
International Mathematical Forum, Vol. 7, 2012, no. 43, 2115 - 2123

Probabilistic Analysis of Time to Recruit and

Recruitment Time with Attrition Reduction Strategy

S. Mythili

Department of Mathematics
Vel Tech Multi Tech Dr. Rangarajan Dr. Sakuntala Engineering College

Avadi, Chennai, Tamil Nadu, India
smakli2011@gmail.com

R. Ramanarayanan

Department of S&H, Vel Tech Dr. RR & Dr. SR Technical University
Avadi, Chennai, Tamil Nadu, India

r.ramanarayanan@gmail.com

Abstract

In this paper, we consider the manpower system of an organization
for which Attrition Reduction Strategy (ARS) is applied prior to
recruitment. Two models of Time to recruit and Recruitment time
with Attrition Reduction Strategy are studied. In Model-1, recruitment
policy of filling vacancies one by one is considered. In Model-2, parallel
recruitment policy of filling vacancies simultaneously is considered. In
each model two cases have been studied. In the first case time to
ARS has exponential distribution. In the second case time to ARS
is a constant. For Model-1, joint Laplace-Stieltjes transform of Time
to recruit and Recruitment time distributions, expected Time to recruit
and expected Recruitment time are presented. For Model-2, marginal
Recruitment time distribution is found.
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1 Introduction

In any organization, manpower planning is concerned with matching the supply
of people with the jobs available. Every year, during the months of appraisal,
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organizations record high rates of employee turnover. Due to various reasons,
manpower employed leave the system periodically. Loss of manpower also
occurs due to dismissal and death of employees. This loss of manpower has
to be compensated by suitable recruitment. But recruitment can not be made
frequently since it involves cost. Also, recruitment of new employees and
giving them training to suit the needs of the organization work out to be
costlier than retention of the existing employees. Therefore the management
has to think of innovative strategies to avoid the high rate of attrition in the
organization. We shall call suitable combination of such strategies as Attrition
Reduction Strategy (ARS).The cost involved in ARS is much less compared
to the Cost To Company (CTC) of new recruitment. Hence we shall consider
the Manpower System(MPS) of an organization subject to ARS prior to the
recruitment period.

The total flow out of the MPS due to resignation, dismissal and death is
called shortage. Any organization that is exposed to manpower loss which
causes shortage to the system is to collapse when the total accumulated
shortage exceeds a level called threshold. The breakdown or the threshold
level can also be interpreted as that point at which immediate recruitment is
necessitated to make up the manpower loss suffered cumulatively on successive
occasions. Lesson [5] has given methods to compute shortages (Resignations,
Dismissals, Deaths) and promotion intensities which produce the proportions
corresponding to some desired planning proposals. Markovian models are
designed for shortage and promotion in MPS by Vassiliou [3]. Subramanian.
V. [6] has made an attempt to provide optimal policy for recruitment, training,
promotion and shortages in manpower planning models with special provisions
such as time bound promotions, cost of training and voluntary retirement
schemes.

Esary et al. [2] have discussed that any component or device, when
exposed to shocks which cause damage to the device or system, is likely to
fail when the total accumulated damage exceeds a level called threshold. R.
Ramanarayanan and G. Sankaranarayanan [4], in their paper “On Correlated
Life and Repair Times” have studied the same using Gaver. D.P. [1]. In
manpower planning, threshold having SCBZ (Setting the Clock Back to
Zero) property has been discussed and the expected time to breakdown /
recruitment has been found by Sathiyamoorthy. R. and Parthasarathy. S.
[7]. For MPS having threshold which follows Exponentiated Exponential
distribution, expected time to recruitment and variance have been obtained
by S. Parthasarathy and R. Vinoth [8].

In this paper, we introduce ARS prior to the Recruitment time or threshold
and discuss two models. In Model-1, there is a recruitment policy wherein
vacancies(shortages) are filled up one by one. Manpower system has an
arbitrary life time and is exposed to Cumulative Shortage Process (CSP).
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In Model-2 there is a parallel recruitment policy and the vacancies are filled
simultaneously. In each model, we study two cases. In the first case, time
to implement ARS has exponential distribution with parameter ‘a’ and in the
second case, it is a constant A.

For Model-1, joint Laplace-Stieltjes transform of Time to Recruit and
Recruitment time distributions, expected Time to recruit and expected
Recruitment time are presented. Marginal Recruitment time distribution is
found for Model-2.

2 Model Description

In this section, models of Manpower System (MPS) with arbitrary life time
are considered. The general assumptions of Model-1 and Model-2 are given
below.

