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On the k-Bessel Functions
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Abstract

In this brief paper introduces some k-generalizations of the so-called
special functions as Bessel functions and the Fox-Wright functions.
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I Introduction and Preliminaries

Since Diaz and Pariguan (cf.[2]) have introduced the k-gamma function
I'x(z) and the generalized Pochhammer k-symbol, several articles heve been
devoted to studying generalizations of some of the so-called special functions.
So can be found the k-Beta function, the k-Zeta function, the k-Mittag-Lefller
function and the k-Wright function.

The integral expression of the k-gamma function is given by

[e.e] tk
I'k(2) :/ e" ®t*7dt, Re(z) >0, k> 0. (L.1)
0
Whose relationship with the classical Gamma Euler functions is given by

Tu(z) = kE~IT (%) (1.2)

We collect some of its properties in the following

Lemma 1 The k-gamma function I'y(2) verified that:

1. Te(z+ k) = 2I'(2)
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2. Tp(k)=1
3. Let a € R,

z > Zk
[e(z) = a* / t* e wadt. (1.3)
0

For the proof, that we omit, we refer to [2].

Right now we also have the k-Beta function By(z) that is defined by the
formula
Iy (2) e (w)

Bi(z,w) = Te(z +w)

: Re(z) >0, Re(w) > 0. (L4)

that have the integral representation given by

1 & z w
By(z,w) = E/ (1 — )%t (L5)
0

Two functions widely used in fractional calculus because of the importance
of their roles in the solution of fractional differential equations are the Mittag-
Leffler function E,(z) and the Wright functions W (z).

The Mittag-Leffler function is an entire function defined by

a>0 1.6
;FanjL ’ (16)

A first generalization is given by a more general series

0,6 >0. 1.7
;%FomjLﬂ a>0,0 (L7)

called the Mittag-LefHer of two parameters.
From (1.6) and (I.7) we have

E,1(z) = Eu(2)

Another generalization was done by Prabhakar (cf.[7]) who introduced the
Mittag-Leffler type function E, ,(2) defined by

El, :ZWLB)': Re(a) > 0, Re(8) > 0 (L8)

n=
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with (7), the Pochhammer symbol given by

I'(y+n)
I'(v)

In a recent paper of us (cf.[3]) we have defined a new Mittag-Leffler type
function as the series

Vn=7r+ D)y +2)(y+n—1)= (1.9)

1.10
B2 ZFk om+ﬂ n' (1.10)

valid for Re(a) > 0, Re(8) > 0, v € C and (), is the Pochhammer
k-symbol given by

Nk =7y +E) (Y 4+ 2k)..(y + (n—1k), ve€C, keR, neN. (L11)

It may be observed that E , ;(2) is such that £} ;(2) — E_ 4(2) as
k — 1, since (7)nrx — (7)n, ['k(2) — T'(2) and the convergence of the series
in (I.10) is uniform on compact subsets.

Also we have defined (cf.[?]) the k-Wright type function as the series

W, [.12
k:,a,@ nz Fk om+ﬁ ) ( )

for Re(a) > —1, Re(B) >0, ke R, neN.
Can be easily seen that when v = 1 and k = 1 (1.12) reduces to the classical
Wright function

n

- z
:ZOF(omjLﬂ)m

n=

(1.13)

II k-Bessel functions

Based on the well know relation (cf.[5])

2

Ju(z) = <§)VW1,V+1 (—ZZ) (I1.1)

where W, ,(z) is the Wright function defined in (1.13) and J,(z) is the
Bessel function of the first kind of order v (cf.[?]) given by the series
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0 (2/2)1/+2n
an+1 'n+v+1) (1.2)

n=0

we have defined (cf.[1]) the k-Bessel function of the first kind J,iz,)(”\)(z) as

(=D)"(=/2)"
Z Iy ( )\n + v + 1) (n!)? (IL.3)

