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Abstract

A semihypergroup is defined by dropping the requirement of an iden-
tity or involution from the definition of a hypergroup. Dunkl [Du73]
called it a hypergroup (without involution) while Jewett [Je75] referred
to it as a semiconvo. In this paper, we generalize some basic algebraic
results from semigroups to semihypergroups. Among other things, we
define a Rees convolution product for a topological semihypergroup S
and prove that if X, Y are non-empty sets and H is a hypergroup, then
with the Rees convolution product, X x H x Y is a completely simple
semihypergroup which has all its idempotent elements in its center. We
also prove that in every locally compact semihypergroup, S, if B is a
Borel subset of S then for any x € S, the sets Bx~ and x~ B are also
Borel subsets of S.

Mathematics Subject Classification: 43A62

Keywords: Topological Semihypergroups, Rees Convolution Product, Com-
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1 Introduction

In contrast with topological semigroups, an algebraic operation is not defined
on a topological semihypergroup S, rather the convolution of measures is used
to induce an algebraic operation on S. We are therefore logically faced with the
question: how much algebraic structure could be inherited from the algebra of
measures of a topological semihypergroup? We address this question by first
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defining the corresponding algebraic concepts, on semihypergroups, verifying
that our definitions remain consistent with the classical semigroup definitions.
Among other things, we define the notion of ideals, simple and completely
simple semihypegroups, as well as a Rees convolution product for topological
semihypergroups. Along the line we give basics results, essential in doing
harmonic analysis and Probability on semihypergroups. Typical results are:

1. Let X and Y be non-empty sets and H be a locally compact topological
hypergroup, then with the Rees convolution product, X x H X Y is a
completely simple semihypergroup.

2. Let B be a Borel subset of a locally compact topological semihypergroup
S. Then for any x € S, the sets Bx~ and x~ B are also Borel subsets of
S

Also we use simple finite-element semihypergroups to illustrate striking
contrast between semihypergroups and semigroups. For instance a semigroup
which is left and right simple is a group but we have an example of simple
two-element semihypergroup which is not a hypergroup. We show that if a
two-element semihypergroup is not commutative then it must be a semigroup.

All undefined terms used in this work in connection with topological semi-
hypergroups can be found in Jewett [Je75] or Youmbi [Yn05].

2 Preliminaries

Let S be a locally compact Hausdorff space; C(S), the space of complex contin-
uous functions on S; Cp(S) the space of bounded elements of C(S); Cy(S) the
space of elements of Cy(S) which tends to 0 at co; C.(.S) the space of elements
of Cy(S) with compact support; CF(S) the space of nonnegative elements of
C.(S); M(S) denotes the set of finite regular Borel measures; M, (S) the set
of non-negative measures; M;(S) denote the set of probability measures; If
w € M(S) then Supp(p) = {x € S :if V is any open set containing = then
w(V) > 0}; An unspecified topology on M, (S) is the cone topology.

2.1 Definition

A nonempty locally compact Hausdorff space S will be called a semihypergroup
if the following conditions are satisfied:

(SHy) (M(S),+,x*) is a Banach algebra.

(SHy) For all z,y € S, 0, * 0, is a probability measure with compact support.
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(SH;3) The mapping (x,y) — d; * 6, of S x § into M;(S), where S x S has
the product topology and M;(S) has the weak topology, is continuous.

(SH4) The mapping(z,y) — Supp(d, * J,) of S x S into C(S) is continu-
ous, where C(5) is the space of compact subsets of S endowed with the
Michael topology, that is the topology generated by the subbasis of all
Cu(V)={CeC(S):CNU #0 and C C V} where U and V are open
subsets of S.

If in addition,
S Hy there exists e € S such that 0, * 0, = 6. x 0, = 9, Vo € S, and

SHg There exists a topological involution (a homeomorphism) from S onto
S such that (z7)” = 2 Vo € S, with (§, *6,)” = ;- * 0,- and e €
Supp(d, * 6,) if and only if = y~ where for any Borel set B, u~(B) =
u({z~ :x € B}).

