}Jp |=|MJp\I |
Let Jp ∩ Bp(r) = ∅, then Jp ⊆ Wp. Let Lp be the lex-segment of Jp in

Wp, D = (gi | σ ≤ i ≤ α), then D ⊆ I, | MLp\I |≤| MJp\I |. Since
MJp ∩ (xr+1) = ∅, | MJp\I |≤|MJp\D |=|MJp\R |. Since | Bp(r) |=
| Ap(r) |, if | Ep |≤| Bp(r) |, then Ep ⊆ Bp(r), Lp ⊆ Ap(r). Similar to (12.7),

|MEp\R |=| {y, z}Ep |=| Ep | +1 =| Lp | +1 =| {x, y}Lp |
=| MLp\I |≤|MJp\I |≤|MJp\R |

Let | Ep |>| Bp(r) |, then Ep ⊇ Bp(r). Let Cp = Ep\Bp(r), then Lp =
Cp ∪ Ap(r). Since | MBp(r)\R |=| Bp(r) | +1 =| Ap(r) | +1 =| MAp(r)\I |,
similar to (8.3),

|MEp\R |=|MBp(r)\R | + |MCp\F |=|MAp(r)\I | + |MCp\F |
=| MLp\I |≤|MJp\I |≤|MJp\R |

(⇐): Let Jp ⊆ Wp, Jp �= ∅, Lp be the lex-segment of Jp in Wp, we need
prove that | MLp\I |≤|MJp\I |. Let g = min(Jp).

Let p + 1 ≥ m. If Ap(r)\Jp �= ∅ and g /∈ Ap(r), then there exists h ∈
Ap(r)\Jp such that f = xy−1h or x−1yh ∈ Jp ∪ I, hence xh = yf or yh = xf ∈
M(Jp\{g}) ∪ I. Translate g to h until Jp ⊆ Ap(r) or Ap(r) ⊆ Jp, similar to
Proposition 10, | MLp\I |≤|MJp\I |.

If p + 1 < q, let F = (xs, xrz) + (gi | 1 ≤ i < σ), then It = Ft(t ≤ p + 1).
By Proposition 10, F is a Macaulay-Lex ideal of S. Similar to (8.1),
| MLp\I |≤|MJp\I |.

Let q ≤ p+1 < m, then p+1 < r+ vσ. Let i ≥ σ be the smallest one such
that ui + vi + wi ≤ p + 1, by (12.5), wi = 0. Since p − vi ≤ p − vσ < r − 1,
for p− vi < t < r, p− t < vi, x

typ−t /∈ I, Wp(t) = Sp(t). Similarly, Ip+1(t) =
∅(p− vi + 1 < t < r).

If there exists t such that p− vi < t < r and Jp(t) = ∅, let Cp = Jp ∩Ap(t),
K = (xrz), Dp be the lex-segment of Cp in Wp, Zp = (Jp\Cp) ∪ Dp, then K
is a Macaulay-Lex ideal of S. Let f = (e, c, d) ∈ MCp\K, then e > t. For
0 ≤ j < σ, deg(gj) ≥ m > p + 1, gj does not divide f . For σ ≤ j < i,
deg(gj) > p+1, gj does not divide f . For j ≥ i, c = p+1−e−d ≤ p−e+1 ≤
p − t < vi ≤ vj , gj does not divide f , so f ∈ MCp\I , MCp\K ⊆ MCp\I .
Since K ⊆ I, MCp\K = MCp\I , so

| MDp\I |=|MDp\K |≤|MCp\K |=|MCp\I |
|MZp\I |=|M(Jp\Cp)\I | + |MDp\I |
≤|M(Jp\Cp)\I | + |MCp\I |=|MJp\I |

Replace Jp by Zp, we can suppose that Cp is a lex-segment of Wp. If Cp �= ∅,
then xp ∈ Jp. Translate g to max(Wp\Jp) until Jp ⊆ Ap(r) or Ap(r) ⊆ Jp,
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then | MLp\I |≤| MJp\I |. If Cp = ∅, let V = S/R, then Jp ⊆ Vp. Let Ep

be the lex-segment of Jp in Vp, G = (gi | σ ≤ i ≤ α), then G ⊆ R, G ⊆ I.
Since Cp = ∅, Jp ∩ Ap(r − 1) = ∅, so MJp ∩ (xr+1) = ∅, MJp ∩ (xrz) = ∅,
| MEp\R |≤|MJp\R |=|MJp\G |=|MJp\I |.

