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Abstract

In this paper the representation of finite topology by transitive di-
rected graph is investigated. Also, the folding of finite topological space
is studied.
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1 Introduction

The notion of isometric folding has been introduced by S. A. Robertson
who studied the stratification determined by the folds or singularities [10].
The conditional foldings of manifolds have been defined by M. El-Ghoul [6].
Some applications on the folding of a manifold into it self was introduced by
P. Di. Francesco [8]. Also a graph folding has been introduced by E. El-Kholy
[3]. Then the theory of isometric foldings has been pushed and also different
types of foldings have been discussed by E. El-Kholy and others [1,2,4,5,7].

2 Finite topologies and directed graphs

Let X be a set of order n, i.e. |X| = n. Then we have the following
one-to-one correspondence which we will explain below:

{topologies on X }«{relations on X that are reflexive and transitive}.
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Relations that are reflexive and transitive are known as ”preorders”. Given a
topology 7 on X, define a preorder < on X by: x < y if and only if every open
set containing x also contains y. Conversely, we specify the second map in the
correspondence: given a preorder < on X, define a topology on X by declaring
U C X to be open if and only if for any x € U, if z < y then y € U [9].

The graphical interpretations of the correspondence maps are as follows:

we can construct a graph G from a topology 7 on X by including a directed
edge from z; to z; if and only if z; < x;, i.e. if and only if every open set
containing z; also contains x;,. Here the points z1, ..., z,, called vertices in the
graph G. Each vertex x; should have an edge to itself but is suppressed for
legibility.

Remark 2.1. (a) The pair {z;,z;} is represented by an edge from x; to x;;
or one from x; to x;; or both such edges: or neither.
(b) The singleton {x;} is represented by the end of edge if {x;} = lﬂAi, where

A; € T or x; is represented as an isolated vertex.

Definition 2.2. A topological space X is called Ty if and only if for any
two distinct points x;, x; € X, there is an open set containing x;, that doesn’t
contain x; or an open set containing x; that does not contain x;.

Definition 2.3. Let X be a set of order | X| = 2. A topologyT = {X, &, {x1}}
15 called Sierpinskr topology.

Definition 2.4. Let 7 be a topology on X. The open set A; € T is called
transitive open set if A; cannot be written as a union of finite open sets.

Definition 2.5. A proper non-empty transitive open set A; € T of the topo-
logical space X is said to be a maximal transitive open set if any transitive open
set that contains A; is X or A;.

Example 2.6. Let X = {x1, 22, 13,24} be a set with two topologies
T = {X) @, {IQ}) {[El, ZEQ}, {I27 T3, ZE4}} and To = {X7 @7 {xQ}a {Ila 1'2}, {[EQ, ZE3}
@, x3,24}}. The graphs, which represent these topologies are Gy and Gy respectively.
Figure. 1.
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X, 2

Figure 1:

In the above example, since the topology 7, is Ty topology on X, then the
associated graph G5 have not double arrows between any two points.

3 Folding of T topological Space

In this section we discuss the folding of some 7|, topologies defined on a
finite set X.

Definition 3.1. Let G, and G5 be two graphs and f : G — G35 be a
continuous function. Then f is called graph folding if:
(1) for each vertex v € V(Gy), f(v) is a vertex in V(G2),
(2) for each edge e € E(G1), f(e) is an edge in E(Gs), where V(G) is the set
of all vertices and FE(G4) is the set of all edges.

Condition 1. Let X be a finite Tj topological space of order n, such that
AﬁAi = {a}, where A; € 7.

Theorem 3.2. Let X be a finite Ty topological space satisfies Condition 1
and has mazximal transitive open set of order 3. Then the folding f(X) is a Ty
topological space and |f(X)| = 3.

Proof. Let X be a finite Tj topological space , which satisfies Condition
1 and has maximal transitive open set of order 3. Then X can be represented
graphically by the following:
(1) Each maximal transitive open set {a, x;, z;41} is represented by cycle C; ,
1=1,3,....m
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(2) Each open set {a z;} is represented by directed edge e;, such that j # 1,
j=m-+1..n.
Hence the graph of the topological space X consists of directed edges e; and
cycles C; or only by cycles C;. Figure 2.