(S, x) will be called a hypergroup.
Remarks

(i) If 6, * 9, = 0, * 0, for all x,y € S we say that (S,*) is a commutative
semihypergroup.

(ii) The convolution x on M(S) is defined by

v f /fd,u*l/—/ (dm)/Sy(dy)/Sfdéx*éy.

for all f € Cy(S).

2.2 Examples

1. If (S,.) is a topological semigroup, where S is a locally compact Haus-
dorff space, then with convolution defined by 6, * §, = 04y, (S,%*) is a
semihypergroup. Also if a semihypergroup is such that the convolution
of two point masses is a point mass, then it is a semigroup.

2. Let S = {x,y} with the discrete topology. Then S is a locally compact
space we can define the convolution of point masses by

0y * 0y = ad, + bo,

dy %0, = b0, +d'd,
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g * 5y = pdy + p/(sy

8y * 0y = q0, + 0,
where a,b,a’, 0, p,p,q,q are non-negative real numbers such that a +
b=d +V =p+p =q+¢ =1 (for the convolution product of two
point masses to be a probability measure) and bb' = pp’ = qq’ (for the
convolution product to be associative). Then (.S, *) is a semihypergroup.
We observe here that every commutative two-element semihypergroup
is a semigroup. For if either b or ¢ is non-zero, the semihypergroup
is commutative. Now let us assume that b and &' are both zero. Then,
associativity of convolution implies that pp’ = ¢¢’ = 0 so that the semihy-
pergroup is actually a semigroup since one of p, p’ is zero and one of ¢, ¢/
is zero. Thus we most have 0, %0, = 05, 0y %0y = 0y, 0540y = 0y, Oy*0y = Oy
which is a non commutative semigroup.

Let S = {e,a,b}. Let e be the identity element and let us define
1 1
0o * 0q = =0q + =6
F0a T 0%
Oy * 0p = 0y
0o % 0p = 0y % 0 —1(5 +1(5
a b — Cb a — 2 e 9 b

Then (S, %) is a semihypergroup and if we defined an involution by @’ = b
and V' = a we have

1 1 1 1
0y % 0g) = =0p + =0y = =0p + =0
(a* a) 2a+2b 2b+2a

But 1 1
(Sa/ * 5(1/ = (Sb *51, = (Sa 7é 55(1 -+ 551,

Although e € Supp(d, * d) this involution does not satisfy the condi-
tion (0, * &) = Oy * 0, this semihypergroup is almost (though not) a
hypergroup and it is called a regular semihypergroup [On93].

Let H = {e,z,y} and let e be the identity element, the identity function
is considered as the involution, and a commutative convolution is defined
on H by

0y * 0y = ad + bo, + cd,
Oy * 0y = a0 + ', + V0,
Oy % 0y = 0y * 0y = @0y + ¢'0y

Then (H, ) is a hypergroup provided a+b+c=d +0 +d =q+q¢ =1
(for the convolution of two point masses to be a probability measure,
and a'c = aq (for associativity of convolution).
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2.3 Definition

1. Anelement e € S is called a left (right) identity element of S if d.xd, = J,
( 0y %0, = 0,) for every x € S. An element e is called a two sided identity
of S or simply an identity of S, if it is both a left and right identity. The
identity, when it exists, is unique.

2. An element z € S is called a left(right) zero element of S if §, x 0, = 0,
(0, %0, = 0,) for all z € S. If z is both left and right zero, we simply call
it the zero of S. A semihypergroup has at most one zero.

3. An element a € S is called an idempotent element of S if §, * d, = d,

Remark

The only idempotent element in a hypergroup is the identity element. For
if there is an idempotent element, its point mass would be an idempotent
measure and its support a singleton.