Let Bp(t) = {f ∈ Vp | degx(f) ≥ t}. If | Lp |≤| Ap(r) |, then Lp ⊆ Ap(r),
Ep ⊆ Bp(r),

| MLp\I |=| Lp | +1 =| Ep | +1 =|MEp\R |≤|MJp\I |

If | Lp |>| Ap(r) |, let Dp = Lp\Ap(r), F = (xr) + I = (xr) + R, then
Ap(r) ⊆ Lp, Bp(r) ⊆ Ep, Ep = Dp ∪Bp(r). Similar to (8.3),

|MLp\I |=|MAp(r)\I | + |MDp\F |=|MBp(r)\R | + |MDp\F |

=|MEp\R |≤|MJp\R |=|MJp\I |
Let Jp(t) �= ∅(p − vi < t < r), μ = p− vi + 1. If (Ap(μ) ∩ Ap3(1))\Jp �= ∅,

let t ≥ μ be the greatest one such that Kp = (Wp(t) ∩ Ap3(1))\Jp �= ∅. Since
Jp(t) �= ∅, there exists h ∈ Kp such that f1 = yz−1h or y−1zh ∈ Jp\{g}, hence
yh = zf1 or zh = yf1 ∈ M(Jp\{g}). Similar to (8.2), translate g to h until
Ap(μ) ∩ Ap3(1) ⊆ Jp or Jp ∩ Ap3(1) is a lex-segment of Ap(μ) ∩ Ap3(1). If
Jp(μ) = ∅, similar to the above, |MLp\I |≤|MJp\I |.

Let Jp(μ) �= ∅, then Ap(μ+1)∩Ap3(1) ⊆ Jp, Jp(μ)∩Ap3(1) is a lex-segment
of Wp(μ) ∩Ap3(1). We reduce Jp such that xp ∈ Jp, then | MLp\I |≤
| MJp\I | as above. Let xp /∈ Jp.

If there exists λ > μ such that xλyp−λ ∈ Jp, let λ be the greatest one, then
λ < p. Translate g to xλ+1yp−λ−1, xλ+2yp−λ−2, · · ·, xp, then xp ∈ Jp.

Let xtyp−t /∈ Jp(μ < t ≤ p). Since Jp(μ) ∩ Ap3(1) is a lex-segment of
Wp(μ) ∩ Ap3(1), f2 = (μ, vi − 2, 1) ∈ Jp or f3 = (μ, vi − 1, 0) ∈ Jp. If |
Jp(μ) |= 1, then Jp(μ) = {fj}, g = min(Jp) = fj(j = 2, 3). If g = f2, then
yg, zg /∈ M(Jp\{g}) ∪ I, | MJp\I |≥| M(Jp\{g})\I | +2. In fact, for t ≥ i,
vt ≥ vi, gt does not divide yg and zg. If g = f3, then xg, zg /∈M(Jp\{g}) ∪ I.
Similar to (8.2), translate g to xp, then xp ∈ Jp.

If | Jp(μ) |≥ 2, then f2 ∈ Jp. If f3 /∈ Jp, then g �= f2, zf3 = yf2 ∈
M(Jp\{g}). Since p − vi + 1 ≥ ui, gi | yf3, yf3 ∈ I. Translate g to f3, then
f3 ∈ Jp. Similarly, translate g to xy−1f3, x

2y−2f3, · · ·, xp, then xp ∈ Jp.

Example 1. I = (x14, x9z) + (x12y2, x10y4, x5y6, y11) and J = (x14, x9z) +
(x12y2, x10y4, x5y6, y10z) are Macaulay-Lex ideals of S = k[x, y, z] satisfying
q < m.

