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Abstract

The present paper deals with a generalised common fixed point prin-
ciple on metric spaces under a generalised conditional convergence of the
sequence generated by p self mappings which is more general in nature
than that of the orbits of mappings in the fixed point principle given by
Som 1984 and Leader 1977 in turn. The results obtained generalise all
the previous results of Som 1984 in the sense of the convergence of the
sequence to the common fixed point.
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Introduction

Leader [1] has given a fixed point priciple based on uniform equivalence of
orbits generated by the self mapping defined on the metric space (X, d), which
was further generalised by Som and Mukherjee [2] for two mappings. The main
principles derived in Leader [1] and Som and Mukherjee [2] are simple and lim-
ited to two mappings and can not be applied to more than two mappings under
iteration jointly and generating the sequence as such the derivation becomes
quite tedious when we have p-number of operators under consideration.

The condition which played a vital role for the existence of the fixed point
in the above papers is given by

d(f"x, fy) — 0 as n— ©
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for all z,y in X. In this paper this condition is replaced by a new conditional
convergence on the sequence generated by p self mappings under a new struc-
ture defined below. The given new structure is more general than the sequence
generated by previous authors.

Let (f;,X,d), l = 1,2,---p be p operators on a metric space (X,d). Let
xo € X. Consider the sequence generated by xy by the application of the
operators (f;, X,d),l =1,2,---p in the following manner.

r1 = fizo, o = foxy------ Tp = fpxp—l

In general

= fo(Tn_1) if n=tp+gq (1)
= fp(xn—l) if n= tp

The limit z of this sequence must be fixed under certain weak conditions (for
example f; [ =1,2,---phave closed graphs or d(zo, fi(zo)) (=1,2,---pare
lower semi continuous). We call this fixed point z as generalized fixed point if
it is the limit of every sequence {y,} with arbitrary initial point {yo} defined
in the same manner as x,,.

Results :

Now we give our first result using the sequence {z,} generated through p-
operators as mentioned in [1].

Theorem 1 : Let (f;, X,d), [ = 1,2,---p be p operators on a metric space
(X,d). Let {x,} and {y,} be two sequences defined as in (1) with initial points
o and yo respectively. Let ¢;, i € N, be positive real numbers defined by

€n = Sup{d(l'“ yz) ) Z n, d(x()?y()) S C} (2>
If
p—1 p—1
(m/p Z€n+s+zen+s - Q/p Z€n+s+€m SC
s=0 s=0

and d(z, fi(z)) < cfor l =1,2,...p. Then for all i > n and all j in N,

p—1 p—1
d(mia xiJrj) S (m/p Z €nts + Z €nts — Q/p Z €nts + €em (3>
s=0 s=0

where m = rp + ¢ and r, p are positive integers.
Further if

d(xp,yn) — 0 (4)
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uniformly for all zg, yo in X with d(zo,yo) < ¢. Then
the sequence {z,} is uniformly Cauchy. (5)

If the graphs of (f;, X,d) 1 =1,2,---p are complete and (4) holds then for
l=1,2,---p, d(z, f;) < cimplies that f; have a common fixed point.

Proof : By the induction process on k we shall prove (3) for j < km for
all £ in N under the given condition that, for a given m,n,

p—1 p—1
(m/p Zen-i-s +Z€n+s - Q/p Z€n+s +€m S &
s=0

s=0

and d(z, fi(z)) < cforl =1,2,..p for all x in X.
Let (z); = x; defined by (1). Let k = 1, that is j < m and m is a multiple of
k; then for all ¢ > n and j < m (2) implies that

d(wi, Tiyj) < d(Ti, Tigp) + A(Tigp, Tivap) + -+ + A(Tigep, Tigy)  H(G =tp+g)

As j < m implies that ¢t < r, where m = rp. Then adding some more terms
we get,

d(xi, Tigj) < d(@i, Tigp) + d(Tigp, Tigop) + -+ + d(xi—l—(r—l)p: Titrp)

Now

d(ws, v515) < d((20)s, (21):) + d((20)is1, (T1)it1) + - + d((70)irp-1, (T1)itp-1)
S €n + €nt1 + en-‘,-p—l

p—1
S E €n+s
s=0

p—1
So A(zi, Tivj) < T €nts.