2.4 Definition
Let (S, *) be a semihypergroup.

1. If x € S and A, B are subsets of S we define

Az = U Supp(6y * 0z)

yeA

TA = U Supp (6, * 6y)

yeA

Ax B = U Supp (6 * 6y)

reA,yeB

Remark
A closed nonempty subset F' of S can be verified to be a subsemihypergroup
of S'ifand only if F'x FF C F

2.5 Proposition [Je75]
Let S be a semihypergroup and A, B,C' C S. Then

i. AxBC AxB .

ii. If A and B are compact then A x B is compact
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iii. Convolution is a continuous operation on C(.S)

iv. If A and B are compact and U is an open set containing A x B, then there
exist open sets V and W such that ACV, BCWand VW CcU

v. (AxB)«C =Ax(Bx(C)

C(S) with * so defined is a topological semigroup.
Remark [JeT75]

1. If {3} is a net in a hypergroup S, then the expression x3 — co means
that 3 € S — A eventually for each compact subset A of S.

2. If {Ag} is a net in C(S), then the expression Az — {oo} means that
Ap C S — A eventually for each compact subset A of S.

Note that Ag — oo and Ag — {oo} have different meanings.
The next proposition is stated without proof in [Je75]. For the sake com-
pletion, we give here a detailed proof.

2.6 Proposition

If H is a hypergroup and A, B, C' are subsets of H, then
i. ee A~ xBifand only if ANB # (); also e € Ax B~ if and only if ANB # ()
ii. (A*B)NC # 0 if and only if BN(A™*C') # 0 if and only if AN(C«B~) # ()
iii. If B is open, then A * B is open and Ax B = Ax B
iv. If A is compact and B is closed, then A x B is closed.

Proof

i. Suppose e € A~ % B. Then there exists x € A and y € B such that
e € Supp(d,- *d,) which implies x = y ( from SHg), so AN B # (). Now
if AN B # () then there exists © € AN B, and so e € Supp(d,- * d,).
Therefore, e € A~ x B

ii. (A*B)NC # (ifandonlyife € (AxB) *C ifand only if e € B~ (A~ ()
if and only if BN(A™*C') # @ if and only if e € Bx(C~xA) = (BxC7)*A
if and only if AN (C'xB~) #0
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iii. Suppose B is open. Let a € A | then = € {a} * B if and only if BN {a™} %

{z} # 0 ( from ii above). Since the map x — {a~} * {z} is continuous
( from SHy), the set Cp(H) is an open set in the Michael topology which
contains {a~} * {x} ( because BN{a"}*{z} # 0 and {a” } x{z} C H)
so its inverse image by the continuous function x —— {a™} *{z} is open,
which is, {y € H : {a"} * {y} N B # 0} = {a} * B. Thus {a} * B is an
open subset of H.

iv. Let (z,) be a sequence of elements of A x B converging to an element

2.7

2.8

x € S. Then there are sequences (a,) C A and (b,) C B such that
z, € {a,} * {b,} for each n. This is equivalent to b, € {a,} * {x,}
for each n (from (ii) above see also the remark (i) below). Since A
is compact, the sequence (a,) has a convergent subsequence say, (ay)
such that b, € {a; } * {x,} for each k. Furthermore (a;) and (zj) are
relatively compact ( as convergent sequences). So (bx) has a convergent
subsequence converging to a point b € B (since B is closed). Now from
SHyif a, — a € Athen {a; }#{zx} — {a }x{z}. Sobe {a }x{x}(
since by, € {a; }*{x} for all k). And again from (ii) above b € {a™ } *{z}
if and only if x € {a} * {b} C A* B. Thus A x B is closed.

Definition

A homomorphism of semihypergroups is defined via measure al-
gebra as follows: Let S and T be two semihypergroups. A mapping ¢
from S into T is called a semihypergroup homomorphism if and only if
¢ (My(S), %) — (My(T),e) is a semigroup homomorphism. That is,
d(p*xv) = d(u) e ¢p(v), Yu,v € M;(S), such that ¢(d,) is a point mass
in M,(T), Vo € S. If in addition ¢ is one to one and onto, it is referred
to as an isomorphism.

Product of semihypergroups. Let (S,%), (7, ) be two semihyper-
groups. The set S x T" with the product topology is a locally compact
space, and this can be made into a semihypergroup by defining

5(30,}/) © 5(s,t) =0y % 05 @ 5y °;

where (2,9), (s,t) € SxT and 6, ) 00(sy) is a product measure on S xT'.