For I and J , the condition (5.4) is the same, we need only consider I.
(x14, x12y2, x10y4, x9y6) is a Macaulay-Lex ideal of k[x, y], (12.2) holds. (x10, x5y6, y11)
and (x9, x5y6, y11) are Macaulay-Lex ideals of k[x, y] and S, (12.3), (12.6) hold.
The other conditions hold also.
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Proposition 13. Let I = (xs, xrz) + (gi | 1 ≤ i ≤ α) + (hi | 1 ≤ i ≤ π),
hi = xaiybi, gi = xuiyviz, s > r > u1, ui > ui+1, 1 ≤ vi < vi+1(1 ≤ i < α),
s > ai > ai+1, 1 ≤ bi < bi+1(1 ≤ i < π), aπ ≥ r, h0 = xs, a0 = s, b0 = 0, then I
is a Macaulay-Lex ideal of S = k[x, y, z] if and only if I satisfies the following
conditions

(13.1) Let m = min{ai + bi | 0 ≤ i ≤ π}, q = min{ui + vi + 1 | 1 ≤ i ≤ α},
then q ≥ m

(13.2) (hi | 0 ≤ i ≤ π) is a Macaulay-Lex ideal of k[x, y]
(13.3) (xr) + (gi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal of S
Proof. (⇒): Similar to (12.5), if q < m, let i ≥ 1 be the smallest one such

that p + 1 = q = ui + vi + 1, Jp = Ap(ui) ∩ Ap3(1), then Lp = Ap(ui + 1),
| MLp\I |>|MJp\I |, a contradiction, so q ≥ m.

(⇐): Let Jp ⊆Wp, Jp �= ∅, Lp be the lex-segment of Jp inWp, we need prove
that | MLp\I |≤| MJp\I |. If p + 1 < q, let R = (xs, xrz) + (hi | 1 ≤ i ≤ π),
then R is a Macaulay-Lex ideal of S, Rt = It(t ≤ p + 1). Similar to (8.1),
| MLp\I |≤| MJp\I | holds. If p + 1 ≥ q, then p + 1 ≥ m. Translate
g = min(Jp) into Ap(r) until Jp ⊆ Ap(r) or Ap(r) ⊆ Jp. Similar to Proposition
10, | MLp\I |≤|MJp\I |.

Similar to Proposition 13, we have

Proposition 14. Let I = (xs, xry) + (gi | 1 ≤ i ≤ α) + (hi | 1 ≤ i ≤ π),
hi = xaizbi , gi = xuiyvizwi , s > r > u1, ui > ui+1, 1 ≤ vi ≤ vi+1, wi ≤ wi+1 ≤ 1,
2 ≤ vi + wi < vi+1 + wi+1(1 ≤ i < α), s > ai > ai+1, 1 ≤ bi < bi+1(1 ≤ i < π),
aπ ≥ r, h0 = xs, a0 = s, b0 = 0, then I is a Macaulay-Lex ideal of S = k[x, y, z]
if and only if I satisfies the following conditions

(14.1) Let m = min{ai + bi | 0 ≤ i ≤ π}, q = min{ui + vi +wi | 1 ≤ i ≤ α},
then q ≥ m

(14.2) (hi | 0 ≤ i ≤ π) is a Macaulay-Lex ideal of k[x, z]
(14.3) (xr) + (gi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal of S

In Proposition 14, let π = 1 = b1, we have

Corollary 15. Let I = (xs, xrz) + (gi | 1 ≤ i ≤ α), gi = xuiyvizwi ,
s > r > u1, v1 = 1, w1 = 0, ui > ui+1, vi ≤ vi+1, wi ≤ wi+1 ≤ 1, vi + wi <
vi+1 + wi+1(1 ≤ i < α), then I is a Macaulay-Lex ideal of S = k[x, y, z] if and
only if I satisfies the following conditions

(15.1) Let q = min{ui + vi + wi | 2 ≤ i ≤ α}, then q ≥ r + 1
(15.2) (xu1) + (gi | 2 ≤ i ≤ α) is a Macaulay-Lex ideal of S

If z(I) = r < s and Ω = {xaiybiz | 1 ≤ i ≤ m} ∪ {xr−1yv}, then I is the
ideal in the following Proposition 16.

Proposition 16. Let I = (xs, xrz) + (hi | 1 ≤ i ≤ π) + (gi | 1 ≤ i ≤ α),
hi = xaiybi, gi = xuiyviz, aπ = r − 1, s > r, s > ai > ai+1, 1 ≤ bi < bi+1(1 ≤
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i < π), r > ui > ui+1, 1 ≤ vi < vi+1(1 ≤ i < α), h0 = xs, a0 = s, b0 = 0,
bπ > v1. If u1 = r − 1 and α ≥ 2, let bπ > v2, then I is a Macaulay-Lex ideal
of S = k[x, y, z] if and only if I satisfies the following conditions

(16.1) Let m = min{ai + bi | 0 ≤ i < π}, q = min{ui + vi + 1 | 1 ≤ i ≤ α},
then q ≥ m

