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Abstract

The concepts of an Apéry set is important role in numerical semi-
group theory. In this paper we characterizes Apéry set of numerical
semigroup and generalizes Apéry set of symmetric numerical semigroup
with e(S) = p, where p is a positive integer.
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1 Introduction

A numerical semigroup is a subset S of N that is closed under addition, 0 € S
and generates Z as a group. It is well known that every numerical semigroup is
finitely generated (see [2]), i.e. S =< x1,x9,...,x; > for some x1,xq,... ,x) €
S and k € N\ {0} such that

k
<Xy, Lo, ..., X >= {anxl | n; € N}.
i=1

In [1], it was shown that:
G.C.D.(x1,29,... ,2;) =1 < Card(N\ S) < c0.
For a numerical semigroup S we define the following:

g(S) :=max{xr € Z|x ¢ S};
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n(S) := Card({0,1,...,9(S)} N.S);

H(S):={r € Nminxz ¢ S}.

And ¢(5),n(S) and H(S) are called Frobenius number, genus and gap of
S, respectively. If a numerical semigroup S =< x1,%3,...,x; >, then <
X1, To, ..., 2, > is called system of generators of S and will be called min-
imal system of generators of S if no proper subset of {zy,xs,... 2} gen-
erates S. If a numerical semigroup has a unique minimal system of gener-
ators {z1,xs,...,x,} which is ;7 < 9 < ... < xj. Then the number x;
and k are called the multiplicity and the embedding dimension of S, respec-
tively. The embedding dimension of S is denoted by e(S). We say that a
numerical semigroup S is symmetric if g(S) —x € S for all x € Z\ S. For
n € S\ {0}, we define the Apéry set of the element n as the set of all the least
elements in S congruent with ¢ modulo n and denoted by Ap(S,n) and it can
be proved that Ap(S,n) = {x € S| x —n ¢ S}. Moreover, it is clearly that,
Card(Ap(S,n)) = n and g(S) = mazx(Ap(S,n)) —n (see [5]).

2 Apéry Sets of Symmetric Numerical Semi-
groups with e(S) =p

Let S be a numerical semigroup with e(S) = p, i.e., S =< ny,ng,... ,n, > for
some nq,na,...,n, € Nt. Foreach i € {1,2,...,p} we define a set
Dg,, :={x € S|z =an;+b for somea € N" andb €< ny,ng, ... ,ni_1,Nit1,. .-

}. Then we obtains

Theorem 2.1. Let S is a numerical semigroup and ny,ng, ... ,n, € NT.
If S =<mny,ng,... ,n, >, then Ap(S,n;) =S\ Dgy, foralli=1,2,... p.

Proof. Assume that = € Ap(S,n;), we get that © —n; ¢ S. Suppose that
x ¢ S\ Dgy,, then x € Dg,,,. By definition of Dg,,, there exist a € N* and
be<ni,ng, ... ,ni—1,Ni41,...,np >such that x = an; +0b. Therefore we have
that

x—n; = (an; +b) —n; = (a—1)n; +b € S. Which is contradicts to x —n; ¢ S.
Hence x € S\ Dg,,. This means that Ap(S,n;) C S\ Dgy,-

Conversely, assume that © € S'\ Dg,,, then x ¢ Dg,,, i.e., x # an; + b for all
a€NFandbe<ng,ng, ... ,ni_1,Miq1,...,n, >. Suppose that ¢ Ap(S,n;),
then x — n; € S. Therefore there exist a;,as,...,a, € N such that z —n; =
aing + asne + ...+ ayn,. So x = (a1 + 1)ng + agne + ... + ayn, € Dgy,.
Which is contradicts to € S\ Dg,,. Hence x € Ap(S,n;). This implies that
S\ Dgn, € Ap(S,n;). There follows we get that Ap(S,n;) = S\ Dgp,. O
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For the particular case e(S) = 2, i.e., S =< ny,ny > for some ny,ny € N,
we have that Dg,, = {an; +bny | a € NT,b € N} and Dg,, = {any + bny |
a € N;b € NT}. Then we obtains

Corollary 2.2. Let S is a numerical semigroup and ni,ny € NT.
If S =< ny,ng >, then Ap(S,ny) = {0,n9,2n9,...,(n; — 1)ny}
and Ap(S,n3) ={0,n1,2n41,...,(ng — 1)ny}.

Proof. By Theorem 2.1, we get that
Ap(S,n1) = S\ Dgn,
= <n1,n2>\{an1—|—bn2|a€N+,b€N}
= {zny+yng | x,y € N} \ {an; +bny | a € N*,b € N}
= {07n272n27"' 7(”1 - 1)”2}
Similarly, one can prove that Ap(S,ns) = {0,n1,2ny,...,(ny — 1)ny}.
[

Since we have that every symmetric numerical semigroups are numerical semi-
groups. Therefore the results are also true for symmetric numerical semigroup.

Theorem 2.3. Let S is a symmetric numerical semigroup and ny,ng, ... ,n, €
N+,
If S =<mny,ng, ... ,n, >, then Ap(S,n;) =S\ Dgy, foralli=1,2,... p.

Corollary 2.4. (see e.g. [3]) Let S is a symmetric numerical semigroup
and ny,ny € NT.
If S =< ny,ng >, then Ap(S,ny) = {0,n9,2n9,...,(n; — 1)ny}
and Ap(S,n3) ={0,n1,2n41,...,(ng — 1)ny}.

