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Abstract. In this paper our aim is to present new model on bi-polar fuzzy-rough 
control theory. Fuzzy control theory has very successful established applications in 
many real-life situations, while Rough control has a few. But hybridization of these 
two control theories arise a wider applications. For practical needs, large complex 
systems (such as room temperature control, stabilization of pendulum-car) are often 
considered where the number of input, parameter and output variable or the number 
of control rules become so large that it become difficult  to work with this system. In 
this situation, Rough set can simplify the system by removing the redundant input, 
output and rules which give higher system efficiency. 
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Introduction 
 
The notion of Fuzzy set, proposed by L.A Zadeh in 1965[2], is the first very 
successful approach to vagueness or uncertainty. In this approach sets are defined by 
partial membership. On the other hand, the concept bipolar fuzzy set was initiated by 
W.R Zhang [5] as a generalization of fuzzy sets. Bipolar fuzzy sets are extensions of 
fuzzy sets whose membership degree range is enlarged from the interval [0,1] to the 
interval [-1,1].  

In the seminal paper (published in 1973) Zadeh recommended a fuzzy rule-
base approach to the analysis of complex systems and decision process. An 
alternative approach to manipulating incomplete or imprecise information was 
presented by Z.Pawlak in 1982 as a rough set theory [7].The essence of this approach  
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relies on the approximation of incomplete or imprecise information by means of 
completely and precisely known pieces of information. Such pieces of information 
constitute equivalence classes of equivalence relation which is called an 
indiscernibility relation. 

This paper consists of four sections: the first one presents introductory 
remarks, next, the preliminaries required to go through this paper, the third section 
introduces the structures of bipolar fuzzy and rough fuzzy controllers, while the last 
one presents the most important concluding remarks. 
 
 
2. Preliminaries 
 
The design of the conventional fuzzy and rough-fuzzy controllers includes the 
specification of the collection of control rules consisting of linguistic statements that 
link the controller inputs with appropriate outputs, respectively. Such knowledge can 
be collected and delivered by human expert (e.g. operator of an industrial complex 
process). This knowledge, MISO type (two input single output) , may be written in 
the form  
 If x is E and y is DE then u is U. 
Where E, DE denote the values of linguistic variables x, y representing error and 
change in error(conditions) and U stands for the linguistic variable u of 
action(conclusion). 
2.1 Fuzzy Rules: During the designing stage the linguistic variables are defined 
through their fuzzy membership functions. The error ‘e’ has three sets ep (error 
positive), ez(error zero), and en(error negative). Similarly, the rate (de/dt) has three 
sets dep (rate positive),dez(rate zero) and den(rate negative). Moreover, the fuzzy set 
control ‘u’ has three sets op(output positive), oz(output zero) and on(output 
negative).The fuzzy controller uses simple IF-THEN rules according to Table1[6] 
 
             Table 1: Fuzzy rule base for the control loop 
 

 
      e 

                      de/dt 

den dez dep 
en on on oz 
ez on oz op 
ep oz op op 

 
The membership functions for the error ‘e’ and its rate ‘de/dt’ are obtained [Figure 
1(a) and (b)] using trapezoidal and triangular membership characteristics. The range 
of the membership functions is decided from various trials to obtain the best control 
performance. 
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Fig 1(a): Membership function of 
error(e) 

  
Fig1(b):Membership function of error rate 
(de/dt) 

 
The inference engine of the fuzzy-logic-based controller matches the preconditions of 
the rules in the fuzzy rule base with input state linguistic terms and performs 
implications. For example, for a given error and its rate, the firing strengths α1, α2,  

α3,  ……………α9 of rules 1-9 presented in Table-1 are obtained as 
 

α1 = μen(e)∧ μden(de/dt) 
α2 = μez(e)∧ μdez(de/dt) 
...................................... 
α9 = μep(e)∧ μdep(de/dt) 
 

where ∧ stands for the fuzzy ‘AND’ operation and the minimum operator.  
The control output of any rule is calculated by matching the strength of its 
precondition to its conclusion. Supposing rule 1,2 and 4 have the same output set on, 
then Lukasiewicz OR is used to evaluate the output belonging to ‘on’ class which is 
given by (1) 

            β1= min (1,( α1+α2 +α4)         (1) 
Using a centroid defuzzification technique, the incremental control Δu is given by (2) 

Δu = 
)(
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i

i
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β
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∑
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where ui corresponds to the center value of different output classes. And βi their firing 
strength. 
2.2 The idea of rough set: 
Let U be a finite non-empty set, called universe and R ⊆ U×U be an equivalence 
relation on U, called indiscernibility relation. We denote U/R the family of all 
equivalence classes R, and [x]R  denotes an equivalence class containing the element 
x ⊆ U.    
An ordered pair AR =<U,R> will be called an approximation space. With every X⊆ U  
we associate two sets defined as follows: 
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 R*(X) ={x∈ U: [x]R  ⊆X},   R*(x) ={x∈U: [x]R  ∩X ≠ φ}  
Called the R-lower and R-upper approximations of X in AR, respectively. A set 
BnR(X)= R*(x)\ R*(X) will be called the R-boundary of X in AR . If R*(x)=R*(X), we 
say that X⊆ U   is R-exactly approximated in AR . As we can see, in this case we have 
BnR(X)=0. If R*(x)≠R*(X), we say that X⊆ U  is R-roughly approximated in AR. In 
this case we have BnR(X)≠0. In order to express numerically how a set can be 
approximated using all equivalence classes of R, we will use the accuracy of 
approximation of X in AR (accuracy measure) 
  αR(X) = card(R*(X)) /card(R*(x))                    (3) 
where X≠0 and  ‘card’ refers to the cardinality of rough sets. And if X is R-exactly 
approximated in AR then αR(X) =1. The decision table is an effective tool in rough 
set methodology when performing data analysis. It can be viewed as a two 
dimensional table where each row describes an object with condition attributes and 
decision attributes. 
2.3 Rough set and decision table: Table 2: Decision table in a rough set theory 
 