Definition

Let S be a locally compact semihypergroup. The center of S is defined by
Z(S) ={x € S: Supp(d, * d,) is a singleton, for all y € S}
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2.9 Remark

For a hypergroup H the center is the maximum subgroup defined by Jewett
as Z(H) = {x € H : 0, * 0,— = - * 0, = .}. To see this, suppose that
Op % 0p— = 0p— % 0, = 0. and let y € H be arbitrarily chosen, and assume
that a,b € Supp(d, * d,); then since a € {x} * {y}, from [Je75](lemma 4.1B)
{z} * {y} N {a} # 0 which is equivalent to y € {x~} * {a}; similarly, y €
{x~} % {b} which means that {z~} x{a} N{x~} x{b} # 0 and this is equivalent
to {a} N{z} *x {x~} x {b} # () and since O, * 6,- = 0,— * 0, = . it follows that
{a} N {b} # 0 that is @ = b so that Supp(d, * d,) is a singleton, for all y € H.

Conversely suppose an element x is such that Supp(é,*d,) is a singleton, for
all y € H then Supp(d, * J,-)is a singleton and since by definition it contains
e we have §, * 0,— = 0,.

2.10 Example

i. Every semigroup is a semihypergroup and its center is the entire semigroup.
Also every group is a hypergroup which is the maximum subgroup( equiv-
alently the center) of itself.

ii. If H is a hypergroup, then e € H so the center of a hypergroup is nonempty:.
When Z(H) = {e}, the center is said to be trivial.

iii. Let S = {x,y} with convolution defined by

5y # 0y =0,
1. 3
b, 0, = 70: + 79,
1.1
b2 %8, = 8, % 8y = 50+ 55,

from the definition of two-element semihypergroups above Example 2.2,
S is a semihypergroup with a void center.

iv. Consider the segment [0, 1] with convolution defined by

1 1
51” 55 =0 r—s 01— —r—s
* 50lr=s| T 501-[1-r—s|

for all r,s € [0,1] Zeuner [Ze89] proved that ([0,1],%*) is a hypergroup
with a nontrivial center {0, 1}.
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2.11 Definition

1. A subsemihypergroup L (R) of a semihypergroup S is called a left (right)
ideal of Sif S« L C L (R*S C R); I is called an ideal of S if and only
if it is both a right and left ideal.

2. S is called left (right) simple if it contains no proper left (right) ideal.
S is said to be simple if it contains no proper ideal. A left (right) ideal
is said to be a principal left (right) ideal if it is of the form {a} U Sa (
{a} UaS)for some a € S (Recall that we write Sa to mean S * {a}).

3. Ya,b € S we say that the equation xa = b is solvable if and only if there
exists o € S such that b € Supp(d., * da)

2.12 Proposition

A semihypergroup S is left (right) simple if and only if Va,b € S the equation
xa =b (ax = b) is solvable.

Proof:

First, assume S is left simple. Then Va € S, Sa is a left ideal of S and
since S is left simple S = Sa and it follows that Vb € S, dxy € S such that
b € Supp(d, *0,) so za = b is solvable. Now assume that za = b is solvable for
all a,b € S, and L is a left ideal of S. Then given a € L, Sa C L. Also given
b € S the equation xa = b is solvable so dxy € S such that b € Supp(d., * 0,)
which is a subset of Sa, so S C Sa C L therefore S = L and so S is left simple.
We can also make a similar argument for right ideals.

2.13 Remark

i. Every left (right) ideal contains a left (right) ideal of the form Sa (aS) for
some a € S. For if L is a left ideal then for any a € L, Sa is a left ideal
contained in L. A similar statement holds for right ideals.

ii. A semihypergroup can be left and right simple without being a hypergroup.
An example is the following semihypergroup. Let S = {z,y} with con-
volution defined by

Oy * 0y = 0y

1. 3
b, %0, = 70: + 70,

1
=4,

1
G2 % 0, = 8, % 6, = S0, + 5
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From example 2.10(iii) S so defined is a semihypergroup with no proper
ideal but is not a hypergroup since it has no identity element.

