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Abstract
Let E be a nonempty compact convex subset of a uniformly convex
Banach space X, and t : E — F and T : E — KC(F) be a single
valued nonexpansive mapping and a multi-valued nonexpansive map-
ping, respectively. Assume in addition that Fixz(t) N Fixz(T) # () and
Tw = {w} for all w € Fiz(t) N Fiz(T). Suppose {z,} is generated
iterative by z; € E,

Tnt1l = (1 - an)zn + anlyn, Vn > 17

where z, € Tx, and {a,} , {8,} are sequences of positive numbers
satisfying 0 < a < ay,, B, < b < 1. Then the sequence {z,} converges
strongly to a common fixed point of ¢t and 7.
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1 Introduction

Let X be a Banach space and E a nonempty subset of X. We shall
denote by FB(F) the family of nonempty bounded closed subsets of E and by



840 K. Sokhuma and N. Akkasriworn

KC(E) the family of nonempty compact convex subsets of E. Let H(-,-) be
the Hausdorff distance on FB(X), i.e.,

H(A, B) = max{ supdist(a, B), supdist(b,A) }, A, B € FB(X),

a€A beB

where dist(a, B) = inf{|ja — b|| : b € B} is the distance from the point a to the
subset B.
A mapping t : E — F is said to be nonexpansive if

|tz — ty|| < ||z —y| for all x,y € E.

A point x is called a fixed point of t if tx = x.
A multi-valued mapping T : E — FB(X) is said to be nonexpansive if

H(Txz,Ty) < ||z — vyl forall z,y € E.
A point x is called a fixed point for a multi-valued mapping 7" if x € T'x.

We use the notation Fiz(T') stands for the set of fixed points of a mapping
T and Fixz(t) N Fix(T) stands for the set of common fixed points of ¢ and 7.
Precisely, a point x is called a common fixed point of ¢t and T"if x =tz € Tx.

In 2006, S. Dhompongsa et al. [5] proved a common fixed point theorem
for two nonexpansive commuting mappings.

Theorem 1.1 (see [5], Theorem 4.2) Let E be a nonempty bounded closed
convez subset of a uniformly Banach space X, t: E — E, andT : E — KC(E)
a nonexpansive mapping and a multi-valued nonexpansive mapping respectively.
Assume that t and T are commuting , i.e. if for every x,y € E such that
x €Ty and ty € E, there holds tx € Tty. Then t and T have a common fixed
point.

The purpose of this paper is to study the new iterative process, called
the modified S-iteration method with respect to a pair of single valued and
multi-valued nonexpansive mappings. We also establish the strong convergence
theorem of a sequence from such process in a nonempty compact convex subset
of a uniformly convex Banach space.

2 Preliminary Notes

The important property of a uniformly convex Banach space we use is the
following lemma proved by Schu [2] in 1991.
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Lemma 2.1 (see [2]) Let X be a uniformly convex Banach space, let {u,}
be a sequence of real numbers such that 0 < b < wu, <c <1 foralln>1, and
let {z,} and{y,} be sequences of X such thatlimsup ||z,| < a, limsup |ly,| <

n—oo n—oo

a and lim ||u,z, + (1 — u,)yn|| = a for some a > 0.Then, lim ||z, — y,|| = 0.
The following observation will be used in proving our results and the proof
is a straightforward.

Lemma 2.2 Let X be a Banach space and E be a nonempty closed convex
subset of X. Then,

dist(y, Ty) < ||y — z|| + dist(z, Tx) + H(Tz, Ty),

where v,y € E and T is a multi-valued nonexpansive mapping from E into

FB(E).

A fundamental principle which plays a key role in ergodic theory is the
demiclosedness principle. A mapping t defined on a subset E of a Banach
space X is said to be demiclosed if any sequence {z,} in E the following
implication holds: x,, — x and tx, — y implies tx = y.

Theorem 2.3 (see [1]) Let E be a nonempty closed convex subset of a
uniformly convexr Banach space X andt: E — E be a nonexpansive mapping.
If a sequence {z,} in E converges weakly to p and {z, — tz,} converges to 0
as n — oo, then p € Fix(t).