X

mz2

m+l

Case 11
Figure 2:

Case I: If the graph consists of directed edges and cycles:

In this case we can define a graph folding as follows. Let f; : G; — Gy,
be graph a folding defined as fi(a) = a, fi(e;) = en, j = m+2,..,n
f1(Cy) = Cy, i =1,...,m. Figure. 3.

Figure 3:
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Note that fi(G1) = Go can be folded again as follows: Let fy : Gy — Go
be a graph folding defined by fi(a) = a, fi(e,) = e; Figure. 4.

Figure 4:

The complete graph f(G3) is represented a topology 7 = {{a, x1, x2}, {a}, {x1, 22}, T}
which defined on the set X* = {a,z1, 22} C X of order 3, and it is obviously

this topology is Ty topology.

Case II: If the graph consists of cycles. In this case we can define a graph
folding as follows. Let f : G; — Gy, be a graph folding defined as f,(a) = a,

f(C) =C, i=1,2,3,4, ..., n. Figure.5.

Figure 5:

The complete graph f(G;) = G represented a topology 7 = {{a, 71, 22}, {a}, {z1, 22}, &}
defined on the set X* = {a, 21,22} C X of order 3, and it is obviously this
topology is also Tj topology.



750 M. Basher

Example 3.3. Let X = {x, 22, 23,24, 25} be a set with two topologies:
n =A{X, O, {x1, 72,23}, {w4, w3, 25}, {w3}, {w1, 2, v3, 25}, {w2, 23}, {72, 73, 75},
{ws, 5}}
Ty = {X, @, {ZL’3}, {I4, 1'3}, {ZL’3, ZE5}, {ZL’l, T, 1'3}, {ZL’4, I3, 1'5}, {IQ, 1'3},
{$4, T2, 3, $5}, {I2, T3, 1‘4}, {$2, s, $5}, {Il, T2, T3, $4}, {Il, T2, T3, 1‘5}}
It is obviously that the two topologies T, are Ty topology and satisfy Condi-
tion 1.
Then the directed graphs representing these topologies are G, Gy respectively.
In the topology 1, let f1 : G1 — Gy be a graph folding defined as follows:
fil{zmy, xe, 23, x4, 25}) = {21, 29,23} and f1(Cy) = Ci. Then fi1(G1) becomes
a cycle which represented the topology 77 = {{x1, 29,23}, D, {x2, 23}, {23} }.
Also in the topology 5 let fo : Go — Go be a graph folding defined as follows:
fQ({ZL'l, To,T3,Ty, ZE5}) = {ZL’l, 9, l‘g} and fg({eg,, 64}) = €1 .
Then fo(Gs) become a cycle which represented the topology 75 = {{x1, 2, x5}, D,
{9, x3},{x3}}. Figure. 6.

Figure 6:

Theorem 3.4. Let X be Ty topological space satisfying Condition 1, and
the mazximal transitive open set is X. Then there is non trivial folding can be

defined.
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Proof. Since X is Ty topological space satisfying Condition 1, and the
maximal transitive open set is X. Then it is represented by complete directed
graph as follows, Figure. 7.

Figure 7:

From [3] we cannot define a graph folding for complete graph. Hence, we
cannot define a non trivial folding for X.

Theorem 3.5. Let X be Ty topological space satisfying Condition 1 and has
a maximal transitive open set of order 2. Then the folding of X is Sierpinski
topological space.

Proof. Since X is T} topological space satisfying Condition 1, and has a
maximal transitive open set of order 2. Then the graph which represented this
topological space is tree. Figure. 8.

a
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X

Figure 8:

Then, we can define a graph folding as follows. Let f : G — G be a graph
folding defined as f(a) = a, f(e;) = e1, 1 = 1,3, ...,n. Hence f(G) is a directed
edge i.e. f(G) = ey. Also the associated topology of e; is 7 = {{a, z1}, @, {a}}
defined on the set X* = {a,z;} C X. and this topology is Sierpinski topology.
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