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Abstract

In this paper we have proved a theorem for |A, δ|k-summability which
gives some previous known and unknown results as a corollary.

1 Introduction

Let A be an infinite lower triangular matrix. We may associate with A two
lower triangular matrices Ā and Â whose entries are defined by

ānk =
n∑

i=k

ani, ânk = ān,k − ān−1,k (1.1.1)

respectively.
Let A be an infinite matrix. The series Σak is said to be summable to

|A, δ|k, k ≥ 1 and δ ≥ 0 if

∞∑
k=0

nδk+k−1|Δtn−1|k <∞ (1.1.2)

Where Δ is the forward difference operator and tn denotes the n-th term of

the matrix transform of the sequence {Sn} where Sn =

n∑
k=1

ak.
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Thus

tn =

n∑
k=1

ankSk

=
n∑

k=1

ank

k∑
v=1

av

=
n∑

v=1

av

n∑
k=v

ank

=

n∑
v=1

ānvav, (1.1.3)

tn − tn−1 =
n∑

v=1

ān,vav −
n−1∑
v=1

ān−1,vav =
n∑

v=1

ân,vav

Since ān−1,n = 0
For quasi-f power increasing sequence see [09], [10].
The goal of this paper is to prove the following theorem for |A, δ|k summa-

bility.

2 Theorem

Let A be non-negative triangular matrix with non-negative entries satisfying

(i) ān,0 = 1, n = 0, 1, 2, ...

(ii) an−1,v ≥ an,v for n ≥ v + 1

(iii) nann ≈ O(1)

(iv) Δ
(

1
ann

)
= O(1) and

(v)

n∑
v=0

avv|ân,n+1| = O(ann)

and let {βn} and {λn} be sequences satisfying

(vi) |Δλn| ≤ βn

(vii) limβn = O and

(viii) |λn|χn = O(1)
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(ix)
m∑

n=1

λn = O(m), m→ ∞

If {χn) is a quasi-f-increasing and

(x)
∞∑

n=1

nχn(β, μ)|Δβn| <∞

(xi) Tn =
n∑

v=1

vδk−1|Sv|k = 0(χn)

are satisfied, then the series

∞∑
n=1

anλn

nann
is summable |A, δ|k, k ≥ 1; δ ≥ 0 where

{fn} = {nβ(log n)μ}, μ ≥ 0, 0 ≤ β < 1 and χn(β, μ) = (nβ(logn)μχn).

3 Lemmas

For the proof of our theorem, we require the following lemmas.

Lemma A (Leindler [03])

Let {ϕn} be a sequence of real numbers and denote

φn =

n∑
k=1

ϕk, ψn =

∞∑
k=n

|Δϕk| (3.3.1)

If φn = O(n) then there exist a natural number N such that

|ϕn| ≤ 2ψn for all n ≥ N (3.3.2)

Lemma B: (SAVAS and SEVLI [07])

If {χn} is a quasi-f-increasing sequence where {fn} = {nβ(log n)μ}, μ ≥ 0, 0 ≤
β < 1 then condition (ix) of Theorem and

m∑
n=1

|Δλn| = O(m), m→ ∞ (3.3.3)

∞∑
n=1

nχn(β, μ)|Δ|Δλn|| <∞ (3.3.4)

where χn(β, μ) = (nβ(logn)μχn), imply condition (viii) and

λn → 0, n→ ∞ (3.3.5)
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Lemma C: (SAVAS and SEVLI [07])

If {χn} is a quasi-f-increasing sequence where {fn} = {nβ(logn)μ}, μ ≥ 0, 0 ≤
β < 1 then under condition (vi), (vii) , (ix), (x), condition (viii) and (3.3.5)
are satisfied.

Lemma D: (SAVAS and SEVLI [07])

Let {χn} be a quasi-f-increasing sequence, where {fn} = {nβ(log n)μ}, μ ≥
0, 0 ≤ β < 1 if conditions (vi), (vii), (x) are satisfied, then

nβnχn = O(1) (3.3.6)

∞∑
n=1

βnχn <∞ (3.3.7)

4 PROOF OF THE THEOREM

Let Tn denote the n-th term of the A-transform of the partial sums of the

series

∞∑
n=1

anλn

nann
. Then, we have

Tn =

n∑
v=1

anv

v∑
i=1

aiλi

iaii
=

n∑
i=1

āni
aiλi

iaii
(4.4.1)

Thus

Tn − Tn−1 =

n∑
i=1

āni
aiλi

aiii
−

n−1∑
i=1

ān−1,i
aiλi

aiii

=

n∑
i=1

(āni − ān−1,i)
aiλi

aiii

=
n∑

i=1

âni(Si − Si−1) (4.4.2)