2.14 Definition

1. An idempotent element in a semihypergroup S is said to be a primi-
tive idempotent element if it is in the center of the semihypergroup
and is minimal with respect to the partial order < on E(S) (the set of
idempotent elements of S), defined by

e< f&=0c*%0f =0p %0, =0

2. A completely simple semihypergroup is a simple semihypergroup
which contains a primitive idempotent element.

2.15 Remark

The order defined on E(S) uses convolution of point masses to compare idem-
potent elements of S. Note that if a is a primitive idempotent of S, 9, is not
necessarily a primitive idempotent in M;(S), according to the definition of
primitive idempotents in the semigroup (with respect to convolution)M; (.S).

With this definition every completely simple semigroup is a completely sim-
ple semihypergroup. In the semigroup theory completely simple semigroups
are characterized by a product called the Rees Product. We introduce here a
similar product for semihypergroups which we call a Rees Convolution Prod-
uct.

3 Rees Convolution Product

Let (H,*) be a hypergroup with center Z and X,Y" be two nonempty sets. Let
¢:Y x X — Z be amapping . Let us define a convolution on point masses
of X x H xY by

Oz hy) ® Otar ) = O @ (O ¥ Og(y,a) ¥ Opr) @ Oy

This product will be referred to as the Rees convolution product.

3.1 Proposition

If H is a hypergroup, and X and Y are two nonempty locally compact Haus-
dorff spaces, then the space X x H x Y is a semihypergroup with the Rees
convolution product, as defined above.
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Proof:
Let K =X x HxY and (z, h,y), (2',h',y') be two points in K. Then

[5(x7hay) b 5(30/7’1/77/)] (K) =

[(5x ® (5h * 5<Z>(y7:v’) * 5h’) X 5y’](K) =

02(X)[0n * O,y * O (H)]0y (V) =1

Since p, * 0g(y,2r) is a probability measure with compact support in H,
On*0g(y,e')*0n is a probability measure with compact support in H and it follows
that 0, @ (O * 0p(y,27) * 05,) ® 0y is a probability measure with compact support
in K. Next we have to show that e is associative. Let (x,h,y), (z',/,y’) and
(2", 1" y") be three arbitrary elements of K then

[6(z,h,y) [ ] 5($’,h’,y’)] [ ] 6(z”,h”,y”) =

[51 ® (6h k 5¢)(y,x/) * 5h’) ® 5y/] [ ] 6(33",h",y”) =

O @ ((On * Op(y,ar) * Onr) * Og(yr ) * Opr) @ Oy
And
5(I7h7y) ® [5(96’7’1’,1/’) ¢ 5($”,h”7y”)] = 5(I7hvy) ¢ [51/ ® Opr * 5¢>(y’,$”) * Opr @ 5@’” =
0z @ (On * Og(y,ar) * (On * Oy wrr) * Opr)) @ Oy
now we can easily see that
[5(I7h7y) ¢ 5($’,h’,y’)] i 6(76”7’1”71/”) = 6(I7h7y) ¢ [5(96’7’1’,1/’) * 5(96”,h”7y”)]

This shows that (K, e) is a semihypergroup.

Up to this point we have considered ¢ : Y x X — H and have not used
the fact that ¢ maps Y x X into Z, the center of H. We will require this in
what follows.

3.2 Proposition

An element (z,h,y) € K is an idempotent element if and only if A = ¢(y, z)~.
Furthermore, idempotent elements of K are in its center.
Proof:

Let (z, h,y) be an idempotent element of K. Then, we have :

6(z,h,y) ° 5(x,h,y) =0, ® 0p, * (5¢(y’m) x 05 ® 5y =0, I, ® 5y
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That is,
5h * 5¢>(y,x) * 6h = 5h

Multiplying both sides of the equality above by d4(, ) on the left, we have

(Op(y.2) * On) * (Op(y,2) * On) = Op(y.z) * On

This shows that (dg(y.) * 05) is an idempotent element of the hypergroup H
and so is the point mass at the identity of H, therefore, h = ¢(y, z)".

We note here that if we did not assume that ¢(y,x) was in the center of
H this result will still hold as (0g(yq) * 0n) Will be considered an idempotent
probability measure and so its support is a subhypergroup (JE 10.2E) of H
containing the identity so that h = ¢(y,z)~, by axiom SHg in the definition
of a hypergroup.