7)\
‘]ku

where (), is the Pochhammer k-symbol and I'y(2) is the k-gamma func-
tion.
From (I.13) and (II.3) it may be write

A Z\Y 22
J]Z’V (’Z) = <_) Wl;y)\ v+l \ T T ] (114)
' 2 - 4
Next, we put the following

Definition 1 The k-modified Bessel function of the first kind of order v (or
—v respectively) as

VN (Vn, (z/2)7+2n
LAOEDY T+ e B (n)? (I1.5)

or

2/2)?v
Z [i( )\n —v + k) : /(n>')2 (I1.6)

]’YJ\

In terms of the k-Wright function we have

2\ 22
IN(z) = (5) AN (Z)' (IL.7)

Also we have following

Definition 2 The k-modified Bessel function of the third kind K,Zj(z) is

m[2,() - 12:)]

2sin(vm)

K(z) = (IL.8)
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Now, we will show some elementary properties.

Lemma 2 Let v be a complex number, Re(v) > 0 and let k,~, z be real non
negative numbers. For X =1 holds

LR = 2k A (V7) (11.9)

z

Proof. From Definition (I.5) we have

v+2n
2L(F) = 2 Yk (Vz/2) _
2 Z i

(n+v+k)(n)?

v+n

S f: Wk 2 (IL.10)

(n)24r Tp(n +v + k)

Then

i v/2 17,1 _ i = (’y)n,k V+n) il
(Z Ik,l/(\/;)) - ,,Z

z 20 = (nl)2An Ty (n+ v + k)
_ ot N (nalyz/2)
= 2 ; (n!)2l(v +n)

- i (Vi (Vz/2) P20

= (n!)PI'y(v +n)

= 27F27 1113; H(V7).

Lemma 3 Let I,Ziy(z) be the k-modified Bessel function of the first kind of
order —v, and let z be a real non negative number. Then holds

d% (P02, (VR) =27 n-v-x(V7) (I1.11)

The proof is completely analogous to the Lemma 2 and then we omit it.

Lemma 4 Let v be a complex number, Re(v) > 0 and let k,~, z be real non
negative numbers, and X = 1. Then:

d
-

FRELN(VE)] = 27h T AR (V7) (11.12)
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Proof. From (IL.8), (I1.9) and (I1.10) we have

SPRRL,(VR) =2 [, (V2) = 10 (V7))

m
2sin(vm)
Thus

v—k
2k 1y

LR/ = AT (e - I (VR)]

dz 2sin(vm)
R, (V7)) — [0 (V7)
2sin(v + )7

27k 25" 2k 12gin(v + 1)

2sin(vm)

= _2_kz%kzk_lKlz,ﬁ+1(\/g>-

In the next we will use a fractional integral called k-fractional integral
(cf.[6]) that is a k-generalization of the classical Riemann-Liouville fractional
integral (cf.[4]).

The k-fractional integral of order « is defined by

12(f) () = kF:(a) / e 0F (0t (IL13)

It may be observed that when k& — 1, (IL.13) reduces to the classical
Riemann-Liouville fractional integral.
Taking into account that (cf.[6])

o x%_l x%"'%"‘l
I (m(ﬁ)) et d) (I1.14)

we have the following

Lemma 5

a (w2771 %+t (k(y+ 1)7k)
[k (Z / [k,u(Q\/g)) =k k,llI/Q |: (Oz—i—k(l/—i— 1),k),((y+k),1) ‘ z (H'15>

Proof. By the uniform convergence on compact subsets of the series I,Zj (2),
from (I1.10) and (I1.14) we have

o (/2 o= (Mg Dk +1) +hn) it
Iy (27 I, (2vz)) = Z (n!)gk Fk(l];(u +1) +a+kn)Ti(n+v+Ek)

(k(v + 1), k)
(0t k(v +1),k), (w4 k), 1) |2

where 1 1 ¥y denote the k-Fox-Wright function.
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