=

n−1∑
i=1

âni
λi

i aii
Si + ann

λn

annn
Sn −

n∑
i=1

âni
λiSi−1

aiii

=

n−1∑
i=1

âni
λi

i aii
Si + ann

λn

nann
Sn −

n−1∑
i=1

ân,i+1
λi+1Si

(1 + i)ai+1,i+1

=
n−1∑
i=1

(
âni

λi

iaii

− ân,i+1
λi+1

(i + 1)ai+1,i+1

)
Si + ann

λn

nann
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It is easy to see that

âniλi

aiii
− ân,i+1λi+1

(i+ 1)ai+1,i+1
= Δi

(
âni

iai,i

)
λi +

ân,i+1

(i + 1)ai+1,i+1
Δ(λi) (4.4.3)

Also we may write

Δi

(
âni

iai,i

)
λi =

Δi(ân,i)λi

iaii

+ an,i+1λi

(
1

iaii

− 1

(i+ 1)ai+1,i+1

)
(4.4.4)

Therefore, for n > 1

Tn − Tn−1 =

n−1∑
i=1

Δi(ân,i)

iaii
λiSi +

n−1∑
i=1

ân,i+1λi

(
1

iaii
− 1

(i + 1)ai+1,i+1

)
Si

+

n−1∑
i=1

ân,i+1

(i+ 1)ai+1,i+1
Δi(λi)Si +

λn

n
Sn

= Tn,1 + Tn,2 + Tn,3 + Tn,4 (say)

(4.4.5)

To complete the proof of the theorem, it will be sufficient to show that

∞∑
n=1

nδk+k−1|Tn,r|K <∞ for r = 1, 2, 3, 4 (4.4.6)

Using Hölder’s inequality and condition (iii)

I1 =

m+1∑
n=1

nδk+k−1|Tn,1|k

≤
m+1∑
n=1

nδk+k−1

(
n−1∑
i=1

∣∣∣∣Δi(âni)

iaii

λiSi

∣∣∣∣
)k

= O(1)
m+1∑
n=1

nδk+k−1

(
n−1∑
i=1

|Δi(âni)λiSi|
)k

(4.4.7)

= O(1)

m+1∑
n=1

nδk+k−1

(
n−1∑
n=1

|Δi(âni)||λi|k|Si|k
)

×
(

n−1∑
n=1

|Δi(âni)|
)k−1

Since (λn) is bounded by Lemma C. Using (ii), (iii), (vi), (xi) and property
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(3.3.7) of Lemma D, we have

I1 = O(1)

m+1∑
n=1

nδk(nann)k−1
n−1∑
i=1

|λi|k|Si|k|Δi(ân,i)|

= O(1)

m+1∑
n=1

nδk(nann)k−1

(
n−1∑
i=1

|λi|k−1|λi||Δi(ân,i)||Si|k
)

= O(1)

m∑
i=1

|λi||δi|k
m+1∑

n=1+i

nδk(nann)k−1|Δi(ân,i)|

= O(1)

m∑
i=1

|λi||Si|kai,ii
δk

= O(1)

m∑
i=1

iδk|λi||Si|k
i

= O(1)

[
m∑

i=1

|λi|
i∑

r=1

rδk|Sr|k
r

−
m∑

i=0

|λi+1|
i∑

r=1

rδk|Sr|k
r

]

= O(1)
m−1∑
i=1

Δ(|λi|)
i∑

r=1

rδk−1|Sr|k +O(1)|λm|
m∑

i=1

iδk−1|Si|k

= O(1)
m−1∑
i=1

Δ(|λi|)χi +O(1)|λm|χm

= O(1)

m∑
i=1

βiχi +O(1)|λm|χm

= O(1)

(4.4.8)

Now

I2 =

m+1∑
n=1

nδk+k−1|Tn,2|k

=
m+1∑
n=1

nδk+k−1

∣∣∣∣∣
n−1∑
i=1

ân,i+1λiΔ

(
1

iaii

)
Si

∣∣∣∣∣
k

= O(1)
m+1∑
n=1

nδk+k−1

{
n−1∑
i=1

|ân,i+1||λi|
∣∣∣∣Δ
(

1

iaii

) ∣∣∣∣|Si|
}k

(4.4.9)

From (SAVAS and RHOADES [06])

Δ

(
1

iaii

)
=

1

i+ 1

[
Δ

(
1

aii

)
+

1

iaii

]
(4.4.10)
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Thus, using (iv) and (ii),

∣∣∣∣Δ
(

1

iaii

)∣∣∣∣ =

∣∣∣∣ 1

(i+ 1)

[
Δ

(
1

aii

)
+

1

iaii

]∣∣∣∣
=

1

(i+ 1)
[O(1) +O(1)]

(4.4.11)

Hence using Hölder’s inequality, (v), (iii) and the fact that the λ′sn are
bounded

