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Abstract
In this paper, the difficulty of applying the differential transforma-

tion method to solve the differential equations containing the dependent
variable as a discontinuous term is analyzed. The current results can be
applied to solve engineering problems such as nonlinear oscillators with
discontinuities described by the differential equations y(n)+f(y, |y|) = 0,
where n is a positive integer.
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1 Introduction

The differential transformation method (DTM) has been used extensively to
solve various linear and nonlinear ordinary, partial and integro-differential
equations [1-16]. However, it is still unclear how to apply it to differential
equations containing the absolute function of the dependent variable. The
objective of the present paper is to present an approach to deal with such
differential equations. The proposed approach is mainely based on the dif-
ferential transformation method with a slight modification to deal with the
absolute function involved in the differential equation.

2 One-dimensional differential transform

The differential transform of a function x(t) is defined as follows:

X(k) =
1

k!

[
dkx(t)

dtk

]
t=0

. (1)
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In Eq. (1), x(t) is the original function and X(k) is the transformed func-
tion. The inverse differential transform of X(k) is defined as

x(t) =
∞∑

k=0

X(k)tk. (2)

So

x(t) =
∞∑

k=0

tk

k!

[
dkx(t)

dtk

]
t=0

. (3)

Eq. (3) implies that the concept of differential transform is derived from Taylor
series expansion. In actual applications, the function x(t) is expressed by a
truncated series and Eq. (2) can be written as

ΦN (t) =
N∑

k=0

X(k)tk. (4)

Some of the fundamental mathematical operations performed by differential
transform method can be found in [1] and [2].

3 Illustrative Examples

3.1 Example 1

Consider the following first-order differential equation:

dy

dx
+ α|y| = 0, α ∈ �, (5)

with the initial condition
y(0) = a, a > 0. (6)

3.1.1 Exact solution

It may be useful to first find the exact solution of Eqs. (5-6). Integration of
Eq. (5) yields ∫ y

a

dy

|y| = −
∫ x

0
αdx, (7)

which gives
y

|y| ln(|y|) − ln(|a|) = −αx. (8)

Since we search for a real-valued function y(x) satisfies the initial value problem
(5-6), it requires from Eq. (8) that y(x) ≥ 0 and then the following exact
solution is obtained

y(x) = ae−αx. (9)

Note that the assumption y(x) < 0 dose not lead to the correct solution.
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3.1.2 Exact solution via DTM

Here, we show how to apply the DTM to solve Eqs. (5-6). To do so and to
overcome the difficulty of the existence of the discontinuous term |y| we assume
that

f(y) = |y|, (10)

which can be also written as
f 2 = y2. (11)

We then take a differentiation with respect to x to obtain

f
df

dx
= y

dy

dx
. (12)

Accordingly, Eq. (5) becomes

dy

dx
+ αf = 0. (13)

On applying the differential transform to Eqs. (6), (12) and (13), the following
recurrence scheme is obtained for k ≥ 0:

Y (0) = a, F (0) = |y(0)| = a,

(k + 1)Y (k + 1) + αF (k) = 0,∑k
m=0(m + 1) [F (m + 1)F (k − m) − Y (m + 1)Y (k − m)] = 0. (14)

Taking N = 6, we obtain a system of algebraic equations for k = 0, . . . , 5. By
solving this system for Y (1), . . ., and Y (6), we obtain

Y (1) = −αa, Y (2) = α2a
2!

, Y (3) = −α3a
3!

,

Y (4) = α4a
4!

, Y (5) = −α5a
5!

, Y (6) = α6a
6!

. (15)

The inverse transformation rule (4) can be used to establish the following
truncated series solution up to x6:

Φ6(x) = a

(
1 − αx +

α2x2

2!
− α3x3

3!
+

α4x4

4!
− α5x5

5!
+

α6x6

6!

)
, (16)

which gives the exact solution (9) in the limit.

3.2 Example 2

Consider the nonlinear differential equation:

dy

dx
+ y|y| = 0, (17)

with the initial condition
y(0) = 1, (18)
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3.2.1 Exact solution

By integrating Eq. (17) we get

∫ y

1

dy

y|y| = −x, (19)

and this gives
−1

|y| + 1 = −x, (20)

which can be written as

|y| =
1

x + 1
. (21)

According to the initial condition (18) we get the following exact solution for
Eqs. (17-18)

y =
1

x + 1
. (22)

3.2.2 Exact solution via DTM

As in the previous example, we can rewrite Eq. (17) as

dy

dx
+ fy = 0, (23)

where Eq. (12) is satisfied. The application of the DTM to Eqs. (12), (18)
and (23) gives the following recurrence relations for k ≥ 0:

Y (0) = 1, F (0) = |y(0)| = 1,

(k + 1)Y (k + 1) +
∑k

m=0 X(k − m)F (m) = 0,∑k
m=0(m + 1) [F (m + 1)F (k − m) − Y (m + 1)Y (k − m)] = 0. (24)

From the recurrence scheme above, we obtain a system of algebraic equations
for k = 0, . . . , 5, where N = 6 . The system is then solved and the results for
Y (1), . . ., and Y (6) are as follows

Y (1) = −1, Y (2) = 1, Y (3) = −1, Y (4) = 1, Y (5) = −1, Y (6) = 1.
(25)

