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Abstract

The purpose of this paper is to define and study the space m(M, A, ¢, p) (AL, q, i)
defined by an Orlicz function and infinite matrix, where A = (a;) is
an infinite matrix of complex numbers, u = (u;) is an arbitrary se-
quence such that u; # 0, ¢ = 1,2,3,---, and for any sequence x =
(x;), the difference sequence Az is given by Az = (Az;)2, = (z; —
zi+1)72, . We also study some inclusion relations involving the space
m(M, A, ¢,p)(Al,q, 1) and some other results.
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1 Introduction

Let w, [, and [,, denote the spaces of all, bounded, and p absolutely summable
sequences respectively. Also, ¢, denotes the set of all subsets of N, those do
not contain more than s elements. Further (¢,) will denote a nondecreasing
sequence of positive real numbers such that n¢,,; < (n+1)¢,, for all n € N.
The class of all sequences satisfying this property is denoted by .

The space m(¢) was defined and studied by Sargent [16] who studied some
of it’s properties and obtained it’s relationship with the space [,. Later on, it
was investigated by Rath [13], Rath and Tripathy [14], Tripathy and Sen [19],
Tripathy and Mahanta [18] and others.

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous,
nondecreasing, and convex with M (0) = 0, M(z) > 0 for z > 0 and M(z) —
00, as & — 00, ( see [7] ).
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If convexity of M is replaced by M(z+y) < M(z)+ M(y), then it is called
a modulus function, defined and studied by Nakano [11], Ruckle [15], Maddox
[9] and others.

An Orlicz function M is said to satisfy the Ay—condition for all values of
[, if there exist a constant K > 0 such that M(2]) < KM(l)(I > 0) ( see
Krasnoselskii and Rutickii [7] ).

An Orlicz function M can always be represented in the following integral

form M (x f q(t)dt, where ¢, known as the kernel of M, is right-differentiable

fort >0 q(()) = 0,q(t) > 0 for t > 0, ¢ is nondecreasing, and ¢(t) — oo as
t — o0.

Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to define
what is called an Orlicz sequence space :

8

Iy ={z = (z;) some p > 0}

k=1

which is a Banach space with the norm :

. = Ty
|2 |[a=inf{p >0:>  M( |
k=1

)< 1),

The space [,/ is closely related to the space [, which is an Orlicz space with
M(z) =271 <p< .

Different Orlicz sequence spaces were studied by several mathematicians as
Bhardwaj and Singh [3], Bilgen [4], Giingor et al [6], Tripathy and Mahanta
[18], Esi and Et [5], Parashar and Choudhary [12] and many others.

The following inequality will be used throughout the paper :

| a; + b; |P'< max(1,277Y)(| a;

pi + ’ bz Dpi’
where a; and b; are complex numbers and H = supp; < oo.

The sequence space m(¢) was introduced and studied by Sargent [16]. Later
on, it was investigated by Tripathy [17], Tripathy and Sen [19] and Malkowsky
and Mursaleen [10]. In 2003, Tripathy and Mahanta [18] defined and studied

the sequence space m(M, A, ¢).

Let A = (a;) be an infinite matrix of complex numbers. We write Az =
(Ai(x)) if Aj(x) = D7~ aipy converges for each i.
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Let p = (p;) be a bounded sequence of positive real numbers such that
0 < h=infp; < p; <supp; < co. Then Altun and Bilgen [1] introduced the
space

m(M,A,¢,p) ={x €w: sup iZ]\/[(%

s>1,0ep, Ps
Let r be a fixed positive integer and 0 < p < oo, then Colak and Et [2]
defined and discussed the sequence space

)Pi < 00, for some p > 0}.

1€0

1
m(¢,p)(A") ={zr €ew: sup —
SZI»UEWS ¢S

Z | ATz; [P< o0}

€0

Now, if u = (u;) is any sequence such that u; # 0 for each i, w(X) denotes
the space of all sequences with elements in X, where (X, ¢q) denotes a semi-
normed space, seminormed by ¢, and g is any real number such that u > 0,
then we define the following sequence spaces :

m(M, A, ¢,p)(AL, q, 1)

| Ai(AL) |

1
={rew: sup — Zi’“l\/[(q( )PP < oo, for some p > 0}.