s=0
That is

p—1

d(wi,wi45) < (m/P) Y €nts (6)

s=0
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If m is not divisible by p then m =rp+¢q. As j <m, j=tp+ g wheret <r

d(xi, Tiyj)

< d(wi, Tiyp) + A(Titp, Titap) + -+ + A(Tittp, Titj)

S d(l’ Iz—f—p) + d(xH—pa Iz+2p) + d(xi-i-rpa Ii—l—m)

S r(en + €ns1 + o+ €napo1) + ATitrp, Tivrps1) + -+ A@itrprg—1; Titrpq)
p—1

=7 nrs + A(@0)itrp (€1)isrp) + -+ d(@0)isrprg-1, (@1)i + 7P+ g — 1)
s=0
p—1

= Z €nts T Z €n+ts
= ((m - Q)/p Z €nts T Z €n+ts

s=0

p—1 p—1
= (m/p Z€n+s+zen+s Q/p Zen—i-s
s=0

s=0

Thus for all ¢ > n and j < m independent of the condition whether m is
devisible by p or not, we have

—_

p— p—1

d(wi, wi5) < (mfp) Y nss+ (1=a/p) Y €nss (7)

s=0

I
o

S

That is (3) holds for all j < m. Now we suppose that (3) holds for all 7 < km
and prove it for j < (k+ 1)m

Consider km < j < (k+1)m. Then 0 < j—m < km and the induction process
gives

—_

p— p—1

d(l’i, xi—l—j—m) S (m/p) €n+s + (]- - Q/p) Z €n+s + €m S &

s=0

I
o

for all ¢« > n. Taking x¢p = x; and yo = 2;4;—n and iterating above inequality
m times, we get

d(Tivm, Titj) < € forall i>n (8)
Therefore from (7) with j = m and (8), we have for all i > n

d(zi, Tirj) < AT, Tigm) + A(Tivm, Titj)
p—1 p—1

< (m/p) Z€n+5 + (1 - Q/p)zen+s + €m

s=0 s=0



Generalized conditional convergence 61

Thus (3) holds for all j < (k+ 1)m and hence for all j in N.
Now from (2) and (4) we have ¢, | 0. Therefore for a given 0 < € < ¢ we can
choose m large enough so that ¢,, < e. Further we take n large enough and

.
choosing > €, < p(e — €)/(m+p — q), we get

s=0
p—1 p—1
Z €nts T . q /m Z €nts < p/m €— em) (9)
s=0 5=0

Thus from (9), we have

—_

p—

p—1
m/p Z en-i—s 1 - Q/p) €nts < (6 - em)
s=0

S

I
o

i.e;

—_

p— p—1

(m/p) en+8—|—(1—q/p)26n+s+em <e<c
s=0

I
o

s

So (3) holds for all 7 in N and hence d(z;,%;1j) < e for all i > n and j in N
and all z with d(z, fi(z)) < ¢ which proves (5).

Further let the graphs of (f;, X,d), { =1,2,....p be complete and (4) holds for
all x with (f;, X,d) < ¢, 1 =1,2,...p, (5) gives that fi(z,_1) are Cauchy for
all | =1,2,....p and hence by graph completeness we have

fl(xnfl> — fl(xnfl> with Tp — 2

Therefore fiz =2, forl=1,2,....p.
i.e;

fiz=for="= frz=12
This completes the proof.
Let (f;, X,d), L =1,2,---p be p operators on a metric space (X, d).
Define F' = f1fo--- f,. So F is an operator on (X, d). Now we state a gener-
alised version of Theorem 1 of Leader [1] applicable for the joint operator F.

Theorem 2 : Define

€n = Sup{(F'z, F'y) :i >n, d(x,y) <c} (10)
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If me, + €, < ¢ and d(z, Fz) < ¢ then for all i > n and all j in N, we have
d(F'z, F 1) < me, + e (11)
Hence if
d(F"z, F"y) — 0 uniformly for all z, y with d(z,y) <c¢ (12)
Then
the orbit < F"z > with d(z, Fz) < c¢ is uniformly Cauchy. (13)

If the grapth of (F, X, d) is complete and (12) holds then d(x, Fx) < ¢ implies
that the orbit of x converges to a fixed point z = Fz and for ¢, defined by
(10), we have

d(F"z,z) <me, + €, if me, +e, <c (14)

If d(Fz,Fy) < d(x,y) then F has a unique fixed point. Further if f;f;(x) =
fifi(x) for all 1 <i,j < p and all x in X then the fixed point of F' becomes
the unique coomon fixed point of fi, fa, -, fp.