I2 = O(1)

m+1∑
n=1

nδk+k−1

{
n−1∑
i=1

|ân,i+1| |λi| 1

i+ 1
|Si|
}k

= O(1)
m+1∑
n=1

nδk+k−1

{
n−1∑
i=1

|ân,i+1| |aii| |Si|
}k

= O(1)

m+1∑
n=1

nδk+k−1

{
n−1∑
i=1

|ân,i+1| aii|λi|k|Si|k
}{

n−1∑
i=1

aii |ân,i+1|
}k−1

= O(1)

m+1∑
n=1

nδk(nann)k−1
n−1∑
i=1

|ân,i+1| aii|λi|k|Si|k

= O(1)
m∑

i=1

|λi|k|Si|kaii

m+1∑
n=1+i

nδk(nann)k−1 |ân,i+1|

= O(1)
m∑

i=1

|λi|δk|Si|kaii

m+1∑
n=1+i

|ân,i+1|

= O(1)

m∑
i=1

|λi|k|Si|kiδkaii

= O(1)
m∑

i=1

|λi|iδk−1|λi|k−1|Si|k

= O(1)

m∑
i=1

|λi|iδk−1|Si|k (4.4.12)

= O(1)

as in the proof of I1.

If follows from (3.3.6) that βn = O
(

1
n

)
and hence |Δλn| = O

(
1
n

)
by con-

dition (vi).

Using (iii), Hölder’s inequality, and (v),
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I3 =
m+1∑
n=1

nδk+k−1|Tn,3|k

=
m+1∑
n=1

nδk+k−1

∣∣∣∣∣
n−1∑
i=1

ân,i+1(Δλi)Si

(i+ 1)ai+1,i+1

∣∣∣∣∣
k

= O(1)

m+1∑
n=1

nδk+k−1

(
n−1∑
i=1

|ân,i+1| |Δλi| |Si|
)k

= O(1)

m+1∑
n=1

nδk+k−1

(
n−1∑
i=1

aii

aii
|ân,i+1| |Δλi| |Si|

)k

= O(1)
m+1∑
n=1

nδk+k−1

{
n−1∑
i=1

aii
|ân,i+1|
ak

ii

|Δλi|k|Si|k
}

·
{

n−1∑
i=1

aii |ân,i+1|
}k−1

= O(1)

m+1∑
n=1

nδk(nann)k−1

{
n−1∑
i=1

aii
|ân,i+1|
ak

ii

|Δλi||Si|k
}

(4.4.13)

= O(1)

m+1∑
n=1

n−1∑
i=1

|ân,i+1| |Δλi|kiδk |Si| 1

ak
ii

aii

= O(1)

m∑
i=1

aii

ak
ii

|Δλi|kiδk|Si|k
m+1∑

n=i+1

|ân,i+1|

= O(1)
m∑

i=0

( |Δλi|
aii

)k−1

|Δλi| iδk|Si|k

= O(1)

m∑
i=1

|Δλi|iδk|Si|k

= O(1)
m∑

i=1

iδk|Si|kβi

Since |Si|k = i−δk+1(Ti − Ti−1) by (xi), we have

I3 = O(1)
m∑

i=1

i(Ti − Ti−1)βi (4.4.14)

Using Abel’s transformation, (vi), (x) and property (3.3.7) and (3.3.6) of
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Lemma D.

I3 = O(1)
m−1∑
i=1

TiΔ(iβi) +O(1)m(Tnβn) (4.4.15)

= O(1)

m−1∑
i=1

i |Δβi|χi +O(1)

m−1∑
i=1

χiβi +O(1)mχnβn

= O(1)

Using the boundedness of λn and (xi).

I4 =
m+1∑
n=1

nδk+k−1|Tn,4|k

=
m+1∑
n=1

nδk+k−1

∣∣∣∣Snλn

n

∣∣∣∣
k

(4.4.16)

=
m+1∑
n=1

nδk−1|Sn|k|λn|k

=
m+1∑
n=1

|Sn|knδk−1 |λn| |λn|k−1

= O(1)

as in the proof of I1.

5 COROLLARY

5.1 Corollary

Let {pn} be a positive sequence satisfying

(i) npn ≈ O(Pn) and (ii) Δ
(

Pn

pn

)
= O(1)

And let {βn} and {λn} be sequence satisfying condition (vi), (vii) and (ix).
If {χn} is a quasi-f-increasing sequence, where {fn} = {nβ(log n)μ}, μ ≥ 0, 0 ≤
β < 1 and condition (x) and (xi) are satisfied, then the series

∞∑
n=1

anPnλn

npn
is

summable |N̄ , pn, δ|k, k ≥ 1, δ ≥ 0.

5.2 Corollary

For μ = 0 our theorem reduces to the following theorem-
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Let A satisfying conditions (i)-(v) and let {βn} and {λn} be sequences
satisfying condition (vi), (vii) and (ix). If {χn} is a quasi β-power increasing
sequence for some 0 ≤ β < 1 and condition

∞∑
n=1

nχn(β) |Δβn| <∞

and

Tn =

n∑
r=1

vδk−1 |Sv|k = O(χn)

are satisfied, where χn(β) = (nβχn), then the series

∞∑
v=1

anλn

nann
is summable

|A, δ|k , k ≥ 1, δ ≥ 0.
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