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Abstract

In this paper, we define sequence spaces : [w(M, A, q,s)] and [w(M, AL, q, s)]e
and give some inclusion relations between these spaces and some related
results.
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1 Introduction

The spaces of lacunary strong convergence have been introduced by Freedman
et al. [4]. A sequence of positive integers 6 = (k,) is called lacunary if ky = 0,
0 <k, <kpy1 and h, = (k. — k,_1) — 00 as r — 0. The intervals determined
by 6 are denoted by I, = (k._1, k] and the ratio % will be denoted by g,.

We recall that an Orlicz function is a function M : [0, 00) — [0, co) which
is continuous, nondecreasing and convex with M(0) = 0, M(z) > 0 for z > 0
and M(x) — oo, as T — 00.

The Orlicz function M can always be represented in the following integral
form ( see Krasnoselskii and Rutickii [8] )

where ¢, known as the kernel of M, is right-differentiable for ¢ > 0,¢(0) =
0,¢(t) > 0 for t > 0, ¢ is nondecreasing and ¢(t) — oo, as t — 0.
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If convexity of M is replaced by M(z+y) < M(z)+ M(y), then it is called
a modulus function, defined and discussed by Ruckle [14] and Maddox [11].

A sequence z € [, the space of bounded sequences x = (), is said to be
almost convergent to L ( see [10] ) if

lim t;,,(x) = L, uniformly in m, where

k—oo

1
trm (2) = ) Z Tnti

Using the concept of almost convergence, Das and sahoo [2] introduced the
sequence spaces

1
W= {x = (rp): lim 1 Ztkm(x — L) = 0, uniformly in m, for some L},

(W] = {z = (x}) : lim

n—oo 1, +

Z | tem(z — L) |= 0, uniformly in m, for some L}.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define
what is called an Orlicz sequence space :

g

) < o0, for some p > 0}

Iy = {x = (z)
k=1

which is a Banach space with the norm :

o l=int{p >0: 3 22y <y

k=1 P

Chishti [1] introduced the sequenc spaces :
For an Orlicz function M and some p > 0,

OO = = ) g M=) o,

asn — oo, uniformly in m, for some L},
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and

[w(M)]y = {z=(z): suphi Z M(M) — 0,

moUT kel P

asr — oo, for some L}.

Now, if v is a nonnegative integer, u = (uy) is any sequence such that
up # 0 for each k,w(X) denotes the space of all sequences with elements in
X, where (X, ¢) denotes a seminormed space, seminormed by ¢, and s is any
real number such that s > 0, then we define the following sequence spaces :

p

(AL 8] = (o= ()5 — 5 > kMl )=0,

asn — 0o, uniformly in m, for some L},

and

[@(M, A, q,5)ly = {x:(xk);siphizk_s p(g( e (B = L)

" kel, p
asr — 00, for some L},

) =0,

where

A?Lx = UpTg,

1
AT = UpTp — Uk41Tk+1,

Ay = A(A,x),

Az = A(AY 1),



1908 A. H. A. Bataineh

so that

Y v
Abw =AYz =) (—1) (r)umxm.

r=0

Ifv=0, Az, =z for all kb, u =e = (1,1,1,--+) and s = 0, then the
above spaces reduce to those defined and studied by Chishti [1]. Also, we give
the following definition :

Definition 1 A sequence x = (xy) is said to be lacunary [W(M,Al, q,s)]-
convergent to L if

lim sup—Zk‘ M (q(

" kel

1%

) =0.

By [w(M,AY,q,s)]p, we denote the set of all lacunary [w(M,AY,q,s)]-

convergent sequences and we write [W(M,AY q,s)lg — limz = L, for = €
[@(M, Ay, q, )]s
If M(x)

r, v =0, Az = a3 for all k&, v = e and s = 0, then

(DM, A, q,5)] = [i] and [i(M, AZ, g, )}y = [y

2 Main Results

In this section we prove the following theorems :

Theorem 2.1 Let 0 = (k,) be a lacunary sequence with liminf g, > 1.Then
[@(M; Ay, q,8)] C [0(M; Ay, g, 8)lg and [w(M, A, g, s)]=limz = [0(M, Ay, ¢, 5)lo—

lim z.