The proof goes in the similar fashion as that of Theorem 2 of Som et al [2],
so we omit it .

Definition : Let fi, fy : (X,d) — (X, d) be two maps with fo(X) C f1(X).
If there exists a point ¢ € X such that fo(t) = fi(t) then we say that fy has
an fi-generalized fixed point.

Theorem 3 : Let (X,d) be a metric space. Let fo, fi1,---,f, be (p + 1)
surjective mappings of X into X with f, continuous for all 1 < r < p. Let
frfs = fsfr forall 0 <r s < p. Now, taking zo in X define sequence {x,} as :

= fo—1(zn) if n+l=tlp+1)+gq
= fp(zn) if n+1=t(p+1)

Similarly define {y,} with initial point yo. For some ¢ > 0, define
en = Sup{d(z;,y;) i =2 n—1, d(fo(zo), fo(yo)) < c} (15)

If

S

p p

(m/(p+1)) €nts T+ Z€n+s —(q/(p+1)) Z€n+s +én,<c

s=0 s=0 s=0
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and

d(fr(2), fo(z)) <e¢, for 0 <rs<p

Then for all © > n — 1 and all j in N,

P
d(xi:xiﬂ') < (m/(p + 1 Z €nts T Z €nts — Q/ D+ )) Z €nts T €Em (16)
s=0 s=0
where m = r(p+ 1) + ¢ and r, p are positive integers.
Hence if
d(xp, yn) — 0 (17)

uniformly for all xg, yo € X with d(fo(xo), fo(yo)) < ¢ then the sequence {z,}
is uniformly Cauchy, and further if f,, 0 <r < p satisfies :

d(fo(x), fo(y)) < d(fi(x), f1(y))--- < d(fp(x), fp(y)) forall z,y € X (18)

then f, have a fs-generalized fixed point for all 0 <r < s < p.

Proof : The proof of (16) and that {z,} is uniformly Cauchy goes in a similar
fashion as that of Theorem 1, so we omit it.

Since f, is continuous, we have f,.(z,) — f.(t) as {z,} — tforall 1 <r <p.
Now (18) gives

d(fo(zn), fo(t)) < d(f1(zn), f1(E)) - - < d(fp(zn), fp(1))

This implies fo(z,) — fo(t) as {z,} — t. Consider the subsequence {Z,(,41)}

of {z,}. By definition we can write {z,,p+1)} = (fofp—1 - frfo)™(@0).
Now if we choose n such that (n+1) = m(p+ 1) + 1, for some m then for any
1 <r < p we have

Jo(Zmp+1)))

folfpfp—1- - f1.f0)™(20)))
fo felfpfo-1--- f1.f0)™ (20)))

= o(f;" frmH' )(xo)

— fo(t) as m — oo

Therefore f,.(t) = fo(t), for all 1 <r < p. So fo(t) = fi(t)--- = f,(t). Hence
fr have a f,-generalized fixed point for all 0 < r < s < p.

Theorem 4 : Let (f;, X,d), l = 1,2,---,p be p operators with complete
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graphs. Let (X, d) be weakly c-chained and (4) holds. Then f; have a common
fixed point.

Proof : Let z, and y, be two sequences as defined in (1) with initial
points xy and gy, respectively. Since (X, d) is weakly c-chained, we have for
any x,y € X a finite sequence < 2%, z!,---2™ > with 2 = z,2™ = y and
diz', 2+ 1) <cfori=0,1,--- ,m—1
Then in z,,y, applying triangle inequality, we have

d(xp, yn) = d(z2, 2™) (19)
<d@, x}) +d(xl, 22) + - d(z™ 2™
where d(z!, 25" < cfori=0,1,2,--- ,m—1

By using similar arguments as in (6) and (7) in the above and applying (4) we
get d(x,,,y,) — 0 asn — 0 for all z,y € X.
In case = fi(n)

d(zp, filz,)) — 0ifn+1=tp+1.
Therefore for n large enough we have d(x,,, fi(z,)) < cforl=1,2,--- ,p
Hence Theorem 1 gives the result.
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