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1. INTRODUCTION

Suppose T be a bounded linear operator on a complex Hilbert space H with
inner product ( , ) and norm || ||. Let W(T), o(T") denote respectively the
numerical range, spectrum of T and w(T), r,(T) denote respectively the nu-
merical radius, spectral radius of T i.e.,

W(T) = {(Tz,z): ||z|| =1} and w(T) = sup{| A |: A e W(T)}.

It is easy to see that w(T") is a norm on B(H), the Banach algebra of all
bounded linear operators on H. Also w(7T') is equivalent to the usual operator
norm ||7’|| on B(H) as

P < wry<imy. o)

Kittaneh [3] substantially improved on the second inequality to prove that if
T is a bounded linear operator on a complex Hilbert space H then

1 1 1 ..
w(T) < S| + §HT2H2 SO

Clearly 3|T||+3 |T2||z < ||T so that inequality (ii) is sharper than the second
inequality of (i). The significant part in inequality (ii) is the contribution
made by the second factor involving ||T?||. Some easy examples mentioned
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below illustrate the fact that one can not compare w(T) with ||T2||z. If T

is a 2 X 2 nilpotent matrix with index 2 then one may get w(T) = 3 and

|72|| = 0 whereas if T is a 3 X 3 nilpotent matrix with index 3 then one may
get w(T') = % and ||T?| = 1. U.Haagerup and P.De La Harpe [2] estimated
the numerical radius of a nilpotent operator on a Hilbert space and proved
that

w(T) < || T[] cos i R where T" =0 for some n > 2,

n+
the equality holds when T is the n-dimensional shift on the space C".
Let T = U | T | be the polar decomposition of T, then the Aluthge [1]
transform T of T is defined as T =| T' |2 U | T' |2. Using the inequality (ii)
of Kittaneh, T.Yamazaki [5] obtained an inequality concerning operator norm
|7||, numerical radius w(T') and Aluthge transform T of T as follows

w(T) < SIT] + gu(@).

Letting Ty =T and T,, = T, for natural number n, Yamazaki also proved
that

00 1 -
w(0) <3 T
n=1
Recently in [4] we proved the following theorem using Archimedean Property

Theorem 1. Let T be a bounded linear operator on a complex Hilbert space
H. Then either there exists some ng € N such that

1 1 1 1 ng—1, —1 _
() W) < I+ T2+ T2 e
or for alln € N

1 1 1 1 n—1,_1
(2) ST+ T2 4 T 7 < (D).

2. MAIN RESULTS

Using the Archimedean property we here first prove two operator inequalities
either of which has to be true.

Theorem 2.1. Let T be a bounded linear operator on a complex Hilbert space
H. Then either there exists some ny € N such that

1

1 1 1 nq—1
(3) ITI < w(T) + T[> + .+ 5 1T |12

or for alln € N

]_ 1 1 n—1 1
(4) w(T)+ T + o+ Tl < |7
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Proof. We know that ”%” < w(T) < ||T||. We first note that if w(T) = ||T||
then it satisfies the inequality (3).
If ||| > w(T') then by Archimedean property there exists n € N such that

1 1
(7))~ w(T) > 57?1
So
1 o
IT) > w(T) + -T2

Let S={ne N:|T|>w(T)+ ﬁHTQH%} Then S # ¢ and so S has a least
element k; € N. If k; 7é 1 then
1

w(T)+ 22(k; — 1)

ST < Il < w(T) + 17212

22k
or if k1 = 1 then we get

1 1
17N > w(T) + 1771,

In both cases i.e., for k; > 1 and k; = 1 we have ||T|| > w(T) +
Again by Archimedean property there exists n € N such that

22k1 HTQH 2.

2, L
(T = w(T) = S 1T > T ).
As before we can find a least element ky € N such that if ky # 1 then
2 1 1 1 2 1
T |2 T2 < ||T|| < w(T) + —||T||7 + ———||T%||2
W)+ 17208 + e T2 < T < () + e T2 + e 7

or if ks = 1 then

2, L
|| > w(T) + 55— ||IT?|1= + 3HT2 22

22k
Proceeding in this way we get a sequence of natural numbers {k,} such that
either of the following two cases arise

Case 1. k, 7é 1 for some n. In this case

T) + 2|3 + .. T2 |z (|77 < ||T
w(T) + QQk 12|12 + +2"kn_1” I +2n+1knl| I 17|
and
n—1 1 1 n 1
T| < T2||3 A E s S| 17 i [F
1T < w(T)+ QQk 1722 + . +2nkn_1H |2 +2n+1(kn_1)H I

This is a new operator inequality involving both lower and upper bounds of
numerical radius.
Case 2. k, =1Vn € N. In this case for alln € N

1 1 1 n—1 1
w(T) + T2+ o+ T 7 < 7))
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This is a new operator inequality involving upper bound of the numerical
radius.
If Case 1 holds we get the existence of ny € N such that

1 1 n 1
ITH < w(T) + T2+ T2 5
and if Case 2 holds then we get Vn € N
1 1 1 n—1, _1 _
w(T)+ T2 4o+ Tl < |7

This completes the proof.

