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Abstract

In this paper, we first introduce the concept of M7 — K condition.
Some best proximity point theorems for mappings satisfying M7 — K
condition instead of K-cyclic mappings are established in metric spaces.
Our results generalize and improve some main results in [5] and refer-
ences therein.
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1. Introduction

Throughout this paper, we denote by N and R the sets of positive inte-
gers and real numbers, respectively. Let A and B be nonempty subsets of a
nonempty set £. A map S : AUB — AUB is called a cyclic map if S(A) C B
and S(B) C A. Let (X,d) be a metric space and T': AUB — AU B a cyclic
map. For any nonempty subsets A and B of X, let

dist(A, B) = inf{d(x,y) : x € A,y € B}.

A point z € AU B is called to be a best proximity point for 7" if d(z, Tx) =
dist(A, B).
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Definition 1.1. [12] Let A and B be nonempty subsets of a metric space
(X,d). Amap T : AUB — AU B is called a cyclic contraction if the following
conditions hold:

(1) T(A) C B and T(B) C A;

(2) There exists k € (0, 1) such that d(Tx, Ty) < kd(z,y)+ (1—k)dist(A, B)
forallz € A,y € B.

Remark 1.1. Let A and B be nonempty closed subsets of a complete metric
space (X,d) and T : AUB — AU B is a cyclic contraction. If AN B # ),
then dist(A,B) = 0 and T is a contraction on the complete metric space
(AN B,d). Hence, applying the Banach contraction principle, we know that
T has a unique fixed point in AN B.

Since the equation Tz = x, where T is a self-mapping, does not necessarily
have a solution, we can turn to the existence of approximate solutions for the
best proximity point. Recently, the existence, uniqueness and convergence of
iterates to the best proximity point were investigated by many authors; see
[1-5,12-33] and references therein. In [12], Eldred and Veeramani first proved
the following interesting best proximity point theorem.

Theorem EV. [12, Proposition 3.2] Let A and B be nonempty closed
subsets of a complete metric space X. Let T': AUB — AU B be a cyclic
contraction map, x; € A and define x,,,1 = Tx,, n € N. Suppose {x, 1} has
a convergent subsequence in A. Then there exists x € A such that d(z, Tz) =

dist(A, B).

In this paper, we first introduce the concept of M7 — K condition. Some
best proximity point theorems for mappings satisfying M7 — K condition (see
Def. 2.4 below) instead of K-cyclic mappings are established in metric spaces.
Our results generalize and improve some main results in [5] and references
therein.

2. Preliminaries
For ¢ € R, we recall that

limsup f(z) =inf sup f(x)

T—c £20 <)z —c|<e
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and

limsup f(z) = inf sup f(x).

r—et >0 0<g—c<e

Definition 1.1. [6-7, 15-17] A function ¢ : [0,00) — [0, 1) is said to be an
MT - function if it satisfies Mizoguchi-Takahashi’s condition ( i.e. limsup ¢(s) <

s—tt
1 for all t € [0, 00)).

It is obvious that if ¢ : [0,00) — [0,1) is a nondecreasing function or
a nonincreasing function, then ¢ is an M7 -function. So the set of M7T-
functions is a rich class. But it is worth to mention that there exist functions
which are not M7 -functions.

Example 1.1. [11, 16, 17] Let ¢ : [0,00) — [0, 1) be defined by

sint - ift e (0,2
w(t)i={ 0 (0,51

, otherwise.

Since limsup ¢(s) = 1, ¢ is not an M7 -function.

s—0t

Very recently, Du [11] first proved some characterizations of M7 -functions.

Theorem D. [11, Theorem 2.1] Let ¢ : [0,00) — [0,1) be a function.
Then the following statements are equivalent.

(a) ¢ is an MT-function.

(b) For each t € [0,00), there exist ri) e [0,1) and e > 0 such that
o(s) < r for all s € (¢t +eM).

(c) For each t € [0,00), there exist r? e [0,1) and e? > 0 such that
o(s) < r? for all s € [t,t +e).

(d) For each ¢ € [0,00), there exist r® € [0,1) and £ > 0 such that
o(s) <7 for all s € (¢,t + 5§3)].

(e) For each t € [0,00), there exist ri” € [0,1) and ¥ > 0 such that
o(s) <r® for all s € [t,t + ™).

(f) For any nonincreasing sequence {x,, }nen in [0, 00), we have 0 < sup p(z,) <
neN
1.
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(g) ¢ is a function of contractive factor [8]; that is, for any strictly

decreasing sequence {z, }nen in [0,00), we have 0 < sup ¢(z,,) < 1.
neN

For a cyclic map T': AU B — AU B, Du et al. [15] introduced the notion
of MT-cyclic contraction with respect to ¢ on AU B and then they proved
new existence and convergence theorems of iterates of best proximity points
for MT -cyclic contractions.