Next we need to show that Vo € X and y € Y, (x,¢(y,x)",y) is an
idempotent element of K for

O, d(y2) =) ® O(w,b(y,2)~ ) =
0z @ Og(y,e)- * Op(y,z) * Op(y,)- @ Oy =
0z @ Og(y,x)~ @ Oy = O(z,p(y.x)~ )

since d4(y2)- is in the center of H (this is the first time we have used the center
property of Z), let (z,¢(y,z) ,y) and (2/,h',y’) be two arbitrary elements of
K. Then,

O, b(y,0)=y) ® Ot b ) =
Oz ® Op(y,u)~ * Op(yar) * O @ Oy

Notice that by the center property of Z, d4(yz)~ * Og(y,2’) * O is a point mass.
Thus, (x,¢(y,x)~,y) is in the center of K.

3.3 Theorem

If H is a hypergroup, and X and Y are two nonempty locally compact Haus-
dorff spaces, then the semihypergroup K = X x H x Y with the Rees convo-
lution product, as defined above, is completely simple.

Proof:

First, we need to show that K is simple. Let I be an ideal of K and let
(x,h,y) € K be a point in K. We will show that (z,h,y) € I which shows
that K = I. To do this, let (x1,hy,y1) be any point of I. Then the support
of the probability measure 0, j.,) ® (2, h1,5:1) ® O(z,hy) 15 & subset of I. We will
prove that the point (x,h,y) € I.
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By definition of the convolution product on K
6(x7h7y) i 5(117h17y1) o 5(mvhvy) =

Oz @ On * Op(yar) * (Ony * Og(yy.2) * On) © 0,
And observe that

SUPP(S(e,h,y) @ (21,11 1) 0 (@ hyy)) = 1T} X SUPP(On*Ogp(yy 1) * (Ony ¥ 0y ,2) 0 ) ) X {y }

Thus whenever (z, h,y) € K {x} X< Supp(0n*0s(y,z,)* (On, ¥0p(y, o) *0n) X {y} C I
Since Op(y21) * (O, * Op(y,,0)) = Ok for some k € H,we have (z,k™,y) € {z} x
Supp(Or— * Op(yw1) * (Ony * Op(yr2)) * Ok~ ) X {y} C I for some k € H. Now if
O~ *0p(y,0) = Ou, then (z,u”,y) € K and (z,e,y) € {(z, k7, y)}o{(z,u",y)} C
I. Now for any h € H, (z,{¢(y,z)"} x{h},y) € K and we have

(z,e,y) o (2, {0y, )"} x {h},y) = (2, h,y) € .

This shows that I = K, and thus K is simple.
Next we need to show that K contains a primitive idempotent element.

Now suppose (z, ¢(y, )", y) and (2, ¢(y', 2") ", y') are two idempotent elements
of K such that (z,6(y.2)-,y) < 2/, 6(s/, ')~ 4/) then

O, b(u,2)=y) ® O by )= ") = O(z.b(2)— )

which is equivalent to

Oz @ Og(yz)~ * Op(y,ar) * Oy a)~ @ 0y = 0p @ Og(yz)- @ Iy

so that ¢ =y
And

O (' a")~ ') ® O(@.b(ya)=w) = O(a.b(ya)~ )

which is equivalent to

0z ® 5¢(y’7w’)* * 6¢(y/7w) * 6¢>(y,x)* ® 6y =0, ® 5<Z>(y7:v)’ ® 6y

so that ' = z. Combining these two results we see that (z,¢(y,x)",y) =
(@, (v, 2")",y) That is (', ¢(y/',2')”,y’) is a minimal idempotent element.
And similarly we can show that (z,¢(y,z)”,y) is a minimal idempotent ele-
ment. So all idempotent elements of K are primitives, so K is a completely
simple semihypergroup.
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3.4 Theorem

Let (H,*) be a hypergroup and s,t two elements. Then {s} x H x {t}
with the Rees convolution product is a cell hypergroup with identity element
(s,(t,s),t) and the involution defined by (s, h,t)¥ = (s, /', t) if and only if