Remark 2.2. In the proof of theorem if k; = 2 then

1 1 1 1
W)+ 521 < T < () + 720 < w(T) + 2172

so that
1
2521 < T = w(T) < gl
If kl = ]_,kg = 2 then
1 1 ]_ 2, 1L 2
W) + I + T2 < T < w(@) + T2+ 72

so that
2T < T~ w(T) < 27
16 -8 ’

Remark 2.3. From Theorem 1 and Theorem 2.1 we conclude that for any
bounded linear operator T

(*) either the inequality (1) or (2) holds and

(**) either the inequality (3) or (4) holds.

We now prove the following theorem

Theorem 2.4. Suppose T be a bounded linear operator on a complex Hilbert
space H. Then one of the following four alternatives is true

|T|| < e|T?|M?, for some constant c € [1,2)

3 3 1
w(T) < ST, w(T) > T, ro(T) < 5|IT],
Proof. We have from Theorem 1, either there exists ng € N such that
(1) w(T) < 3TN+ 2Tz + . + 55|70 |70
or Vn € N (2) LT+ &7z + ..+ =T 7T < w(T).
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We also have from Theorem 2.1, either there exists n; € N such that

1 ny— ;1
(3) IT|| < w(T) + 5| T?2 + ...+ || T2 |27
or¥n € N (4) w(T) + |22 + ...+ &7 |7 < |T].

Now we investigate the following four options.
Case 1. When (1) and (3) holds.
Without loss of generality we assume that ng < n;. Then we get

1 1 1 ]_ na—1 1
w() + T < ST+ w(T) +2[—2HT2H2 T+ %HW O |21

+

1 n 1 ny—1, —L _
ot T2 1750 4+ T
1

271072

—1 1
17 [0

=T < T2 + —HT?H% +ot

e 4

2no 2n1—1
=T < [1- W22

2n171) + (1 B 2n071

Thus we get || T]] < [(1 — sm=r) + (1 — NIT?(|? where ny,ng € N and

ony 1
ni1 > 2,n9 > 2. Hence we conclude

|7 < ¢||T?|M? for some constant ¢ € [1,2).

If ny = ng = 2 then ||T] < ||T2||1/2 and so ||T] = HTQHI/2 as we know
T2 < || T

Case 2. When (1) and (4) holds.

As (4) holds for all n € N so it holds for ng and adding (1) and (4) we get

e — 1
w(T) +w(T) + T2 + ... + g | T |70
1 ng— L
< SITI+ EIT2z + ..+ g5 1T |7 +||T|
= w( ) 7

Case 3. When (2) and (3) holds.
As (2) holds for all n € N so it holds for n; and adding (2) and (3) we get

1 n—1
TN+ T2 + .. 4 & T + |7
<w(T) +w(T) + Q%HT2H5 +..+ QTlHTWﬂH?"“1
= w(T) > 2||T.

Case 4. When (2) and (4) holds.
Adding (2) and (4) we get for alln € N

1 n—1, 1
ST+ w(T) + 2Tz + .+ &I T [ T] < w(T) + |7
. 1
= I + .+ = IT T < 4T

271,0 1
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Thus
111
(1-— 2—n)|\T |7 < §HTH forall n € N.
Taking limit as n — oo we get 7,(T") < 5|/
This completes the proof.

Corollary 2.5. Let T be a bounded linear operator on H. Then one of the
following four inequalities holds.

IT|| < ||T%||"/2 + ¢|| T |22, for some c € [0,1)

1 3 3 1
or SITI| < w(T) < SIT| o SIT| < w(T) < |T| or 75(T) < 5|71

Proof. As in the last theorem we have from Case 1,

1 1 2, L ng—1, —%Lt _
ITI < T2+ G722 4 g T2

1 n _1 1 ny—1, —L _
JF%HT2 7 4L+ gmle 2 gt
=T < T2 +[1—( - T

2TL171 2TL071
where ny,ng € N and ny > 2,n9 > 2. Thus

IT|| < |T22 + || T |22, for some c € [0,1).

Remaining inequalities follow from the other three cases of the last theorem.
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