2.1 Assumptions

1. The organization MPS has arbitrary lifetime L with distribution function
G(·).

2. The MPS is exposed to a shortage process.

3. The shortages occurring to the MPS can only reduce its efficiency and
cannot cause its breakdown.

4. The shortage process is Poisson with parameter b.

5. Initially, MPS is attrition free and work is going on with full capacity.

6. Recruitment times are independent and identically distributed random
variables with distribution function R(·).

3 Model-1

We assume that there is a recruitment policy wherein all the vacancies created
by cumulative attrition/shortage in the MPS are filled one by one. Two cases
are discussed in this model.

3.1 Model-1.1

In this model, time to implement ARS is a random variable S with exponential
distribution and its parameter is a. Recuritment starts at time T , where T =
min.(L,S). When T = L, recruitment has to start to rejuvenate the MPS and
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fill its shortages. When T = S and ARS has not started, recruitments for the
shortages take place. When ARS has started, ARS time is also another random
variable. Therefore, when recruitment takes place, ARS is also implemented
and ARS time has a distribution function W (x).

Let i be the number of attritions occurred in the MPS. Then i is the number
of vacancies to be filled up during Recruitment time. Let RT = R1 + R2 +
· · · +Ri. Then the joint distribution function of T and RT is given by

P (T ≤ x,RT ≤ y) =

∞∑
n=0

∫ x

0

e−aug(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

rn+1(z)dz

+
∞∑

n=0

∫ x

0

ae−auψ(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

rn(z)dz (1.1.1)

where Ψ(u) = 1 −G(u) and rn(z) is the n fold convolution of r(z) with itself.

The above equation is written considering ARS time = 0. The first term
is the probability that the MPS breaks down during (0, x) and recruitments
take place during (0, y). The second term is the probability that ARS
is implemented during (0, x) and recruitment takes place during (0, y). n
indicates the number of attritions that have taken place during (0, x).

E(e−εT e−ηRT ) =

∫ ∞

0

∫ ∞

0

e−εxe−ηy ∂2

∂x∂y
P (T ≤ x,RT ≤ y)dxdy

From (1.1.1) we get,

E(e−εT e−ηRT ) = g∗[ε+ a + b(1 − r∗(η))]
[
r∗(η) − a

(ε+ a + b(1 − r∗(η))

]

+
a

(ε+ a+ b(1 − r∗(η)))
(1.1.2)

where ∗ indicates Laplace transforms.

When ARS time is a random variable with distribution function W (x), we
get,

P (T ≤ x,RT ≤ y) =

∞∑
n=0

∫ x

0

e−aug(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

rn+1(z)dz

+

∞∑
n=0

∫ x

0

ae−auψ(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

∫ x

0

rn(z)w(x− z)dzdx

(1.1.3)
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From equation (1.1.3), we have,

E(e−εT e−ηRT ) =
aw∗(η)

(ε+ a + b(1 − r∗(η)))

+ [g∗(ε+ a+ b(1 − r∗(η))]
[
r∗(η) − aw∗(η)

(ε+ a+ b(1 − r∗(η)))

]

(1.1.4)

where w∗(η) is the Laplace-Stieltjes transform of W (x).
The following are the results when ARS time is equal to zero.

From equation (1.1.2), for η = 0 and ε = 0, we get,

E(e−εT ) = g∗(ε+ a)

(
1 − a

ε+ a

)
+

a

ε+ a
(1.1.5)

E(e−ηRT ) =
a

a + b(1 − r∗(η))
+ [g∗(a+ b(1 − r∗(η)))]

[
r∗(η) − a

a+ b(1 − r∗(η))

]

(1.1.6)

Equations (1.1.5) and (1.1.6), on differentiation, give the following results.

E(T ) =
(1 − g∗(a))

a
(1.1.7)

E(RT ) = E(R)g∗(a) + bE(R)

[
(1 − g∗(a))

a

]
(1.1.8)

When a = 0 and b = 1, we get using a limiting argument, E(T ) = E(L),

E(RT ) = E(R)[1 + E(L)]

The results given below are obtained when ARS time has distribution function
W (x). From equation (1.1.2), for η = 0 and ε = 0, we get,

E(e−εT ) = g∗(ε+ a)

(
1 − a

ε+ a

)
+

a

ε+ a
(1.1.9)

E(e−ηRT ) =
aw∗(η)

a + b(1 − r∗(η))
+ [g∗(a+ b(1 − r∗(η)))]

[
r∗(η) − aw∗(η)

a+ b(1 − r∗(η))

]

(1.1.10)

E(T ) is the same as that in equation (1.1.7) and equation (1.1.9) is same as
equation (1.1.5).

E(RT ) = E(R)g∗(a) +

[
(1 − g∗(a))

a

]
[aE(W ) + bE(R)] (1.1.11)

where W is random variable with distribution function W (x).
When a = 0 and b = 1, using limiting argument, we get,
E(RT ) = E(R)[1 + E(L)].
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3.2 Model-1.2

In this model, time to implement ARS is a constant and equal to A. Manpower
System of the organization is taken for recruitment if Time to Recruit happens
before time A, or, ARS is implemented at time A. Here, T = min(L,A).
When ARS time = 0,

P (T ≤ x,RT ≤ y)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∞∑
n=0

∫ x

0

g(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

rn+1(z)dz (0 ≤ x < A, 0 ≤ y <∞)

∞∑
n=1

Ψ(A)e−bA

(
(bA)n

n!

