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Abstract. In this paper, we introduce the notion of cat¹-complexes as a suitable generalization 
of the cat¹-groups through embedding the category of cat¹-groups in the category of Cat¹-
complexes as a subcategory ( via isomorphism of categories). It was shown that the category of 
Cat¹-complexes is equivalent to the category of crossed modules of  complexes as well as the 
couple of two covariant functors used to show the equivalence between these two categories are 
represent an adjoint pair of functors. 

Keywords. (chain) complex; Cat¹-complex; crossed module; Adjoint functors 

 

 

1. Introduction 
 

       Crossed modules of groups were originally introduced by J.H.C. Whitehead [6] 1949. A 
crossed module of groups ( c.f. [1] and [2] for a more detailed treatment) ሺܥ, ,ܩ ߲ሻ is a group 
homomorphism ߲:  satisfying ܥ on the left of ܩ together with an action of ܩ →ܥ
ሺ1ܯܥሻ ߲ሺ ܿ ੗ ሻ=੗߲ሺܿሻ੗¯¹ and  ሺ2ܯܥሻ ܿ₂ ൌ ܿ₁ܿ₂ܿ₁⁻¹ 

డሺ௖₁ሻ  for all ܿ, ܿଵ, ܿଶܥ א and ੗ܩ א. A morphism 
of crossed modules of groups ሺߤ, ,ܥሻ:ሺߟ ,ܩ ߲ሻ→ሺܦ, ,ܪ  ሻ is a pair of group homomorphismsߜ
:ߤ :ߟ and ܦ →ܥ ߤߜ such that ܪ →ܩ ൌ ሺ ܿ ੗ߤ  and ߲ߟ ሻ= ߤሺܿሻ 

ఎሺ੗ሻ  for all  ܿܥא  and  ੗ܩ א. 
Crossed modules of groups and morphisms as defined above form a category, ݏ݌ݎܩ݀݋ܯܥ. 

      Loday [4] defines cat¹-groups and showed that the category of crossed modules of groups is 
equivalent to the category of cat¹-groups. Recall that a cat¹-group ሺܩ, ,ݏ  ܩ ሻ consists of a groupݐ
and two endomorphisms ݏ, :ݐ ݏݐ    1ሻܶܣܥsatisfying ሺ ܩ →ܩ ൌ , ݏ ݐݏ ൌ  and ݐ
ሺ2ܶܣܥሻ   ሾ݇݁ݏݎ, ሿݐݎ݁݇ ൌ ሼ1ீሽ. A morphism of  cat¹-groups ݂: ሺܩ, ,ݏ ,�ܩሻ→ ሺݐ ,�ݏ  ሻ is a�ݐ
group homomorphism ݂: ܩ ՜ ݂�ݏ such that �ܩ ൌ ,  ݏ݂ ݂�ݐ ൌ  Cat¹-groups and .ݐ݂
morphisms as defined above form a category, ݏ݌ݎܩ-¹ݐܽܥ. 
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       The main aim of this paper is to extend the notion of cat¹-groups by replacing complexes 
instead of groups and introduce the notion of Cat¹-complexes. Since the group involved in the 
definition of a cat¹-group is in general nonabelian, we shall assume throughout this paper that 
the groups which are involved in the construction of a complex not required to be abelian 
groups, i.e. a complex ሺכܩ,  ሻ  is a sequence of groups and homomorphismsכߟ

 ௡ାଵܩ                                       
ఎ೙శభ                                         ܩ௡ 

 ఎ೙                                        ܩ௡ିଵ  

such that ߟ௡ ߟ௡ାଵ=0 (i.e. ߟ݉ܫ௡ାଵߟݎ݁ܭك௡) for all  ݊ א ܼ. If  ܩ௡ is an abelian group for all  
݊ א ܼ,  we shall call ሺכܩ,  ሻ an abelian complex. In this case an abelian complex is precisely aכߟ
chain complex (as in the literature), for more information on chain complexes we refer the 
reader to [5]. 