In 2009, Agarwal et al. [4] introduced the S-iteration following well-known
iteration.
For E a convex subset of a linear space X and ¢ a mapping of E into itself,

the iterative sequence {z,} of the S-iteration process is generated from z; € £
and is defined by

Yn = (1 - Bn)xn + Bntmn:
Tor1 = (1 —ap)te, + anty,, Yn>1,

where {a,}, {8,} are sequences in (0, 1) satisfying the condition:

Z@nﬁn(l - ﬂn) = OQ.
n=1

In 2010, Sokhuma and Keawkhao [3] defined the modified Ishikawa itera-
tion method scheme for a pair of single valued and multi-valued nonexpansive
mappings as follows:
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Let E be a nonempty closed bounded convex subset of a Banach space X,
t : E — E be a single valued nonexpansive mapping, and 7' : £ — FB(FE)
be a multi-valued nonexpansive mapping. The sequence {z,} of the modified
Ishikawa iteration is defined by

Tor1 = (1—ap)zn + apty,, Yn>1,
where 1 € F,z, € Tx, and 0 < a < a,, 5, < b < 1.
They proved the strong convergence theorem of a sequence from this process
in a nonempty compact convex subset of a uniformly convex Banach space.

In this paper, we present a new iteration method modifying the above ones
and call it the modified S-iteration.

Definition 2.4 Let E be a nonempty closed bounded convexr subset of a
Banach space X, t : E — E be a single valued nonexpansive mapping, and
T:FE — FB(E) be a multi-valued nonexpansive mapping. The sequence {x,}
of the modified S-iteration is defined by

Tor1 = (1 —an)zn + anty,, Vn>1, (1)
where 1 € B, 2z, € Tz, and 0 < a < a,, 3, < b< 1.

3 Main Results

In this section, we present our main results.

Lemma 3.1 Let E be a nonempty compact convexr subset of a uniformly
conver Banach space X, t: E — FE and T : E — FB(FE) a single valued and
a multi-valued nonexpansive mapping, respectively, and Fix(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t) N Fix(T). Let {x,} be the sequence
of the modified S-iteration defined by (1). Then lim |z, —w|| exists for all
w e Fix(t) N Fix(T).

Proof. Let z; € F and w € Fiz(t) N Fiz(T), we have

(1 — an)zn + ant((1 = Bz, + Buzn) — wl|

[2n 1 — wll

< (=) ll2n — wll + an [[H((1 = Ba)n + Bnzn) — w

< (=) llzn —wll + an [[(1 = Bn)zn + Bnzn — wl|

< (T—an) [[zn = wll + an(l = Ba) lzn — wl] 4 o By |20 — w]|

= (1 = an)dist(zn, Tw) + an(1 = B,) ||z — w|| + anfndist(z,, Tw)
< (1—=an)H(Tz,, Tw) + (1 — 5,) ||z — w|| + anfnH (T, Tw)
< (1 =an) |zn —wl| + an(l = B) [[2n — wl| + B |20 — w|

|z, —w].
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Since {||z, — w||} is a decreasing and bounded sequence, we can conclude
that the limit of {||z,, — w||} exists.

We can see how Lemma 2.1 is useful via the following lemma.

Lemma 3.2 Let E be a nonempty compact convexr subset of a uniformly
convex Banach space X, t: E — E and T : E — FB(FE) a single valued and
a multi-valued nonexpansive mapping, respectively, and Fix(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t)N Fixz(T). Let {x,} be the sequence of
the modified S-iteration defined by (1). If 0 < a < ay, < b < 1 for some a, b
in R, then nh_)rgo |tyn — 2znl| = 0.

Proof. Let w € Fiz(t) N Fixz(T). By Lemma 3.1, we put lim ||z, —w| = ¢

and consider

[tyn —wl < {lyn — wl
= (1 - Bn) Hxn - w” + ﬁndiSt(ZmTw)
< (L= B) llen — wll 4 B (T, Tw)
So, we have
lim sup ||ty, — w|| < limsup ||y, — w|| < limsup ||z, — w|| = ¢ (2)
Recall that
|z, —w| = dist(z,, Tw)
< H(Tz,,Tw)
< lon —wl-

This implies that

limsup ||z, — w|| < limsup ||z, — wl|| = c.

n—oo n—oo

Thus,

c = lim ||z, —w||
n—oo

= lim ||
n—oo

= lim ||apty, — apw + 2, — @ zp + aw — w|

n—oo

(1 - an)zn + antyn - UJH

= lim [Ja,(ty, —w) + (1 — ) (2, — w)]| -



844 K. Sokhuma and N. Akkasriworn

By Lemma 2.1, we can conclude that

lim |ty —w) — (20— w)]| = lim ||ty — 2 = 0.

n—oo

The following lemmas are useful and crucial for our main results.

Lemma 3.3 Let E be a nonempty compact convexr subset of a uniformly
convex Banach space X, t: E — E and T : E — FB(F) a single valued and
a multi-valued nonexpansive mapping, respectively, and Fix(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t) N Fix(T). Let {x,} be the sequence
of the modified S-iteration defined by (1). If 0 < a < a,, 5, < b < 1 for some
a, b € R, then nll_{go |xn — zn]| = 0.

Proof. Let w € Fixz(t)NFixz(T). We put, as in Lemma 3.2, lim ||z, — w|| = c.