52170'6905 S i€o p
where
0
AT = w;zy,
1
Auf = Ui — Ui+1Ti41,
2 . 1
A2z = A(Alz),
r _ r—1
so that

AZ.ZI? = AZZ.CI?Z = Z(—l)] (;) Uit Titj-
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2 Main Results

We prove the following theorems.

Theorem 2.1. The space m(M, A, ¢,p)(Al,q, 1) is linear space over the
complex field C.

Proof. Let z = (2;),y = (y;) € m(M, A, ¢,p)(A,q, ) and o, € C.
Then there exists some positive p; and p, such that :

ap Ly iy A48

s>locp, Ps = P1

)pi<oo

and

[A(Aw) |

)pi < 00
P2

1
o LS iyl
821,06903 S ico

Define p = max(2 | a | p1,2| 58| py). Then we have

1 _ | Aj(aAlx + BATY) |
sup  — 1" M(q u v Pi
s>Locp, Py ; (al P )
1 A; (AT A (BAT ,
C o L3 A8 £ AN |,
szlocps Vs i€o P
_ 1 _ | Ai(aAlz) |
< max(1,287Y) sup — PP M (q(— L )P
B ( )SZLUG% s Z o P1 )

€0
[A:(BAWY) |

P2

+ sup iZz”“]\/[(q( )P

821,06903 5 jco
< 0OQ.

Hence ax + By € m(M, A, ¢,p)(A7, q, 1)
Theorem 2.2. Let Az — 00, as x — oo. Then the space m(M, A, ¢, p)(AL, q, 1)
is a linear topological space paranormed by

g(z) = {p™ : | sup izi—uM(q(M

s>1,0€p, Qbs ico P

)pi]l/H < 17145 — 1,2,37...}‘

Proof. Clearly g(z) = g(—z). Since M(0) = 0, we see that Az = 0 for
x = 0, therefore g(z) = 0.

Let ¢ = (x;), vy = (y;) € m(M, A, ¢,p)(Al q, ). Then there exists some
p1 > 0 and p, > 0 such that :
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1 ) | Ai(ATx) |,
sup — TP M(g(——————)P <1
521706903 S ZGZO' ( ( p )
and
I | Ai(A%Y) |,
sup — 1TTHFM (g ————2= )P < 1.
le,oEgos s ieza (q( P ) N
Let p = p; + p,. Then we have
1 _ | Ai(AL(x +9)) |,
sup — 1" M(q v b
s>l,ocep, Vs Z ( ( 1Y )

1€0

| Ai(Ay) |

PL_yh sup iZ:Z"“M(CJ( )P

<

P11 P2 s>loep, Ps o P1
1 A (AT .
P2 )h sup _szuM(qU ( uy) |)pz'
P11+ P27 s>10e0, P P2

€0

Hence, we get that g(z +y) < g(z) + g(y).
Finally, for A € C, without loss of generality let A # 0, then the continuity
of the scalar multiplication follows from the following inequality :

P 1 A;(ANAT
go0a) = (%[ s LM g <y g 05
521706903 ¢S iEO‘ p
Py 1 A;(AAT
= {| A | pll—llC : [ sup  — ZZ_HM(q(M)pZ]I/H S 17k = 1)273) e
SZI»UEWS S pl

€0

where p =| A | p;.
Hence, we get that g(Ax) < max(1,| A |) g(z).

if and only if sup,., z—% < 00.
Proof. Let z = (z;) € m(M, A, ¢",p)(Al,q,p) and T = sup,~, 2—% Then

we can write :

1 .
sup  — Z iTHFM(q(———2=

s>lo€p, Py T2 1Y
¢y 1 _ | Ai(ALz) |\,
< sup— sup — TP M (g(————— )P
1 @2 s>10€p, izez(, ol p )
1 - | Ai(Arz) |,
= T sup — 1" M(q v Pi,
s>1,0€p, ; ZEZU (ol p )