Theorem 2.5. Let S be a numerical semigroup and ny,ng,...,n, € NT.
If S =<mny,ng,...,n, > and there exists k € Nt such that
H =< ny,... ,ni—1,kng, nig1, ... ,n, > 1s a numerical semigroup for some

i€ {1,2,...,p}, then H is a subsemigroup of S and Ap(S,n;) C Ap(H, kn;).

Proof. Clearly, H is a subsemigroup of S. Let x € Ap(S,n;). By Theorem
2.1, we get that © € S\ Dg,,, i.e., v € S and x # an; + b for all a« € N* and

b e< ny,... y =1, Mt 1, - -+, T > Then z €< nq,... y =1, Tt 1y e e e, Ty >
and x # c(kn;) +0 for all ¢ € NT and b €< ny,...,ni-1,Nir1,. ..,y >.
Thus x €< ny,... i1, kng, nis1, ... ,np > and x # c(kn;) + b for all ¢ € N*.

Therefore x € H and © ¢ Dy gy, This implies that x € H \ Dpgp,. Hence
Ap(S,n;) C Ap(H, kn;).
I

For a symmetric numerical semigroup we obtains
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Corollary 2.6. Let S be a symmetric numerical semigroup and ny,ng, ... ,n, €
NT. IfS =<nq,na,...,n, > and for eachi € {1,2,... ,p} there exists k € NT
such that H =< nqy,... ,ni—1,Npq1,... ,Np > 8 a symmetric numerical semi-

group, then H is a subsemigroup of S and Ap(S,n;) C Ap(H, kn;).

Let S be a numerical semigroup with Frobenius number ¢(S) and genus
n(S). We have that, if S has an embedding dimension two, then n(S) =
(g(S) +1)/2 (see [4]). But its not true in general. For symmetric numerical
semigroups we have the theorem

Theorem 2.7. If S is a symmetric numerical semigroup with e(S) = p,
then n(S) = (g(S)+1)/2.

Proof. Let A and B be subsets of S such that A:={z € S |0 <z < g(9)}
and B:={y ¢ S| 0<y<g(S)}. Clearly, {0,1,...,9(5S)} = AU B and
AN B = (. Since S is a symmetric numerical semigroup, then a mapping
¢ : A — B such that p(z) =y iff g(S) — y = z is bijective. Thus
g(SY+1 = Card{0,1,...,9(5)}
= Card(AUB)
Card(A) + Card(B)
= 2Card(A)
= 2n(9).
Therefore we get that n(S) = (¢(S) +1)/2. O

If S is a symmetric numerical semigroup and from Theorem 2.7, we have
that the set B is the set of all gaps of S which is denoted by H(S), i.e.,
H(S)={xz |z e N\S}. Then Card(H(S)) = Card(B) = Card(A) = n(S5).
The set of all gaps of S can be written in the form of Apéry set as in [3], but
Theorem 3 in P. 483 is not true. For example S =< 5,7 > is a symmetric
numerical semigroup, but H(S) # Ap(S,5)UAp(S,7)U{12}. Then we obtains

Theorem 2.8. Let S be a numerical semigroup and e(S) = p. If S =<

ni,Ne,...,n, > for some ny,ne,...,n, € Nt then H(S) ={0,1,...,9(S)}\
P

(U (Ap(S,n:) U Ds ;).

=1

Proof. Let h € H(S). Then h € {0,1,...,9(5S)} and h ¢ S. Therefore
p

he{0,1,...,9(5)}and h ¢ (| (Ap(S,n;)UDs,,). This implies that H(S) C

{0,1,...,g(S)}F\ (

%

=1

(Ap(S,n;) U Dgp,).

C=

1

p
Conversely, let z € {0,1,...,9(S)}\(U (Ap(S,n:)UDs,,). Thenz € {0,1,...,9(5)}
i=1

(Ap(S,n;) U Dg,,). Since z ¢ (

2

and =z ¢ (

7

(Ap(S,n;) U Dgy,,), then

iCs
iCs
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x # 0. Suppose that z € S. Then z = ainy + asng + ... + a,n, for
some ap,as,...,a, € N. Since  # 0, then there exists a; € N for some
jeA{1,2,... ,p}such x = ajn;+bfor somebe< ny,... ,nj_1,nj41,...,np >.
p
This implies that 2 € Dg,,;. This is contradicts to = ¢ ({J (Ap(S,n:) U Dgyp,).
i=1
So x ¢ S. Therefore z € {0,1,...,¢(S)}\ S. Since {0,1,...,9(5)} C N, we
get that x € N\ S.
U

In the particular case, e(S) = 2. Since Ap(S,n,) = {0,n9,2n9,...,(n; —
Dnae)}, Ap(S,ne) = {0,n1,2n1,...,(ne — 1)ny)}, Dgpy, = {2 € S | v =
any +b for some a € Nt and b €< ny >} and Dg,, = {xr € S | z =
ang + b for some a € Nt and b €< ny >} and it not difficult to prove that
Ap(S,n1) U Ap(S,n2) U Dgpy U Dgpy = Ap(S,ny) UAp(S,ng) U{z € S|z =
any + bny for some a,b € NT}. Then we obtains

Corollary 2.9. Let S be a numerical semigroup and e(S) = 2. If S =<
ni,ng > for some ny,ny € Nt then H(S) = {0,1,...,9(S)} \ (Ap(S,n1) U
Ap(S,n2)U{z € S|z =any + bny for some a,b € NT}).
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