       We call ሺכܩ
′ , כߟ

′ ሻ a subcomplex of a complex ሺכܩ, ௡ܩ ሻ ifכߟ
′  is a subgroup of ܩ௡ and 

௡ߟ
′ ௡ܩ|௡ߟ=

′  is the restriction of ߟ௡ on ܩ௡
′  for all ݊א ܼ. A subcomplex ሺכܩ

′ , כߟ
′ ሻ of a complex 

ሺכܩ, ௡ܩ  ሻ is called normal subcomplex ifכߟ
′  is a normal subgroup of ܩ௡ all ݊א ܼ. Let ሺכܥ,  ሻכߤ

and ሺכܩ, ,כܭtherefore ሺ ,ܼ א݊ ௡ for allߟ×௡ߤ=௡ߛ  ௡ andܩ×௡ܥ=ሻ be complexes if ݇௡כߟ  ሻ is aכߛ
complex, which we call the direct product of complexes ሺכܥ, ,כܩሻ and ሺכߤ  ሻ and which denotesכߟ
by ሺכܩ×כܥ,  .ሻכߟ×כߤ

        Kamil [3] generalized  the direct product of complexes, as defined above, as follows. Let 
 ,௡ܩډ௡ܥ ,ሻ, then we can form the semidirect product of groupsܼ א݊׊௡ ሺܥ ௡ has a left action onܩ
which is a group under the binary operation defined by ሺܿ௡,੗௡ሻሺܿ௡

′ ,੗௡
′ ሻ=ሺܿ௡ ܿ௡

′
 

੗೙ ,੗௡੗௡
′ ሻ for all 

ሺܿ௡,੗௡ሻ,ሺܿ௡
′ ,੗௡

′ ሻܥא௡ܩډ௡. We should remark here that ߤ௡ ډ :௡ߟ ௡ܥ ډ ௡ܩ ՜ ௡ିଵܥ ډ  ௡ିଵܩ
which is defined by ሺߤ௡ߟ ډ௡ሻሺܿ௡,݃௡ሻ=൫ߤ௡ሺܿ௡ሻ,ߟ௡ሺ݃௡ሻ൯ for all ܿ௡ܥ א௡, ݃௡ܩ א௡ is not 
necessarily a group homomorphism, while as each of ሺכܥ, ,כܩሻ and ሺכߤ  ሻ is a complex, weכߟ
deduce that ሺߤ௡ߟ ډ௡ሻሺߤ௡ାଵߟ ډ௡ାଵሻ= ߤ௡ߤ௡ାଵߟ ډ௡ߟ௡ାଵ=0. Kamil [3] gave a sufficient and 
necessary condition for which ሺߤ௡ߟ ډ௡ሻ becomes a group homomorphism, and he defined the 
semidirect product of complexes as follow. Let ሺכܥ, ,כܩሻ and ሺכߤ  ௡ܩ ሻ be complexes such thatכߟ
has a left action on ܥ௡ ሺא݊׊ ܼሻ. The semidirect product of ሺכܥ, ,כܩሻ and ሺכߤ  ሻ, denoted byכߟ
ሺכܥ, ,כܩሺډሻכߤ ,כܩډכܥሻ, is defined to be the complex ሺכߟ   ,ሻכߟ ډכߤ

 ௡ାଵܩ ډ௡ାଵܥ                         
ఓ೙శభډఎ೙శభ                                      ܥ௡ܩ ډ௡ 

 ఓ೙ډఎ೙                                   
  ௡ିଵܩ ډ௡ିଵܥ     

If, and only if,    ߤ௡ሺ ܿ௡
 

 
੗೙ ሻ ൌ  ௡ሺܿ௡ሻߤ

ఎ೙ሺ੗೙ሻ     for all ܿ௡ܥ א௡ , ੗௡ܩ א௡. (#) 

       The idea of extension from cat¹-groups to cat¹-complexes is given as follow. It is obvious 
that each group ܩ can be viewed as a length zero complex; 