) ∫ y

0

rn(z)dz (A ≤ x <∞, 0 ≤ y <∞)

(1.2.1)

The joint transform of T and RT is given below.

E(e−εT e−ηRT ) = r∗(η)
∫ A

0

g(u)e−u(ε+b(1−r∗(η)))du+ Ψ(A)e−A(ε+b(1−r∗(η)))

(1.2.2)

For η = 0 and ε = 0, we get,

E(e−εT ) =

∫ A

0

g(u)e−εudu+ Ψ(A)e−Aε (1.2.3)

E(e−ηRT ) = r∗(η)
∫ A

0

g(u)e−ub(1−r∗(η))du+ Ψ(A)e−Ab(1−r∗(η)) (1.2.4)

By differentiating, we get the results,

E(T ) =

∫ A

0

ug(u)du+ AΨ(A) (1.2.5)

E(RT ) = E(R)

[
G(A) + b

∫ A

0

ug(u)du+ AbΨ(A)

]
(1.2.6)

When time to implement ARS is a constant A and ARS time is a random
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variable with distribution W (x) we have,

P (T ≤ x,RT ≤ y)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=0

∫ x

0

g(u)e−bu

(
(bu)n

n!

)
du

∫ y

0

rn+1(z)dz

(0 ≤ x < A, 0 ≤ y <∞)

∞∑
n=0

Ψ(A)e−bA

(
(bA)n

n!

) ∫ y

0

∫ z

0

rn(v)w(z − v)dvdz

(A ≤ x <∞, 0 ≤ y <∞)

(1.2.7)

E(e−εTe−ηRT ) =

∫ A

0

g(u)r∗(η)e−u(ε+b(1−r∗(η)))du+ Ψ(A)w∗(η)e−A(ε+b(1−r∗(η)))

(1.2.8)

E(e−εT ) =

∫ A

0

g(u)e−εudu+ Ψ(A)e−Aε (1.2.9)

E(T ) =
∫ A

0
ug(u)du+ AΨ(A), same as in (1.2.5).

E(e−ηRT ) =

∫ A

0

g(u)r∗(η)e−ub(1−r∗(η))du+ Ψ(A)w∗(η)e−Ab(1−r∗(η)) (1.2.10)

E(RT ) = E(R)G(A) + bE(R)

∫ A

0

ug(u)du+ Ψ(A)E(W ) + Ψ(A)AbE(R)

(1.2.11)

4 Model-2

In this model Parallel Recruitment Policy for filling vacancies simultaneously
is adopted. Here we assume that there is a recruitment policy for every
vacancy and all vacancies are filled simultaneously. We note here RT =
max(R1, R2, . . . , Ri) where i is the number of vacancies created during the
period ‘Time to Recruit’. We discuss the model below.

4.1 Model-2.1

In model-2.1, Time to implement ARS is assumed to be exponential with
parameter ‘a’. ARS time is a random variable with distribution function H(x),
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P (T ≤ x,RT ≤ y) =

∞∑
n=0

∫ x

0

e−aug(u)e−bu

(
(bu)n

n!

)
du(R(y))n+1

+

∞∑
n=0

∫ x

0

ae−auΨ(u)e−bu

(
(bu)n

n!

)
du(R(y))nH(y) (2.1.1)

P (T ≤ x,RT ≤ y) = R(y)

∫ x

0

e−[a+b(1−R(y))]ug(u)du

+H(y)

∫ x

0

ae−�a+b(1−R(y))�uΨ(u)du (2.1.2)

Marginal Recruitment time can be written as

P (RT ≤ y) =
aH(y)

a+ b(r −R(y))
+ g∗(a+ b(1 − (R(y))))

[
R(y) − aH(y)

a+ b(1 −R(y))

]

(2.1.3)

4.2 Model-2.2

In this model, time to ARS is a constant and equal to A. When ARS time is
a random variable with distribution function H(x),

P (T ≤ x,RT ≤ y) =

⎧⎪⎨
⎪⎩

∫ x

0
g(u)e−buR(y)ebuR(y)du, (0 ≤ x < A, 0 ≤ y <∞)

Ψ(A)e−bAebaR(y), (A ≤ x <∞, 0 ≤ y <∞)

(2.2.1)

The marginal Recruitment time distribution is

P (RT ≤ y) = R(y)

∫ A

0

g(u)e−bu(1−R(y))du+ Ψ(A)e−bA(1−R(y)) (2.2.2)
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