Proof. Let liminf g, > 1. Then there exists ¢ > 0 such that ¢, > 1+ 0
and therefore

h, k._1 1 )
o1 y I
kr oo T4 14
This implies that
ey
1 tim(Alx — L) 1 ,_ tim(Alz — L)
il Zim\Tw T HNy s T SM (g2 Zu” — =)
p i T 2 M)
> —— M u
> g 2 M)

and if x € [w(M,AY, q,s)] with [w(M,AY,q,s)] —limz = L, then it follows
that © € [wW(M,AY, q, s)]p with
[W(M, Al q,s)]s — limz = L.
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Theorem 2.2 Let 0 = (k,) be a lacunary sequence with lim sup g, < co.Then
[’LD(M, AZ? q, S)]9 - [@(M, Aza q, 8)] and [’LD(M, Aza q, 8)]9—hm$ = [UA](Ma AZa q, 8)]_
lim z.

Proof. Let x € [(M,AY, q,s)]y with [i0(M,AY,q,s)]s — limz = L. Then
for e > 0, there exists jy such that for every 57 > j9 and all m,

1 ._g tim AZ.T — L

Gim = h—zz M(Q(%

" icl;

) <€

,sthat is, we can find some positive constant C' such that
Gim < C) (]->

for all j and m. Now, lim sup ¢, < oo implies that

h, ko | 5
g - - -2
ks oo TTIE s T 14

This implies that there exists some positive number K such that

¢ < K, for all r > 1. (2)

Therefore for k,._; < n < k,, we have by (2.1) and (2.2),

n

SM u < SM U
— ] ;Z (C](—p ) < — ;Z (C](—p )
1 < ., tim(AVx — L
- . (gt B =)
r=1 =0 iel; P

Tl =0 j=jo+1 i€l, P
1 1
< ( sup gpm>kj0 + E(kr - kjo)—
Kr—1 1<p<ijo kr—1
k.
< O~ +¢K.
kr—l

v

Since k,_1 — o0 asr — 00, we get that € [W(M, Al, q, s)] with [w(M, AY, q, s)]—
limz = L.

Theorem 2.3 Let liminfg, < limsupg, < oo.Then [W(M,AY, q,s)] =
[w(Mu AZuQWS)]G'
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Proof. It follows from Theorem 2.1 and Theorem 2.2

Theorem 2.4 Letx € [w(M,Al, q,s)|N[w(M,Al, q,s)]g. Then [w(M,AY, q,s)]—
limz = [W(M,AY, q,s)]p—limx and [Ww(M,AY, q, s)]lg—lim x is unique for any
lacunary sequence 0 = (k).

Proof. Let x € [w(M,AY, q,s)] N[w(M,Al, q,s)]p and [w(M,Al, q,s)] —
limz = L, [Ww(M,AY, q,5)]g — limz = L.
Suppose that L # L'. Then we see that

- L-L 1 — ., tim(Abz — L)
M (q( ) = - T M(———))
P " iel, p
1 tim(AVz — L
—l—h—T ;i_sM(q( ( “;j >)), for each m
1 tim(Alz — L
< lim sup — Z st(q(m(#x))) +0.

’LGIT

Hence there exists ry such that for r > ry, we have

—s zm A T — L 1 .3 L - L
LS i MR ) s e (g(F )
’I” ’LGIT p p

But [w(M,AY,q,s)] —limz = L implies that

h, L-L ol L-L

0 > limsup(=—)i *M(q( )) > liminf(—)i "M (q( )) >0

k, p K, p

and therefore limg, = 1. Hence using Theorem 2.2, we conclude that

[W(M, A, q,s)]p C [w(M,AY,q,s)] and [w(M,Al,q,s)]p — limz = L' =L=
[’LD(M, AZ?Qa S)] — limz.
Further,

1=0

L-L
P

> i *M(q( ) =0

and taking the limit of both sides as n — oo, we see that i*sM(q(L_TL/)) =0
and this shows that L = L' for any Orlicz function M.