Sl. No. e de u Decision rules implied 
1 0 0 0 e = 0,de = 0 ⇒ u = 0 
2 1 0 0 e = 1,de = 0 ⇒ u = 0 
3 2 0 1 e = 2,de = 0⇒ u = 1 
4 0 1 0 e = 0,de = 1 ⇒ u = 0 
5 1 1 1 e = 1,de = 1⇒ u = 1 
6 2 1 2  e = 2,de = 1 ⇒ u = 2 
7 0 2 1 e = 0,de = 2⇒ u = 1 
8 1 2 2 e = 1,de = 2 ⇒ u = 2 
9 2 2 2 e =2,de = 2 ⇒ u= 2 

 
Where 0 represents output negative, 1 represents output zero and 2 represents output 
positive. 
For the condition attributes the following domain is assumed: e = de ={0,1,2} and the 
domain u={0,1,2} is assumed  for the decision attribute. The rules are identical in 
fuzzy rules in Table 1. The respective non deterministic decision table contained 9 
decision rules.  
 
 
3. The Design of bi-polar fuzzy and bipolar fuzzy-rough controllers 
 
In this section, the design bipolar fuzzy and bipolar fuzzy-rough controller is shown. 
 



Study on bi-polar fuzzy-rough control theory                                                        2023 
 
  
3.1 Bi-polar fuzzy rules: During the designing stage the linguistic variables may be 
defined through their bi-polar fuzzy membership functions[6] lying between  
[-1, 1].The bipolar fuzzy controller uses simple IF-THEN rules are as follows: 

Table 3: Bipolar-fuzzy rule base for the control loop 
 

 
      e 

                                                de/dt 

den 
(p) 

den 
(z) 

den 
(n) 

dez dep 
(p) 

dep 
(z) 

dep 
(n) 

en(p)     on(pp) on(pz) on(pn) on oz(pp) oz(pz) oz(pn) 
en(z) on(zp) on(zz) on(zn) on oz(zp) oz(zz) oz(zn) 
ep(n) on(np) on(nz) on(nn) on oz(np) oz(nz) oz(nn) 

ez on on on oz op op op 
ep(p) oz(pp) oz(pz) oz(pn) op op(pp) op(pz) op(pn) 
ep(z) oz(zp) oz(zz) oz(zn) op op(zp) op(zz) op(zn) 
ep(n) oz(np) oz(nz) oz(nn) op op(np) op(nz) op(nn) 

 
  The membership functions for the error ‘e’ and its rate ‘de/dt’ also can be 
obtained, using trapezoidal and triangular membership characteristics as follows:  
 

      

 Figure 2(a): Membership function 
of error (e) of bi-polar fuzzy set. 

   

Figure 2(a): Membership function of error 
rate (de/dt) of bi-polar fuzzy set. 

               
For a given error and its rate, the firing strengths α1, α2,  α3,  ……………α49 of rules 1-49 
presented in Table-2 are obtained as 

α1 = μen(p)(e)∧ μden(p)(de/dt) 
α2 = μen(z)(e)∧ μden(p)(de/dt) 
...  ...   ....   ...  ...   ....  ....  ... 
α49  = μep(n)(e)∧ μdep(n)(de/dt) 

where ∧ stands for the fuzzy ‘AND’ operation and the minimum operator.  
Using a centroid defuzzification technique, the incremental control Δu is given by (7) 
 



2024                                                                    S. Bhattacharya (Halder) and S. Roy 
 
 

Δu = (∑i αiui) / (∑ iαi)       (7) 
where ui corresponds to the center value of different output classes. And αi their firing 
strength. 
 
3.2 Bi-polar fuzzy-rough controller: The corresponding knowledge base for a 
bipolar fuzzy-rough controller can be created. At the beginning, a decision table can 
be made, where condition attributes C= {e,de} corresponds to a decision attribute 
D={u}. In such a decision table an indiscernibility relation with respect to both 
condition and decision attributes can be determined. Two arbitrary rows in the 
decision table are indiscernible if and only if their condition and decision attributes 
have the same values.  
 
Conclusion 
 
A rough-fuzzy controller works much faster than a conventional fuzzy controller. The 
number of rules fired in the case of rough fuzzy controller is far less than that of the 
fuzzy controller. Using a fuzzy logic controller we get a smooth control value as a 
function of time, whereas applying rough fuzzy controller we get a sharp control 
value as a function of time. And bipolar fuzzy membership gives us the control rules 
in both the two directions i.e. in positive and negative directions. 
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