Definition 2.1. [15] Let A and B be nonempty subsets of a metric space
(X,d). f amap T : AU B — AU B satisfies

(MT1) T(A) C B and T(B) C A;
(MT2) there exists a M7 -function ¢ : [0,00) — [0, 1) such that

d(Tx,Ty) < p(d(x,y))d(x,y) + (1 — o(d(x,y)))dist(A, B) for any z € A and y € B,

then T is called a M7 -cyclic contraction with respect to ¢ on AU B.

Afterward, Lakzian and Lin in [16] using of concept of weak M7 -cyclic
Kannan contractions with respect to ¢ on AU B established some new con-
vergent and existence theorems of best proximity point theorems for these
contractions in uniformly Banach spaces that generalized theorem by Petric
[18].

Definition 2.1.[16] Let A and B be nonempty subsets of a metric space
(X,d). If amap T': AU B — AU B satisfies

(MTK1) T(A) C B and T(B) C A;

(MTK2) there exists a M7 -function ¢ : [0,00) — [0, 1) such that

A2, Ty) < S, y))ldx, Ta) + dly, Ty)] + (1~ ¢(d(zy)))dist(A, B)

forany xr € Aand y € B,

then T' is called a weak M7 -cyclic Kannan contraction with respect to ¢ on
AUB.

In [5], the authors, independently, for two mappings S and T that 7' : A —
B and T : B — A, this notion is defined by S. Sadiq Basha et al.
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Definition 2.2.[5] A pair of mappings 7': A — B and S : B — A is said to
form a K-Cyclic mapping between A and B if there exists a nonnegative real
number k£ < 1/2 such that

d(T'z,Sy) < k[d(z, Tz) + d(y, Sy)] + (1 — 2k)d(A, B),
forall z € A and y € B.

Motivated by the concepts of K-cyclic mappings and M7 -function, we
first introduce the concept of M7 — K condition as follows:

Definition 2.3. Let A and B be non-empty subsets of a metric space (X, d)
and T : A— Band S: B — A be maps. We call the pair of maps 7" and S
satisfy M7 — K condition if there exists an M7 -function ¢ : [0, 00) — [0, 1)
such that

d(Tx,Sy) < %w(d(l’, y)d(z, Tx) + d(y, Sy)] + (1 — ¢(d(z,y)))d(A, B),

forallz € A, y € B.

3. Main results
In this section, we first prove an existence theorem.

Theorem 3.1. Let A and B be nonempty subsets of a metric space (X, d).
Let T: A— Band S: B — A be maps. If the pair of maps T and S satisfy
MT — K condition, then there exists a sequence {x,} in X such that

lim d(x,,z,+1) = d(A, B).
Proof. Since maps T and S satisfy M7 — K condition, there exists an M7 -
function ¢ : [0,00) — [0, 1) such that

d(Tx,Sy) < %w(d(l’,y))[d(w, Tx)+d(y, Sy)| + (1 — ¢(d(z,y)))d(A, B), (1)

for all x € A, y € B. Let zyp € A be given. Define x5,,1 = Txs, and
Top = Swg,—1 for each n € NU{¥}. Then zy, € A and 29,41 € B for each
n € NU{¥F}. By (1), we have

d(l’l, ZEQ) = d(TZE(), SZEl)

Sl 20)ld(wo, o) + (e, Sa1)] + (1 = pld(ao, )4, B)
1

590(61(5507 x1))[d(wo, v1) + d(z1, 22)] + (1 — p(d(w0, 71)))d(A, B).

IN
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It follows that [1 — $p(d(zo, 21))]d(21, 2) < [3(d(z0, 21))]d(20, 1) + (1 —
Sp(d(x(]:xl)))d(A? B)v
which implies that

o(d(wo, 1))

p(d(zo, 1))
d(x1,29) < 2 — p(d(xg, 1))

~ 2 —(d(wg, 71))

By (2), we obtain that

d([)&'o,l’l) + [1 —

Jd(A,B).  (2)

3 pld(wo,21)) (0
dler,m) —d(4,B) < 5 2 CER S (i, 1) — (4, B))

By (1) again, we have

d(l’g,{[’g) = d(Sl‘l,TZEQ):d(Tl'Q,Sl'l)

< 5(dlwa,20))d(as, To) + d(as, S0)] + (1 = pld(e, 2:)))d(A, B)

