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Abstract

Let a;,(n) be the sum of the reciprocal of the m-th powers of the
different primes in the prime factorization of n. We prove the asymptotic
formula

Z am(l) =Apn n+ O(TL),
=2

where A,, is a constant defined in this article.
Let (,,(n) be the sum of the reciprocal of the m-th powers of the
primes in the prime factorization of n. We prove the asymptotic formula

Zﬂm(z) = By, n+ o(n),

1=2

where B,, is a constant defined in this article.
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1 Preliminary Results

Let N,(n) be the number of primes p in the prime factorization of n. For
example N,(1) = 0, No(24) = Np(23.3) = 3, N3(125) = N3(5*) = 0 and

N,(p¥) = k. Clearly, the following equation holds

3 Ny(i) = Ny(n). (1)
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The following Legendre’s result is well-known (see [1], pages 90-91)
D Np(i) = Nyp(nl) = > | |, (2)
i=1 k=1 LP
where |z] denotes the integer part of x. Note that
0<z—|z] <l
We shall need the following well-known formula

1—2a"
1—=z

l+a+--+a" = (x #1). (3)

We also have the following result (see [1], page 95)

"1
> = ~logn. (4)
i

i=1

Let m(x) be the prime counting function. We shall need the following well-
known weak equation

m(x) = o(x). (5)

Besides, we shall need the following lemma.

Lemma 1.1 The following formula holds (see (2))

—~

SN, (i) = Ny(nl) = 3 FJ = ———nm-fn (@mzp. (6

i=1 k=1 pk p
where |

p
— <7, (n _
— <nfn < 25

logn

0<
— fp(n) 1ng

has the solutions

Therefore we have (see (7))

) H -y H Y= h), (5)

k=1
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where |
ogn
0< 9
fr(n) log p (9)
Note that (see (3))
$l_1g1 - DT o= 1 L1
ot o pimt op 1, p=1  p-1 p—1p=

Now, we have

1 1 1 pon
S S 11
pn p“épj p(llép_g”) n ( )
where
0<g,<1. (12)
Consequently (see (11) and (12))
1 1
< —<P (13)
n pin n

Finally, equations (8), (9), (10) and (13) give equation (6). The lemma is
proved.

2 Main Results

Let a,,(n) be the sum of the reciprocal of the m-th powers of the different
primes in the prime factorization of n, where m > 1 is a positive integer. For
example o (22.5211) = £ + 1 + - and a3(23.5%.11) = % + &5 + 13-

We have the following theorem.

Theorem 2.1 The following asymptotic formula holds

> (i) = Ap 1+ ofn), (14)
1=2
where |
Ap=>"
- pm—i-l

Proof. We have
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where 0 < ¢,(n) < 1.

Note that . ]
R +o(1 16
$ b = £t ol 16
Besides (see (4))
o<y oW oy Loy ol
p<n P p<n P p<n P =1t

Therefore

3 ep(j) = o(n). (17)

Equations (15), (16) and (17) give equation (14). The theorem is proved.

Let (3,,(n) be the sum of the reciprocal of the m-th powers of the primes in
the prime factorization of n, where m > 1 is a positive integer. For example
Bi(285211) = 2434241 b Loand B3(28.5%11) = S+t s+ a+ 5+

We have the following theorem.
Theorem 2.2 The following asymptotic formula holds

znzﬂm(z) = B, n+o(n), (18)
where

1
Bp=%——
zp: p(p—1)
Proof. We have (see (2) and lemma 1.1)

Sl = ¥ o (N 5]) = S o (555 vl - 50

=2 p<n p k=1 p p<n p
= Y s = Y () = Y (). (19)
p<n P (p—1) p<n P p<n P
Note that | .
— =) —— +0(1). (20)
p%pm(p— 1) zp:pm(p—l)
We have (see lemma 1.1)
1
<) < _p
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Consequently
o<t 1oy L 1
S S —Tp(N) S = =
prp—1=pm” prtp—1=p-1
That is
1
0 < p—mT’p(n) <1
Therefore (see (5))
1
0< ) —mry(n) <7(n) =o(n)
p<n p
That is 1
> —rp(n) = o(n). (21)
pﬁnp
We have (see lemma 1.1)
logn
0< .
— fp(n) — 1ng
Consequently
1 11 1
0< —fy(n) < —rom < ———1logn
p pmlogp — plogp
Therefore (see (4))
1 1 "1 " logi 1
0 < — <1 <1 — <1
- };1 m fo(1) < Ogngplo p = Ogn;ilogi - Ogn;log%logi
logn <\ 1
log 2 ; i o(n).
That is 1
> o) =o(n). (22)
pénp

Equations (19), (20), (21) and (22) give equation (18). The theorem is proved.
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