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Abstract

In this paper we have proved a theorem for | A, d|;-summability which
gives some previous known and unknown results as a corollary.

1 Introduction

Let A be an infinite lower triangular matrix. We may associate with A two
lower triangular matrices A and A whose entries are defined by

n
C_Lnk = E Ani, Ank = an,kz - an—l,k (]-]-]->
i=k

respectively.
Let A be an infinite matrix. The series Ya; is said to be summable to
|A, 0|k, k> 1and § > 0 if

> AL, F < oo (1.1.2)
k=0
Where A is the forward difference operator and t¢,, denotes the n-th term of

the matrix transform of the sequence {S,} where S,, = Z ay,.
k=1
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Thus

k=1
n k
- E Qnk E Qy
k=1 v=1
n n
= § Qy E Ank
v=1 k=v
n
= dman, (1.1.3)
v=1

n

n—1 n
bty —th1 = E an,vav - E C_Ln—l,vav - E Ap Ay
v=1 v=1

v=1

Since Gp—1, =0

For quasi-f power increasing sequence see [09], [10].

The goal of this paper is to prove the following theorem for | A, §|; summa-
bility.

2 Theorem

Let A be non-negative triangular matrix with non-negative entries satisfying
(i) ano=1, n=20,1,2,..
(i) ap_1, > any forn>v+1

(iil) nan, =~ 0O(1)

ann

(iv) A (L) = O(1) and

(V) Y awlinnii| = Olann)
;?1(()1 let {#,} and {\,} be sequences satisfying
(vi) [Adn| < G,
(vii) lim g8, = O and
(viil) [An]xn = O(1)
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(ix) Z)\n:O(m), m — 00

If {x,) is a quasi-f-increasing and

(x) > nxn(B, )| AB| < 00

n=1
n

(X1> T, = Zvék_1|sv|k = O(Xn)
v=1
are satisfied, then the series Z

n=1

{fu} ={n’(logn)"}, 1> 0,0 < B <1and x,, (8, ) = (n’(logn)x,).

nAn .
a4 is summable |A, 0|, k > 1;0 > 0 where
NGy

3 Lemmas

For the proof of our theorem, we require the following lemmas.

Lemma A (Leindler [03])

Let {®,} be a sequence of real numbers and denote

O = Pk Ua= > |Apx (3.3.1)
k=1 k=n

If ¢, = O(n) then there exist a natural number N such that
o] < 2¢, for all n > N (3.3.2)

Lemma B: (SAVAS and SEVLI [07])

If {x,} is a quasi-f-increasing sequence where {f,} = {n®(logn)*}, u >0, 0 <
( < 1 then condition (ix) of Theorem and

D AN =0(m), m — oo (3.3.3)
n=1
Z nxn (B, 1) |[A|AN,]] < o0 (3.3.4)
n=1

where x,,(3, 1) = (n®(logn)"xy,), imply condition (viii) and
Ap — 0, n— o0 (3.3.5)
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Lemma C: (SAVAS and SEVLI [07])

If {x,} is a quasi-f-increasing sequence where {f,} = {n”(logn)*},u >0, 0 <
B < 1 then under condition (vi), (vii) , (ix), (x), condition (viii) and (3.3.5)
are satisfied.

Lemma D: (SAVAS and SEVLI [07])

Let {x.} be a quasi-f-increasing sequence, where {f,} = {n’(logn)*}, n >
0, 0 < G < 1 if conditions (vi), (vii), (x) are satisfied, then

iﬁnxn < 00 (3.3.7)
n=1

4 PROOF OF THE THEOREM

Let T, denote the n-th term of the A-transform of the partial sums of the

o0

TZATZ
series nfn Then, we have
— N
DD IR 1)
v=1 i— i i=1
Thus

= Z ani(S; — Si_1) (4.4.2)

= Z @nz . S + Gpn n)\n Sn - Z &n,i+1( )\ZJrlSZ
i=1

nn 1 +%)ait1,i41

Ao Ai An
- E dm . — Api+17- + Sz + Gy
: 1a;; T4 D a1t NGy
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It is easy to see that

Ani)\i Ani )\z . Am’ Ani
nidis _Gnapadin A (a ) N+ LA (4.4.3)
@t (i + 1)@it1,i41 10 (i + 1)@ig1,i41

Also we may write

e N )N 1 1
A = - 4.4.4
' ( ) A T aniiy (za” (i+1) ) (4.44)

155 104 Ai414+1

Therefore, for n > 1

< Ai(Gn) 1 1
Tn - Tnf = - o )\ S N0 )\ TN Sz
! Z 1045 * Z i+t (“M (i + 1)ai+1,z’+1>

i=1
n—1 A
Qpi+1 An
+ ——A(N)Si + — S,
ZZ:: (i + 1)@it1,i41 () n

= 1Ina + Tn,Q + Tn,3 + Tn,4 (SaY)
(4.4.5)

To complete the proof of the theorem, it will be sufficient to show that

Zn‘smk*”Tnvr\K < oo forr=1,23,4 (4.4.6)

n=1

Using Holder’s inequality and condition (iii)