}
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Therefore x € m(M, A, $*,p) (AT, q, ).
COHV@I‘SGIy, let m(M7 A7 ¢17p)(A27 q, IU/) - m<M7 A7 ¢27p) (AZ7 4, :u) and x €
m(M, A, ¢*,p) (AT, ¢, i1). Then there exists p > 0 such that

1 A (AT
sup  — Z/L'_HM((](M)I% < 0.
s2loep, ¢s ico p

1
Suppose that sup,s; % = o00. Then there exists a sequence of positive

: s, :
natural numbers (s;) such that lim;_, 52 = 00. Hence we can write
5

| Ai(AL) | o

1
sup  — Z i*M(q(

s>l,o0€p, Pg ico 1Y
1 — | A(AT) |
> sup — Yy ¢ PM(q(———L)P = 0.
s>1l,0€p, ; ieza ( ( P )

Therefore @ ¢ m(M, A, ¢*,p)(A”, g, 1r) which is a contradiction. Hence
SUPg>1 i_i < 0.

Proposition 2.4. Let M be an Orlicz function which satisfies the
Ay—condition. Then m(M, A, ¢',p)(A}, ¢, 1) = m(M, A, ¢*,p)(AL, ¢, )

1 2
if and only if sup,s, % < 00 and supgs4 o < 0.

Theorem 2.5. Let M and M; be Orlicz functions which satisfies the
Ag—condition. Then m(M, A, ¢, p)(Al, q, 1) € m(M o My, A, ¢,p) (AL, q, 1)

Proof. Let z € m(M, A, ¢,p)(Al q, 1) and € > 0 be given and choose &
with 0 < § < 1 such that M(t) < e for 0 <t <. write

| | Ai(Ara) |
sup — » i "M(M(¢(—————)))""
Ny ZQ; (M(g(—=))
| AN [
= sup — TTFM (M, (g(————===)))*
g S )
| A(A |
s o S E yy,

s>l,ocp, Vs 9

where the summation ), is over Ml(q(mz'(#pzx)')) < § and the summation

>, is over Ml(q(w» > 0.
Since M is continuous, we have
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For Ml(q(%pzx)')) > 0, we use the fact that Ml(q(%p“)')) < My (q(H2iBuzllyy5-1

sup i Z f“M(Ml(q(M

s>loep, Ps 1 P

)P

max{1, M(1)?} sup Zz H M (q ‘A(A ?) |

s>1 aegos P

| Ai(AL) |

IN

IN

max{1, M(1)#} sup iZ:i_”]\/[l(Q(

s>l,ocp, Vs ico

p

1+M1(q(|14¢(§21)\))571'
Since M satisfies the As—condition, then there exists L > 1 such that

MM (g A E )

A
<
©
+
|
<
o
=

A
|

h
<
©
=

N
=
L

Now, we see that

IN

IN

Hence

sup 1 ZiiuM(Ml(qd Ai(ALz) |

5217‘76903 S 2 p

max{1, (LM (2)6 "} sup izfuMl(q(M

s>1,0€p, 2 P

)P

max{l, (LM(Q) H} sup ZZ HMI | A (A l‘) |>)pz

s>106g0g s ico

<
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1 —
sup —Zz M (M (g(
SELO’EQOS s ico
1§ | Ai(AL) |
< max{l, M(D)7} sup — Y i FM(q(———1
DM g

s>1l,0€p,

))Pi

S i€o

+max{1, (LM(2)§ )7} sup Zz “M(q | Ai(Ay) |))p

821,0'€§0g 5 jco

Therefore x € m(M o My, A, ¢, p)(A”, q, ).

Theorem 2.6. The sequence space m(M, A, ¢, p)(Al, q, i) is solid.

Proof. Let a = (a;) be a sequence of scalars such that | o; |< 1, for all
1 € N. Then we get that

| Ay AL ;) !)pi
p
sup | a; | Ai(Ayzi) |
p
| Ai(ALs) |
p

sup = 3 (g

s>1l,0€p, ico

1
< sup — Z i* M (q(

s>1l,0€p,

)pi

S ieo

1
< sup ) i M(g(

s>l,0€p,

)Pi'

S ico

Then the result follows from the above inequality.
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