Theorem 2.5 Suppose that for a given € > 0, there exist ng and mgy such
that
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n—1
1 tkm (Al — L
- E k“”M(q(%)) < € for all n > ng,m > my (3)

k=0
Then z € [w(M,AY,q,s)].
Proof. Let ¢ > 0 be given and choose n, and mg such that
n—1
1 tem(Avz — L
= k_SM(q( k ( ul )

n
k=0 P

) <

= o

for n > ng, m > my.
Now, it is enough to show that there exists ng such that for n > ng, 0<
m < mg, we have

n—1
1 tem(Avz — L
LSS e (gt Bi = L)y
" k=0 P

: : mo— mo—17,—s AVx;—L\y
Since my is fixed, put Y _po " 1 — Yk M(¢(===)) = B.
Now, let 0 < m < mg and n > mg, then

n—1 mo—1 mo—1
1 L tem(Alx — L) 1 1 s AVz; — L
IS k(g By o DN LN (B )
k=0 P n k=0 j=0 P
1 mo—1 1 m+k—1 AUI' _ L
+_ - kfsM( u-’J
o ; - j;o ( ; ) |
n—1 m+k—1
1 1 s Alz L
H D DI ey (1
k=mg j=m P
B 1R It Ay — I
<SS lp X M=)
k=0 j=mo p
n—1 m+k—1
1 1 o Az~ L
+ | x Z k M(Q(jT))\‘
k=mg j=m

Let £ — mgy > ng. Then for 0 < m < mg, we have k +m — mgy > ng. Then
from (2.3), we see that

mo—1 mo+(k+m—mg)—1 Avr. — I, c
u]

e X FMEEEE<E 6

Jj=mo



1912 A. H. A. Bataineh

From (2.4) and (2.5), we get that

n—1
1 _ tkm(AUJZ’—L) B €
=N TETM(g(m ) < 2

k=0

for sufficiently large n. Hence the result.
Theorem 2.6 for every lacunary sequence 6 = (k,), we have [w(M, A", q, s)]pN

lo = [W(M,AY, q,5s)] .
Proof. Let x € [w(M,AY,q,s)]s N ls. Then for € > 0, there exist ry and

po such that

hr—1 v
1 tk‘p(AuI - L) )) < (6)

— > kT M(q(
hy kzo p

forr>rgand p > po, p=k,—1+1+14,1>0.
Now, let n > h,, m be an integergreater than or equal to 1. Then

[NNNe

n—1 n—1 . m—1 p+(p+l)h-—1
1 _ tip(AVz — L) 1 1 i AVz; — L
— ESM (g2 7)) < = — k=5 M (q(————
L RTMEEEEE) < TS Y (=== |
k=0 k=0 k=0 j=p+uh,
n—1 m—1 p+k—1
1 1 s Atz — L
=3 S kM (g(REE)) (7)
n , P
k=0 j=p+mh, j=p+ph-
m—1 (p+1)h,—1 p+k—1
1 1 s Abz; — L
< 3N LY M)
n - p
pn=0  k=ph, J=p
n—1 p+k—1
1 Alzx L
—))

n
k=mh, J=p
Since = € lo, for all j, M(q(222=L)) < B. So from (2.6) and (2.7), we
have
n—1
1 tep(Alz — L 1 Bh
_ZkfsM(q( k:p( ut ))) < —mhrf + r
n e p n 2 n

For &= <1, % can be made less than $ by taking n sufficiently large and

n
since mThr <1, then
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n—1
1 tey(Alz — L
=3 :k—sM(q(M)) <e
n k=0 P

for r > rg,p > po. Hence, by Theorem 2.5, we get that [w(M, Al q,s)]s N
lo C [W(M,AY,q,s)]. It is trivial that [w(M, AL, q,s)] C [w(M,AY,q,s)]sNlw.
Hence the result.
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