1

- 590(61(552: x1))[d(w2, v3) + d(z1, 22)] + [1 — p(d(22, 71))]d(A, B),

which implies

1= Sz, ) d(ea, 25) < Spld(ea,0))d(ar, 22) + [1 = old(es, 2)d(A, B),

and hence

(d(z2,21))
d(w2,23) < 2 — p(d(xg, 1))

d(xe,z1) + [1 —

or

i @(d($27x1)) To. 1) —
d(l’g,l’g) d(A, B) S 5 _ (p(d(g{,’%l‘l))(CK 2, 1) d(A, B))

By induction, we have
P(d(Tn-1,2n))
d(xy, Tpe1) — d(A, B) < 5 gO(d(xn_hxn))(d(xn_l,avn) d(A, B)) (3)

Since ¢(t) < 1 for all t € [0,00), we have fopt()t) < 1forallt € [0,00). By
(3), we get
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d(zp, Tpy1) — d(A, B) < d(zp-1,,) — d(A, B),

which implies d(x,, xp41) < d(xp_1,x,) for all n € N. So {d(x,, xn11)}
is a strictly decreasing sequence in [0,00). Since ¢ is an M7 -function, by
Theorem D, we obtain

0 < sup(d(z,, Tp41)) < 1.
neN

Let A = sup, ey @(d(Zn, Tnt1)). So 0 < X < 1. Since o(d(xp, Tpi1)) < A, we
have

2 — (d(xy, Tri1)) > 2=\

Then
(p(d(xn: xn+1)) < A
2 —p(d(zp, ni1)) — 2N
for all n € N.
So
(d(Tn; Tpy1)) A
0<su < < 1.
o nEIN) 2 — (p(d(xn:xn+l)) T2-A
Let

v = sup ‘P(d(xn: xn+1>>
neN 2 - Sp(d(xm anrl))

Then v € [0,1). By (3) again, it follows that

p(d(zm —1),2,)) -
2— @(d@:n—la l‘n)) (d(xn_h xn) d(A, B))
Yd(@p-1,20) — d(A, B))

72(d($n*27 xnfl) - d(A7 B))

N

d([En, xn+1) - d(A7 B)

VAN VAN VANRVAN

,-)/"(d(xO’ 33'1) - d(Aa B))
Since v € [0, 1), we have lim, ., 7" = 0. By (4),

lim d(x,,z,+1) = d(A, B).

n—oo
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The proof is completed.

As a direct consequence of Theorem 3.1, we obtain the following.

Corollary 3.1. [5] Let A and B be nonempty subsets of a metric space
(X,d). Let T: A— B and S : B— A be maps. If the pair of maps T" and S
satisfy K condition, then there exists a sequence {x,} in X such that

lim d(z,,z,41) = d(A, B).

n—:oo

Theorem 3.2. Let A and B be two non-empty subsets of a metric space
(X,d)and T: A — B and S : B — A be maps. If the pair of maps T and S
satisfies M7 — K condition. If xy € A, define x5, 11 = Tws, and 5, = Sx9, 1,
n € N, then the sequence {z,} is bounded.

Proof. By Theorem 3.1, we have

limd(xy,, xnt1) = d(A, B).

n—

Since {d(z2,_1,%2,)} is a subsequence of {d(x,,r, + 1)}, we have

lim d(f]?gn,l, Z'Qn) = d(A, B)

n—

Hence {d(x2,-1,%2,)} is bounded. So there exists L > 0 such that
d(x2n717 x2n) S L7

for all n € N. For each n € N, we have

d(an, Tzo) = d(Swan_1, To)
< (1, 0) (w1, Szns) + dlao, Too) + 1 = p(d(wan-r, 20)Nd(A, B)
< Sldrzs,20) + d(xo, Tao)] + d(A, B)
< %[L + d(xo, Txo)] + d(A, B).

Let

M = %[L + d(wo, T'ro)] + d(A, B).

Hence x,, € B(Txo, M) for all n € N. For each n € N, since
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d(xoni1, Txo) < d(xon, Tony1) + d(xoen, Tag) < L+ M.
We obtain xg,1 € B(T'zg, L + M) for all n € N. On the other hand, since
Ton € B(Txo, M) C B(Txo, L + M),
for all n € N, we also have x9, € B(Txo, L + M) for all n € N. Hence
x, € B(Txo, L+ M)

for all n € N, which means that {x,} is bounded. The proof is completed.
O

As a direct consequence of Theorem 3.2, we obtain the following.

Corollary 3.2. [5] Let A and B be two non-empty closed subsets of a
metric space. Let the mappings T': A — B and S : B — A form a K-Cyclic
map between A and B. For a fixed element xy in A, let z5,.1 = Tz, and
Top = Swo,_1. Then the sequence {x,} is bounded.
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