(16.2) (hi | 0 ≤ i < π) + (xrybπ) is a Macaulay-Lex ideal of T = k[x, y],
r + bπ ≥ m

(16.3) If α ≥ 2, then r + v1 ≤ uα−1 + vα

(16.4) If p + 1 < r + v1, then E = (xr) + (gi | 1 ≤ i ≤ α) satisfies the
condition (ML3) for p

(16.5) Y = (xr−1) + (gi | 1 ≤ i ≤ α) is a Macaulay-Lex ideal of S
Proof. (⇒): (16.1) is similar to (12.5). (16.2) is similar to (12.2). Since

Y = (xr−1) + I, (16.5) holds. If p + 1 < r + v1, then p + 1 < aπ + bπ. Let
F = (xr) + I, V = S/E, U = S/F , then F is a Macaulay-Lex ideal of S,
Et = Ft, Vt = Ut(t ≤ p+ 1). Similar to (8.1), (16.4) holds.

Next, we prove (16.3). By (5.2) and (16.5), if u1 = r− 1, then r− 1 + v1 =
u1 + v1 < u1 + v2 ≤ uα−1 + vα. Let u1 < r− 1. If r− 1 + v1 ≥ uα−1 + vα, then
r−1+v1 ≤ u1 +v2 ≤ uα−1 +vα ≤ r−1+v1, r−1+v1 = ui−1 +vi(2 ≤ i ≤ α).
Let p = u1 + v2 − 1 = r + v1 − 2, f2 = (u1 − 1, v2 − 1, 1), Jp = Ap(r) ∪ {f2},
f1 = xr−1yp−r+1, then f2 /∈ I, xf2, yf2 ∈ I, Lp = Ap(r)∪{f1}. Since p−r+1 <
v1 < bπ, hπ and gi(1 ≤ i ≤ α) do not divide yf1 and zf1, hence yf1, zf1 /∈ I,

|MLp\I |=|MAp(r)\I | + | {yf1, zf1} |=|MAp(r)\I | +2

>| MAp(r)\I | +1 =|MAp(r)\I | + | {zf2} |≥|MJp\I |
a contradiction, so r − 1 + v1 < uα−1 + vα.

(⇐): Let Jp ⊆ Wp, Jp �= ∅, Lp be the lex-segment of Jp in Wp, we need
prove that |MLp\I |≤|MJp\I |. If p+1 < q, then p+1 < u1+v1+1 ≤ aπ+bπ.
Let R = (xs, xrz) + (hi | 1 ≤ i < π), then R is a Macaulay-Lex ideal of S,
Rt = It(t ≤ p+ 1). Similar to (8.1), |MLp\I |≤|MJp\I |.

Let p+1 ≥ q, then p+1 ≥ m. Translate g = min(Jp) into Ap(r) until Jp ⊆
Ap(r) or Ap(r) ⊆ Jp. If Jp ⊆ Ap(r), similar to Proposition 10, | MLp\I |≤|
MJp\I |. We can suppose that Ap(r) ⊆ Jp.

If p+ 1 < r + v1, similar to (8.3), let Bp = Jp\Ap(r), Cp = Lp\Ap(r), then
| MCp\E |≤|MBp\E |, | MLp\I |≤|MJp\I |.

Let p+1 ≥ r+v1, then p−r+1 ≥ v1, (r−1, p−r+1, 1) ∈ Ip+1(r−1) �= ∅.
Translate g to h = max(Wp(r−1)\Jp) until Jp = Lp ⊆ Ap(r−1) or Ap(r−1) ⊆
Jp, then |MLp\I |≤|MJp\I |.

If z(I) = r < s and Ω = {xuiyvizwi | 1 ≤ i ≤ m}∪{xr−1ybz}(w1 = 0), then
I is the ideal in the following Proposition 17.