      0              ܩ               ௢                                        0ܩ  

and vice-versa. This shows  that the category of groups, ݏ݌ݎܩ, is  isomorphic  to the category of 
length zero complexes, ݌݉݋ܥሺ଴ሻ, i.e. ݏ݌ݎܩ ൎ ,ܩሺ଴ሻ . Accordingly, each Cat¹-group ሺ݌݉݋ܥ ,ݏ   ሻݐ
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can also  be viewed as  a  pair of two chain maps ݏ௢,  ௢ from a length zero chainܩ → ௢ܩ :௢ݐ
complex ܩ௢ into itself, 

  0             ܩ                ௢                              0ܩ                

              (چ)                                             ݐ     ݏ                                         ௢ݐ    ௢ݏ             

               0             ܩ                 ௢                             0ܩ                

Which we shall call it in this paper a cat¹- length zero complex ሺܩ௢, ,௢ݏ  ௢ሻ (in the sense thatݐ
each pair of vertical homomorphisms of (چ) is a cat¹- group and each homomorphism in the top 
arrow (or in the bottom arrow) of  (چ)  is a morphism of cat¹- groups (i.e. all cat¹-group 
information are encoded in the above diagram). In this case, the category of cat¹-groups is 
isomorphic to the category of cat¹-length zero complexes, Cat¹- ݌݉݋ܥሺ଴ሻ, i.e. 
 .ሺ଴ሻ݌݉݋ܥ -Cat¹ ≈ ݏ݌ݎܩ-¹ݐܽܥ
      Kamil [3] extended the definition of a crossed module of groups by replacing  complexes 
instead of groups and introduced the concept of a crossed module of complexes. 

       Recall that a crossed module of complexes ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲=ሼ ௡߲ሽ൯ is a chain map ߲:כܩ→כܥ 
such that ௡߲:ܥ௡→ܩ௡ is a crossed module of groups and ߤ௡ሺ ܿ௡ 

੗೙ ሻ=  ௡ሺܿ௡ሻߤ
ఎ೙ሺ੗೙ሻ  for all ݊א ܼ. A 

morphism of a crossed modules of 
complexes ሺ݂=ሼ ௡݂ሽ,݈=ሼ݈௡ሽሻ:൫ሺכܥ, ሻ,߲=ሼכߟ,כܩሻ,ሺכߤ ௡߲ሽ൯→ ቀሺכܥ

′ , כܩ Әሻ,ሺכߤ
′ , כߟ Әሻ,߲′=ሼ ௡߲

′ ሽቁ is a pair of chain maps 
݂: כܥ →כܥ

′  and ݈: כܩ →כܩ
′  such that ሺ ௡݂, ݈௡ሻ: ሺܥ௡, ,௡ܩ ௡߲ሻ→ሺܥ௡

′ , ௡ܩ
′ , ௡߲

′ ሻ is a morphism of crossed  
modules  of  groups for all ݊ א ܼ. Crossed modules of complexes  and morphisms as defined 
above form a category, ݌݉݋ܥ݀݋ܯܥ.  

        In the next section, we introduce a suitable generalization of cat1-groups namely cat1-
complexes through embedding the category of cat¹-groups in the category of  cat¹- complexes, 
 ݌݉݋ܥ-¹ݐܽܥ and ݌݉݋ܥ݀݋ܯܥ In this paper we will show that the two categories .݌݉݋ܥ-¹ݐܽܥ
are equivalent.   

2.  Cat¹-complexes 

      DEFINITION 2.1. A cat¹- complex is a triple ൫ሺכܥ, ,ሻכߤ ݏ ൌ ሼݏ௡ሽ, ݐ ൌ ሼݐ௡ሽ൯ such that 
ሺכܥ, ,ݏ  ሻ is a complex andכߤ :ݐ כܥ ՜  are chain maps satisfying כܥ

(i)   ݏݐ ൌ ݐݏ     ,  ݏ ൌ  ݐ
(ii)   ሾݏݎ݁ܭ௡, ௡ሿݐݎ݁ܭ ൌ ൛1ீ೙ൟ  for all ݊ א ܼ 

Here is the picture of a cat¹- complexes in unabbreviated form. 