For n > 1, we have

[Zne1 —wl| = I(1 = an)zn + antyn, — v
< (1= ) ||20 — w|| + an ||ty, — v
= (1= ay)dist(z,, Tw) + ay, |[ty, — w]|
< (1= ) H(Tx,, Tw) + v, ||tyn — w]|
< (1_an) HZL’n—U}H +an Hyn w”’
which implies that
@01 — wl| = flzn —wl| < —on [lzn —wl| + o [lyn — v
|Zni1 — w|| = |lzn — w]]
< lyn —wl| = flon — w]| .

Qp

Because 0 < a < «,, < b < 1, we have

T —W|| — ||Tp —W
(le | =l 'Q+m%_wugn%—ww
n

Q

So, we obtain

lim inf {(”””"“ =l = fln = w”) + |z, — wH} < liminf ||y, — w]).

n—oo (67
Then we get

¢ <liminf ||y, — w]||.
n—oo
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Since, from (2), limsup ||y, — w|| < ¢, we have
¢ = lim |y, — w||
= lim ||(1 = Bp)xn + Bnzn — w||
— i /(1= ) @0 — ) + Bl — )]

where 0 < a < (3, <b< 1.
Hence, we have

limsup ||z, — w| < limsup ||z, —w| = c.

n—oo n—oo

By Lemma 2.1, (3) and (4), we obtain

lim ||z, — 2,/ = 0.

n—:o0
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Lemma 3.4 Let E be a nonempty compact convexr subset of a uniformly
conver Banach space X, t: E — FE and T : E — FB(FE) a single valued and
a multi-valued nonexpansive mapping, respectively, and Fix(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t) N Fiz(T). Let {z,} be the sequence
of the modified S-iteration defined by (1). If 0 < a < ay, 8, < b < 1 for some

a, b € R, then lim |[tz, — z,| = 0.
Proof. Consider

[t = tynl| + [tyn — 2nll
2 = ynll + [[tyn — 2l

[ty — 2]

IAINA

= HZL’n - (1 - ﬁn)xn - ﬁnZnH + ||tyn - ZL‘nH

= Bullzn — 2ol + tyn — 24|

IA

(1 + Bn) Hxn - Zn” + thn - Zn” .

Then, we obtain

lim ||tz, —z,]| < lim (1 + G,) ||zn — 2| + Um ||[ty, — 24| -

Hence, by Lemma 3.2 and Lemma 3.3, lim |tz, — z,|| = 0.

B lln = 2nll + [[tyn — 2nll + 20 — 2ul|
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We give the sufficient conditions which imply the existence of common fixed
points, as follow:

Theorem 3.5 Let E be a nonempty compact convex subset of a uniformly
convex Banach space X, t: E — E and T : E — FB(FE) a single valued and
a multi-valued nonexpansive mapping, respectively and Fixz(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t) N Fixz(T). Let {z,} be the sequence
of the modified S-iteration defined by (1). If 0 < a < ap, B, < b < 1 for
some a, b € R, then x,, — y for some subsequence {x,,} of {x,} implies
y € Fiz(t) N Fiz(T).

Proof. Assumed that lim ||z,, —y|| = 0. From Lemma 3.4, we have

Since I — t is demiclosed at 0, we have (I — t)(y) = 0 and hence y = ty, i.e.,
y € Fiz(t). By Lemma 2.2 and by Lemma 3.3, we have

dist(y,Ty) < |y —xp,|| + dist(xy,, Txy,) + H(T 2y, Ty)

as ¢ — oo. It follows that y € Fiz(T). Therefore y € Fix(t) N Fiz(T) as
desired.

Hereafter, we arrive at the convergence theorem of the sequence of the
modified S-iteration.

Theorem 3.6 Let E be a nonempty compact convex subset of a uniformly
convex Banach space X, t: E — E and T : E — FB(F) a single valued and
a multi-valued nonexpansive mapping, respectively, and Fix(t) N Fix(T) # 0
satisfying Tw = {w} for all w € Fix(t)N Fix(T). Let {x,} be the sequence of
the modified S-iteration defined by (1) with 0 < a < ay, B, < b < 1 for some
a, b € R. Then {x,} converges strongly to a common fized point of t and T.

Proof. Since {z,} is contained in E which is compact, there exists a subse-
quence {z,,} of {z,} such that {z,,} converges strongly to some point y € E,
i.e., lim ||z,, —y|| = 0. By Theorem 3.5, we have y € Fiz(t) N Fiz(T) and
by Lemma 3.1, we have that lim ||z, — y|| exists. It must be the case that
lim ||z, —y| = lim ||z,, —y|| = 0. Therefore {x,} converges strongly to a

common fixed point y of t and T.
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