6]7/ = 5¢>(t,s)_ * 5h_ % 6¢(t,s)_

Proof:
First we need to show that (s, ¢(t,s)7,t) is the identity of {s} x H x {t}
Let h € H then

O(s,0(t,5)~ 1) ® O(s ) =
05 @ Oyt~ * O(t,s) * On ® 6y =
58 ® 6h ® 6t

And since g6~ * dg(t,5) is the identity in H this equality holds.
Next we need to show that for all h € H, (s, h,t)¥" = (s,h,t), and
(5,0(t,8)7,t) € Supp(d(sp) ® Osprey) if and only if (s, h,t)¥ = (s, 1).
Suppose (s, h,t)¥ = (s, 1, t) where

6h’ = 5¢>(t,s)— * (5h— * 5(;5(75,3)_
Suppose also that (s, h',t)Y = (s, h",t) where
On = Og(t,s)~ * O * Oot,5)

then
6h’7 == 6(;5(75,3) * 6h * 6(;5(75,3)

So that

5h” = 5¢>(t,s)_ * 5¢(t75) * 5h * 5¢(t75) * 5¢(t73)— = 6h

So h = h" and therefore (s, h,t)V" = (s, h,t)

Next suppose (s, ¢(t,s)”,t) € Supp(d(s,n,i) ® O(s,n1), that is ¢(t,s)~ € {h} *
{é(t,s)} = {h'} which is equivalent to h' € {p(t,s)"} x {h~} * {4(t,s)"} but
{o(t,s)" }x{h™} *{o(t,s)"} is a singleton as ¢(t, s)~ is in the center of H so
Onr = Og(t,5)~ * On— * Og(1,)~ which shows that (s, h,t)" = (s, I/, 1).

Now suppose (s, h,t)" = (s,h/,t) then 0p = dg(1,s)- * Op- * Op(t,s)- Which
implies that h' € ¢(t,s)” x {h™} x {&(t,s)” } which is equivalent to ¢(t,s)” €
{h} x{¢(t,s)} * {h'} which shows that (s, d(t,s)",t) € {s} x {h} x{o(t,s)} *
{W'} x {t} That is (s, ¢(t,5)7,t) € Supp(S(snr) ® S(snr 1))

Next we need to show that
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(O(s,nt) ® Os.g)) " = Os,g.t)v ® O(s ity

Note that by the definition of involution on the {s} x H x {t}, if p € M(H)
then
(0s ® L ® ;)" = 05 ® Og(r,5)- * 1 * Op(t,5)~ ® O

Now
(6(s,h,t) [ ] 5(3797,5))\/ = (55 & 6h * 6¢(t,s) * 6g & 6t)v =

Os @ Og(t,5)~ * (On * Og(t,s) * 0g) Og(t,5)- @ O =
0s @ Og(1,5)~ * 0y * Og(1,.6)= * Opy * Og(r,6)- @ Oy =
05 @ Og(t,8) * Oy * Oo(t,5)= * O(5) * Oo(t,8)~ * Of, * Ot~ ® 0 =
05 ® Ogr * Og(t,5) * Oy @ Op =
O(s.9.6)" ® O(s.ht)v
Which completes the proof.

4 Other sets products for topological semihy-
pergroups

4.1 Definition

Let S be a locally compact semihypergroup and B be a Borel subset of S.
Then
Bz~ ={y €S : Supp(d,*d,) N B #0}

Similarly,
" B={yeS: Supp(d, xd,) N B+ 0}

4.2 Theorem

Let B be a Borel subset of a locally compact second countable semihypergroup
S. Then for any x € S, the sets Bz~ and x~ B are also Borel subsets of S.