  ௡ାଵܥ                                       
ఓ೙శభ                                      ܥ௡ 

ఓ೙                                              ܥ௡ିଵ 
                          
 ௡ିଵݐ    ௡ିଵݏ             ௡ݐ    ௡ݏ                  ௡ାଵݐ  ௡ାଵݏ                                 
  
  ௡ାଵܥ                                      

  ఓ೙శభ                                        ܥ௡ 
ఓ೙                                          ܥ௡ିଵ        
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      In other words ൫ሺכܥ, ,ሻכߤ ݏ ൌ ሼݏ௡ሽ, ݐ ൌ ሼݐ௡ሽ൯ is called cat¹-complex if ሺܥ௡, ,௡ݏ  -௡ሻ is  a  cat¹ݐ
group and  ߤ௡: ሺܥ௡, ,௡ݏ ௡ሻݐ ՜ ሺܥ௡ିଵ, ,௡ିଵݏ ݊ ௡ିଵሻ is a morphism of cat1- groups for allݐ א ܼ. 

DEFINITION 2.2. A morphism ݂=ሼ ௡݂ሽ: ൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ ,כܩ௡ሽ൯→൫ሺݐሼ=ݐ ,ሻכߟ ,௡ሽݑሼ=ݑ                   ௡ሽ൯ ofݒሼ=ݒ
cat¹-complexes is a chain map ݂=ሼ ௡݂ሽ: ሺכܥ, ሻכߤ ՜ ሺכܩ, :ሻ such that ௡݂כߟ ሺܥ௡, ,௡ݏ ௡ሻݐ ՜ ሺܩ௡, ,௡ݑ  ௡ሻ  isݒ
a morphism of cat¹-groups for all  ݊ א ܼ.  

     It is clear that if ܫ஼כ: ሺכܥ, ,כܥሻ→ሺכߤ ,כܥሻ is the identity chain map on ሺכߤ  ሻ thenכߤ
כ஼ܫ=௦,௧ሻ,כሺ஼ܫ : ൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ ,כܥ௡ሽ൯→൫ሺݐሼ=ݐ ,ሻכߤ ,௡ሽݏሼ=ݏ  .௡ሽ൯     is a morphism of cat¹-complexesݐሼ=ݐ
Also, if ݂=ሼ ௡݂ሽ:൫ሺכܥ, →൯ݐ,ݏ,ሻכߤ ቀሺכܥ

′ , כߤ
′ ሻ, ,′ݏ :ቁ and ݈=ሼ݈௡ሽ′ݐ ቀሺכܥ

′ , כߤ
′ ሻ, ,′ݏ ቁ′ݐ → ቀሺכܥ

″ , כߤ
″ሻ, ,″ݏ  ቁ are″ݐ

morphisms of cat¹-complexes, then their composition ݈݂=ሼ݈௡ ௡݂ሽ:൫ሺכܥ, ,ሻכߤ ,ݏ →൯ݐ ቀሺכܥ
″ , כߤ

″ሻ, ,″ݏ  ቁ is a″ݐ
morphism of cat¹- complexes. 

     Taking  objects  and  morphisms as defined above, we obtain the category ݌݉݋ܥ-¹ݐܽܥ of 
cat¹-complexes. Note that, ܥat 

ଵ- ݌݉݋ܥሺ଴ሻ݌݉݋ܥ-¹ݐܽܥ ك, and since 
 atܥ ≈ ݏ݌ݎܩ-¹ݐܽܥ

ଵ- ݌݉݋ܥሺ଴ሻ, we deduce that ݌݉݋ܥ-¹ݐܽܥ كݏ݌ݎܩ-¹ݐܽܥ, i.e. the category of cat¹- 
groups is embedding in the category of cat¹- complexes (via isomorphism of categories). 