)k

m+1

_ Z n5k+k_1’Tn,1’k
m+1
< ZnékJrk 1 (Z Ai <am))\i5¢
Q4

=1
m—+1
— Zn5k+k ! (Z | A (i) AiS \) (4.4.7)
m+1

DS 1(21A ()M rsrk) (Zr i<am>r>

Since (A,) is bounded by Lemma C. Using (ii), (iii), (vi), (xi) and property
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(3.3.7) of Lemma D, we have
m—+1
Znék Nl )"~ 1Zm |S: %1 A (i )|
m—+1
1) Z ™ (nag,)" <Z \M'“1!&\\Ai(&n¢)HS¢\k>

m+1

Z Mil[8" Y 0% (naun) " | Ai(an,)|

n=1+1

i=1

:0(1)Z¢

— i (4.4.8)
=0(1) i - Z A
i=1 r=1 =0 r=1
m—1 i
= 0(1) 30 AIND IS F + O]l Z sl
i=1 r=1
m—1
=0(1) ) A(AM])xi + O)[Am|xm
i=1
=0(1)>_ Bixi + O1) [ Amlxm
=1
=0(1)
Now
m—+1

— Z n5k+k71‘Tn72|k
m+1 k
Z Qn H—l)\ A ( ) S
3%

_ Z pok+k—1
. k
(3455
From (SAVAS and RHOADES [06])

m+1
— Znék-i—k 1 {Z
A(,l ):_1 [A(i%w (4.4.10)
1Q4; 1+ 1 Qi 144

(4.4.9)

=1




A new result for |A,d| - summability 1169

Thus, using (iv) and (ii),

(i; 1) {A (@in) i Z;J

[0(1) +0(1)]

(4.4.11)

Hence using Holder’s inequality, (v), (iii) and the fact that the X are
bounded

m+1

Zn5k+k 1{Z|anz+l||/\‘ +1|S|}

m+1

ZnékJrk 1{2 ’anz+1’ ’au‘ ’S ‘}

_— n—1

Zn5k+k 1 {Z |G iv1] @i A \ |Si] } {Z&n’ ‘&n,iJrl‘}
=1

m+1

Znék nann k 12‘@n1+1‘@m’>\ ‘ ‘S‘

m+1

m
=0 Y IS e > n (nann) ! g
=1 n=141
m+1

= O( )ZP‘ ‘5k‘s‘ka” Z ’anz+1’

n=1+1

k—1

IX|F195]F %% ay

Al S (4.4.12)

om 2|
O Y s
WL

= o()

as in the proof of I;.

If follows from (3.3.6) that 8, = O (2) and hence |AX,| = O (2) by con-
dition (vi).
Using (iii), Holder’s inequality, and (v),
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m+1

_ E Ok+k—1 k
I3 = n ‘Tn,3|
n=1
m+1 -1 .
— E :n5k+k H—l A)‘
n—1 — Z + 1 az—l—l i+1

m+1

k

=0(1) ) nFH (Z |Gnir1] [AN] S \)

n=1

m—+1 a k

Dy n" ( i\amﬂumuso
n=1
m+1 ’a ’ n—1 k-1
1)Zn5k+k 1{ i nl+1 |A>\| |S| }{Za’w‘&n,l-i-l‘}
=1

n=1
m+1 1 ‘CL ’
=0(1)Y n*(nay,)" {Z L AN |S] } (4.4.13)
n=1 =1
m+1n—1
= 0(1) |niv1] |AN; |k o |S; | ak Qi
n=1 i=1 zz
m i m+1
=0(1) Z a_k|A)\ |k 5k|s | Z ‘anz—i-l‘

n=i+1

m k—1
_oq Z('“') INVEENL

= O(1) Y |AN[i%*]S,*
=1

=0(1)) | i%™[Si|"B;

=1

Since |S;|* = i~%+1(T; — T;_;) by (xi), we have
I =0(1)) (T, = T,-1)5 (4.4.14)

i=1

Using Abel’s transformation, (vi), (x) and property (3.3.7) and (3.3.6) of
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Lemma D.

m—1

Iy = 0(1) Y TA(iB) + O(1)m(T,5,) (4.4.15)

m—1

m—1
=0(1) Y i|ABIxi +0(1) Y xifi + O(1)mxaf3,
=1 1=1

=O(1)
Using the boundedness of A, and (xi).

m+1

]4 _ Z n6k+k_1|Tn74‘k
n=1

m+1
— E n6k+k71
n=1

m+1

=3 S, [F A
n=1

m+1

_ Z ’Sn‘knékfl ’)\n’ ’)\n’kz—l

n=1

—0(1)

S, |F

- (4.4.16)

as in the proof of I;.

5 COROLLARY

5.1 Corollary

Let {p,} be a positive sequence satisfying
(i) npn ~ O(P,) and (i) A (;;) — 0(1)

And let {3,} and {\,} be sequence satisfying condition (vi), (vii) and (ix).
If {x,} is a quasi-f-increasing sequence, where { f,} = {n®(logn)*}, 1 >0, 0 <

NPn

B < 1 and condition (x) and (xi) are satisfied, then the series Z is
n=1

summable | N, py, d|x, k> 1, § > 0.

5.2 Corollary

For p1 = 0 our theorem reduces to the following theorem-
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Let A satisfying conditions (i)-(v) and let {8,} and {\,} be sequences
satisfying condition (vi), (vii) and (ix). If {x,} is a quasi G-power increasing
sequence for some 0 < # < 1 and condition

> nxa(B) [AB,] < oo
n=1

and

n

T, = Zvék_l ‘Sv’k = O(xn)
r=1

o0

an An .
is summable

are satisfied, where x,(3) = (n°x,), then the series
Napp
v=1

1A,8],  k>1,6>0.
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