Proof We only prove that Bz~ is Borel whenever B is Borel, the other
side follows in a similar way. To this end, first notice that if B is open, then
we have:

Supp(dy * 6,) N B # 0

implies that d, * 0,(B) > 0. Since the map (z,y) — 6, * J, is a continuous
map (with respect to weak topology in M;(.S)) by axiom S Hs, there is an open
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subset N(y) containing y such that for each y' € N(y), 6,/ * d,(B) > 0. This
means that
Supp(dy * ;) N B # 0

for each ' € N(y) so that N(y) C Bx~; consequently, Bz~ is open whenever
B is open. Let us now suppose that B is a closed subset of S. Let x € S and
y € (Bx™)¢ Then we have:

Supp(dy * 6,) N B =10

so that Supp(d, * 0, ), which is compact, is contained in the open set B¢. Since
by SH,, the map (z,y) — d, * J, is continuous with respect to the product
topology in the domain and the Michael topology for the compact subsets in
the range, the set

{y" - Supp(éy *d,) C B}

is an open set containing y; in other words, (Bz~)¢ is open, and this means
that Bx~ is closed whenever B is closed.

Now let us define the class F by

F ={B: Bx~ is Borel whenever B is Borel and = € S}. Then F contains
all open and all closed subsets of S. Furthermore, if V' is an open set and W is
a closed set, then since S is locally compact Hausdorff second countable, there
is a sequence {F, } of closed sets such that V = J ~, F,.

[(VNW)a™]® ={y : Supp(d, * o,) N (VNW) =0} =

{y : Supp(d, * 6,) C W} U{y : Supp(dy * 6,) "W C V) =

{y : Supp(6, * 6,) C W} U[ﬂ{y c Supp(6y * 0,) "W C Fi}] =

n=1

{y : Supp(5,%6.) € W I {{y : Supp(8,%6,) C FLUW}—{y : Supp(6,%0,) C W]
n=1
Now the mapping v : S x S — C(S5) : (y, x) — Supp(d, * 6,) is continuous,
and since the sets Cs(W°), Cs(FSUW®) are open sets (in the Michael topology,
7 H(Cs(We)) = {y : Supp(d, x 6;) € We} and v~ H(Cs(Fyy UW?)) = {y :
Supp(dy * 0,) C FSU W€} are open, so are Borel sets. It follows that [(V N
W)x~]¢ is a Borel set. Therefore, (V N W)z~ is a Borel set.
This means that the algebra A (finite intersections and complements) gen-
erated by all open subsets of S is contained in F. It is also clear that

oo

(JBwae = J(Buz)

n=1
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whenever B, € F,n > 1, and x € S. This means that the monotone class
generated by A, which is a g-algebra and which contains all Borel subsets of
S, is contained in F. Which completes the proof.

4.3 Proposition

Let S be a locally compact semihypergroup, B C S and x € S. Then
B C (Bx)x~

Proof

(Bx)x~ ={y € S : Supp(d,*0,)NBx # 0} Since Bx = J,. 5 Supp(dp*9,),
If y € B, then Supp(d, = §,) C Bz; therefore, Supp(d, * d,) N Bx # 0 so
y € (Bx)z~, which implies B C (Bx)z~

4.4 Proposition

Let S be a locally compact semihypergroup and C' be a compact subset of S.
It BCS,
(B—Czx)x~ C B~ - C

Proof:

Ify € (B—Cx)x~ then Supp(d,+0,)N(B—Cxz) # ) = Supp(d,*0,)NB # ()
and Supp(d, *0,) N (Cx)® # 0 = y € Bx~ and Supp(d, *d,) is not entirely in
Cx that is y ¢ C (for if y € C then Supp(d, *0,) C Cx) =y € Bz~ —C =
(B—Czx)z~ C (Bx~ = ().

The next result was proved for hypergroups in [BH95|. The same result
holds for semihypergroups with the same proof which we reproduce here.

4.5 Proposition

Let S be a locally compact space and p € M;(S). Then Vx € S and compact
ccs
0 % p(C) < p(2x=C)

Proof:
By definition,

v~ C={y€S: Supp(d,*,)NC #0}

So y € x~C if and only if Supp(d, *d,) N C # 0. Thus,

0z * pu(C) = /Séx * 0y (C)p(dy) = /—céx % 0y (Cp(dy) < p(xC)
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since §, * 9,(C) <1

Remark
As pointed out in [BH95] we cannot expect equality here even when S is
compact.
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