Therefore, the truncated series solution up to x6 is given as

Φ6(x) = 1 − x + x2 − x3 + x4 − x5 + x6, (26)

and this gives the exact solution (22) in the limit.
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3.3 Example 3

In this example we consider the second-order initial value problem:

d2y

dx2
− 4|y| = 0, (27)

and
y(0) = 1, y′(0) = 2. (28)

3.3.1 Exact solution

Firstly, we re-write Eq. (27) as

y′dy′ = 4|y|dy. (29)

By integrating the above equation, we obtain∫ y′

2
y′dy′ = 4

∫ y

1
(|y|)dy. (30)

Hence
y′ = ±2

√
y|y|. (31)

According to the initial conditions we have to choose the positive sign. We
then integrate the last equation to obtain∫ y

1

dy√
y|y|

= 2x, (32)

which gives
y√
y|y|

ln(|y|) = 2x. (33)

This equation requires y(x) to be also positive and this leads to the exact
solution

y = e2x. (34)

3.3.2 Exact solution via DTM

Proceeding as above we rewrite Eq. (27) as

d2y

dx2
− 4f = 0, (35)

where Eq. (12) is also satisfied. By applying the DTM to Eqs. (12), (28) and
(35) we get the following recurrence relations for k ≥ 0:

Y (0) = 1, Y (1) = 2, F (0) = |y(0)| = 1,

(k + 1)(k + 2)Y (k + 2) − 4F (k) = 0,∑k
m=0(m + 1) [F (m + 1)F (k − m) − Y (m + 1)Y (k − m)] = 0. (36)
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Taking N = 6, we obtain a system of algebraic equations for k = 0, . . . , 4. By
solving this system for Y (2), . . . , Y (6), we get

Y (2) = 2, Y (3) =
4

3
, Y (4) =

2

3
, Y (5) =

4

15
, Y (6) =

4

45
. (37)

The truncated series solution up to x6 is finally obtained as

Φ6(x) = 1 + 2x + 2x2 +
4x3

3
+

2x4

3
− 4x5

15
+

4x6

45
. (38)

This series solution leads to the exact solution (34) in the limit.

3.4 Example 4

Finally, we consider the initial value problem

dy

dx
+ y|y| = 0, (39)

and

y(0) = a, a ∈ �, x > 0. (40)

3.4.1 Exact solution

As in example 2, the exact solution of the current problem is given as

−1

|y| +
1

|a| = −x, (41)

which can be written as

|y| =
1

x + 1
|a|

. (42)

It is observed from the last equation that the final exact solution depends on
whether a is positive or negative as follows. If a > 0, we then get

y =
1

x + 1
a

, (43)

and if a < 0, we obtain

y =
−1

x − 1
a

. (44)
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3.4.2 Exact solution via DTM

Application of the DTM to the present problem leads to

Y (0) = a, F (0) = |a|,
(k + 1)Y (k + 1) +

∑k
m=0 X(k − m)F (m) = 0,∑k

m=0(m + 1) [F (m + 1)F (k − m) − Y (m + 1)Y (k − m)] = 0. (45)

For k = 0, . . . , 4, we obtain Y (1), Y (2), . . ., and Y (5) as

Y (1) = −a|a|, Y (2) = a3, Y (3) = −a3|a|,
Y (4) = a5, Y (5) = −a5|a|. (46)

The truncated series solution up to x5 is now given by

Φ5(x) = a − a|a|x + a3x2 − a3|a|x3 + a5x4 − a5|a|x5,

= a (1 − |a|x + |a|2x2 − |a|3x3 + |a|4x4 − |a|5x5) . (47)

In the limit, we obtain the exact solution:

y =
a

1 + |a|x, x < 1/|a|, (48)

which reduces to the same exact solutions given by Eq. (43) and Eq. (44) for
a > 0 and a < 0, respectively.

4 Conclusions

In this paper an effective approach has been introduced to solve differential
equations that involve the dependent variable as a discontinuous term. Hence,
these discontinuous terms will not affect much the effectiveness and the con-
venience of the differential transform method . Moreover, the results obtained
by using the current approach are checked by MATHEMATICA by comparing
our results with those obtained via ”NDSolve” command, where full agreement
is found. Furthermore, the suggested approach is under consideration now to
solve the differential equations of nonlinear oscillators with discontinuities [17-
22] which is our task in a subsequent paper.

References

[1] J.K. Zhou, Differential Transformation and its Applications for Electrical
circuits, Huazhong University Press, Wuhan, China, 1986.



2068 A. Ebaid and M. D. Aljoufi

[2] G.E. Pukhov, Differential Transformations and Mathematical Modelling
of Physical Processes, Kiev, 1986.

[3] S.H. Ho and C.K. Chen, Analysis of general elastically end restrained
non-uniform beams using differential transform, Appl. Math. Model., 22
(1998), 219 - 234.

[4] C.K. Chen and S.H. Ho, Transverse vibration of a rotating twisted Tim-
oshenko beam under axial loading using differential transform, Int. J.
Mech. Sci., 41 (1999), 1339 - 1356

[5] M.-J. Jang, C.-L. Chen and Y.-C. Liy, On solving the initial-value prob-
lems using the differential transformation method, Appl. Math. Comput.,
115 (2000), 145 - 160
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