Proposition 17. Let I = (xs, xrz, xr−1ybz) + (gi | 1 ≤ i ≤ α), gi =
xuiyvizwi , s > r, s > ui > ui+1, 1 ≤ vi ≤ vi+1, wi ≤ wi+1 ≤ 1, 1 ≤ vi + wi <



Ternary Macaulay-Lex ideals 1027

vi+1 + wi+1(1 ≤ i < α), g0 = xs, (u0, v0, w0) = (s, 0, 0), uσ−1 ≥ r > uσ,
vσ > b ≥ 1, wσ = 0, then I is a Macaulay-Lex ideal of S = k[x, y, z] if and
only if I satisfies the following conditions

(17.1) Let q = min{ui + vi + wi | σ ≤ i ≤ α}, then q ≥ r + 1
(17.2) R = (gi | 0 ≤ i < σ)+(xryvσ) is a Macaulay-Lex ideal of T = k[x, y].
(17.3) Let m = min{ui + vi | 0 ≤ i < σ}, then r + b ≥ m
(17.4) If wα = 1, let λ = min{ui + vi + 1 | σ ≤ i ≤ α;wi = 1}, μ =

min{ui + vi | 0 ≤ i < α;wi = 0}, then λ ≥ μ
(17.5) If q ≤ p + 1 < m, then F = (xr+1) + (gi | σ ≤ i ≤ α) satisfies the

condition (ML3) for p
(17.6) If m ≤ p + 1 < r + b, then Y = (xr) + (gi | σ ≤ i ≤ α) satisfies the

condition (ML3) for p
(17.7) (xr−1) + (gi | σ ≤ i ≤ α) is a Macaulay-Lex ideal of S
(17.8) If α > σ, then r + b < uα−1 + vα + wα

Proof. (⇒): We prove (17.3). If p + 1 = r + b < m, let Jp = Ap(r − 1) ∩
Ap3(1), then Lp = Ap(r). For i ≥ σ, p − r < b < vσ ≤ vi, p − r + 1 < vi, so
xr−1ybz and gi(i ≥ σ) do not divide (r − 1, p − r + 1, 0) and (r − 1, p − r, 1),
Ip(r − 1) = ∅, Wp(r − 1) = Sp(r − 1). Similar to the proof of (12.5), since
xr−1ybz ∈ Ip+1,

|MLp\I |=| Lp | +1 =| Jp | +1 >| Jp |≥|MJp\I |
a contradiction, so r + b ≥ m.

(17.8) is similar to (9.3) and (16.3). The other conditions are similar to
Proposition 12.

(⇐): Let Jp ⊆ Wp, Jp �= ∅, Lp be the lex-segment of Jp in Wp, we need
prove that | MLp\I |≤|MJp\I |.

If p+ 1 < q and p+ 1 < m, let E = (xrz), then E is a Macaulay-Lex ideal
of S, Et = It(t ≤ p + 1). Similar to (8.1), |MLp\I |≤|MJp\I |.

If q ≤ p+1 < m, by (17.5), similar to the case q ≤ p+1 < m of Proposition
12, | MLp\I |≤|MJp\I |.

If p+ 1 ≥ m, translate g = min(Jp) into Ap(r) until Jp ⊆ Ap(r) or Ap(r) ⊆
Jp. If Jp ⊆ Ap(r), similar to Proposition 10, | MLp\I |≤| MJp\I |. We can
suppose that Ap(r) ⊆ Jp.

If m ≤ p + 1 < r + b, let Bp = Jp\Ap(r), Cp = Lp\Ap(r). By (17.6),
| MCp\Y |≤|MBp\Y |. Similar to (8.3), |MLp\I |≤|MJp\I |.

If p + 1 ≥ r + b, then (r − 1, p − r + 1, 1) ∈ Ip+1(r − 1) �= ∅. Translate
g to max(Wp(r − 1)\Jp) until Jp = Lp ⊆ Ap(r − 1) or Ap(r − 1) ⊆ Jp. If
Ap(r − 1) ⊆ Jp, let Bp = Jp\Ap(r − 1), Cp = Lp\Ap(r − 1). Similar to (8.3),
| MLp\I |≤|MJp\I |.

Example 2. I = (x14, x9z, x8y6z) + (x12y2, x10y4, x5y7, y13) and J =
(x14, x9z, x8y6z) + (x12y2, x10y4, x5y7, y12z) are Macaulay-Lex ideals of S =
k[x, y, z] satisfying q < m.
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For I and J , the condition (5.4) is the same, we need only consider I.
(x14, x12y2, x10y4, x9y7) is a Macaulay-Lex ideal of k[x, y], (17.2) holds. (x10, x5y7, y13),
(x9, x5y7, y13) and (x8, x5y7, y13) are Macaulay-Lex ideals of k[x, y] and S,
(17.5), (17.6), (17.7) hold. The other conditions hold also.
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