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Abstract

Let αm(n) be the sum of the reciprocal of the m-th powers of the
different primes in the prime factorization of n. We prove the asymptotic
formula

n∑
i=2

αm(i) = Am n + o(n),

where Am is a constant defined in this article.
Let βm(n) be the sum of the reciprocal of the m-th powers of the

primes in the prime factorization of n. We prove the asymptotic formula

n∑
i=2

βm(i) = Bm n + o(n),

where Bm is a constant defined in this article.
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1 Preliminary Results

Let Np(n) be the number of primes p in the prime factorization of n. For
example Np(1) = 0, N2(24) = N2(2

3.3) = 3, N3(125) = N3(5
3) = 0 and

Np(p
k) = k. Clearly, the following equation holds

n∑
i=1

Np(i) = Np(n!). (1)
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The following Legendre’s result is well-known (see [1], pages 90-91)

n∑
i=1

Np(i) = Np(n!) =
∞∑

k=1

⌊
n

pk

⌋
, (2)

where �x� denotes the integer part of x. Note that

0 ≤ x − �x� < 1.

We shall need the following well-known formula

1 + x + · · ·+ xn−1 =
1 − xn

1 − x
(x �= 1). (3)

We also have the following result (see [1], page 95)

n∑
i=1

1

i
∼ log n. (4)

Let π(x) be the prime counting function. We shall need the following well-
known weak equation

π(x) = o(x). (5)

Besides, we shall need the following lemma.

Lemma 1.1 The following formula holds (see (2))

n∑
i=1

Np(i) = Np(n!) =
∞∑

k=1

⌊
n

pk

⌋
=

n

p − 1
− rp(n) − fp(n) (n ≥ p), (6)

where
1

p − 1
≤ rp(n) ≤ p

p − 1
,

0 ≤ fp(n) ≤ log n

log p
.

Proof. If n ≥ p then the inequality

pk ≤ n

has the solutions

k = 1, 2, . . . , sn =

⌊
log n

log p

⌋
. (7)

Therefore we have (see (7))

∞∑
k=1

⌊
n

pk

⌋
=

sn∑
k=1

⌊
n

pk

⌋
= n

sn∑
k=1

1

pk
− fp(n), (8)
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where

0 ≤ fp(n) ≤ log n

log p
. (9)

Note that (see (3))

sn∑
k=1

1

pk
=

1

p

sn−1∑
k=0

1

pk
=

1

p

1 −
(

1
p

)sn

1 − 1
p

=
1 −

(
1
p

)sn

p − 1
=

1

p − 1
− 1

p − 1

1

psn
. (10)

Now, we have

1

psn
=

1

p� log n
log p � =

1

p( log n
log p

−gn)
=

pgn

n
, (11)

where
0 ≤ gn ≤ 1. (12)

Consequently (see (11) and (12))

1

n
≤ 1

psn
≤ p

n
. (13)

Finally, equations (8), (9), (10) and (13) give equation (6). The lemma is
proved.

2 Main Results

Let αm(n) be the sum of the reciprocal of the m-th powers of the different
primes in the prime factorization of n, where m ≥ 1 is a positive integer. For
example α1(2

3.52.11) = 1
2

+ 1
5

+ 1
11

and α3(2
3.52.11) = 1

23 + 1
53 + 1

113 .
We have the following theorem.

Theorem 2.1 The following asymptotic formula holds

n∑
i=2

αm(i) = Am n + o(n), (14)

where

Am =
∑
p

1

pm+1
.

Proof. We have

n∑
i=2

αm(i) =
∑
p≤n

1

pm

⌊
n

p

⌋
=
∑
p≤n

1

pm

(
n

p
− εp(n)

)
= n

∑
p≤n

1

pm+1
−∑

p≤n

εp(n)

pm
(15)
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where 0 ≤ εp(n) < 1.
Note that ∑

p≤n

1

pm+1
=
∑
p

1

pm+1
+ o(1). (16)

Besides (see (4))

0 ≤ ∑
p≤n

εp(n)

pm
≤ ∑

p≤n

1

pm
≤ ∑

p≤n

1

p
≤

n∑
i=1

1

i
= o(n).

Therefore ∑
p≤n

εp(n)

pm
= o(n). (17)

Equations (15), (16) and (17) give equation (14). The theorem is proved.

Let βm(n) be the sum of the reciprocal of the m-th powers of the primes in
the prime factorization of n, where m ≥ 1 is a positive integer. For example
β1(2

3.52.11) = 1
2
+ 1

2
+ 1

2
+ 1

5
+ 1

5
+ 1

11
and β3(2

3.52.11) = 1
23 + 1

23 + 1
23 + 1

53 + 1
53 + 1

113 .
We have the following theorem.

Theorem 2.2 The following asymptotic formula holds

n∑
i=2

βm(i) = Bm n + o(n), (18)

where

Bm =
∑
p

1

pm(p − 1)
.

Proof. We have (see (2) and lemma 1.1)

n∑
i=2

βm(i) =
∑
p≤n

1

pm

( ∞∑
k=1

⌊
n

pk

⌋)
=
∑
p≤n

1

pm

(
n

p − 1
− rp(n) − fp(n)

)

= n
∑
p≤n

1

pm(p − 1)
−∑

p≤n

1

pm
rp(n) −∑

p≤n

1

pm
fp(n). (19)

Note that ∑
p≤n

1

pm(p − 1)
=
∑
p

1

pm(p − 1)
+ o(1). (20)

We have (see lemma 1.1)

1

p − 1
≤ rp(n) ≤ p

p − 1
.
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Consequently

0 ≤ 1

pm

1

p − 1
≤ 1

pm
rp(n) ≤ 1

pm−1

1

p − 1
≤ 1

p − 1
≤ 1.

That is

0 ≤ 1

pm
rp(n) ≤ 1.

Therefore (see (5))

0 ≤ ∑
p≤n

1

pm
rp(n) ≤ π(n) = o(n).

That is ∑
p≤n

1

pm
rp(n) = o(n). (21)

We have (see lemma 1.1)

0 ≤ fp(n) ≤ log n

log p
.

Consequently

0 ≤ 1

pm
fp(n) ≤ 1

pm

log n

log p
≤ 1

p log p
log n.

Therefore (see (4))

0 ≤ ∑
p≤n

1

pm
fp(n) ≤ log n

∑
p≤n

1

p log p
≤ log n

n∑
i=2

1

i log i
≤ log n

n∑
i=2

log i

log 2

1

i log i

≤ log n

log 2

n∑
i=1

1

i
= o(n).

That is ∑
p≤n

1

pm
fp(n) = o(n). (22)

Equations (19), (20), (21) and (22) give equation (18). The theorem is proved.
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