EXAMPLES 2.3.. (1) Any complex ሺכܥ,       ሻ may be regarded as a cat¹-complexכߤ
ቀሺכܥ, , ሻכߤ ,஼೙ൟܫ൛=כ஼ܫ  .݌݉݋ܥ-¹ݐܽܥ is a full subcategory of ݌݉݋ܥ ஼೙ൟቁ.  Accordinglyܫ൛=כ஼ܫ

(3) Let ሺԺ , ൅ ሻ be the additive group of integers and ሺכܥ, ,כܩሻ , ሺכߤ  ሻ be two complexesכߟ
defined as follows.                                                                                                                                                              

=௡ା௠ߤ ,௡ܩ=௡=Ժܥ ൝
݊݁ݒ݁ ݏ݅ ݉ ݂݅           0

 
ଶ݂          ݂݅ ݉ ݅݀݀݋ ݏ

    and    ߟ௡ା௠= ൝
ଶ݂           ݂݅ ݉ ݅݊݁ݒ݁ ݏ

 
݀݀݋ ݏ݅ ݉ ݂݅             0

 , 

where ଶ݂: Ժ ՜ Ժ is a group homomorphism defined by ଶ݂ሺݔሻ ൌ  The following .ݔ2
commutative diagram thus represents a cat1-complex. 

ڮ       
   ଴ൈ௙మ     
ሱۛ ۛۛ ሮۛ Ժ ൈ Ժ

     ௙మൈ଴      
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

    ଴ൈ௙మ     
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

   ௙మൈ଴      
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

          
ሱۛ ሮ    ڮ

                                   ݐ     ݏ               ݒ     ݑ               ݐ    ݏ                ݒ    ݑ                         

ڮ       
   ଴ൈ௙మ     
ሱۛ ۛۛ ሮۛ Ժ ൈ Ժ

     ௙మൈ଴      
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

    ଴ൈ௙మ     
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

   ௙మൈ଴      
ሱۛ ۛۛ ۛۛ ሮ Ժ ൈ Ժ

          
ሱۛ ሮ  ڮ

Where ݑ, ,ݒ ,ݏ :ݐ Ժ ൈ Ժ→Ժ ൈ Ժ are defined as ݑሺݔ, ,ݔሺݏ=ሻݕ ,ݔሺݐ=ሻݕ ,ሻ=ሺ0ݕ  ሻ andݕ
,ݔሺݒ ݔሻ=ሺ0,2ݕ ൅ ,ݔሻ for all ሺݕ ሻݕ א Ժ ൈ Ժ . 

   3. Equivalence between ࢖࢓࢕࡯ࢊ࢕ࡹ࡯ and ࢖࢓࢕࡯‐¹࢚ࢇ࡯ 

LEMMA 3.1. There are two covariant functors;  

(1)  The functor T:  :is   defined by  ݌݉݋ܥ-¹ݐܽܥ →݌݉݋ܥ݀݋ܯܥ
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(i) ܶ൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲=ሼ߲௡ሽ൯ = ൫ሺכܩډכܥ, ,ሻכߟ ډכߤ ,௡ሽݏሼ=ݏ  ௡ሽ൯ whereݐሼ=ݐ
,ݏ :ݐ ሺכܩډכܥ, ,כܩډכܥሻ→ሺכߟ ډכߤ ,௡ሺܿ௡ݏ ሻ are defined byכߟ ډכߤ ੗௡ሻ=൫1஼೙, ੗௡൯, and 
,௡ሺܿ௡ݐ ੗௡ሻ=൫1஼೙, ߲௡ሺܿ௡ሻ੗௡൯ for all ሺܿ௡, ੗௡ሻܥא௡ܩډ௡ and all ݊א ܼ. 
(ii) ܶሺ݂, ݈ሻ=݂݈ډ , For all  ሺ݂=ሼ ௡݂ሽ, ݈=ሼ݈௡ሽሻ: ൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲=ሼ߲௡ሽ൯

                
ሱۛ ۛۛ ሮ 

൫ሺכܪ, ,ሻכߙ ሺכܦ, ,ሻכߚ   .݌݉݋ܥ݀݋ܯܥ ௡ሽ൯ inߣሼ=ߣ
(2) The functor  ܴ:  :is defined by ݌݉݋ܥ݀݋ܯܥ →݌݉݋ܥ-¹ݐܽܥ
 (i) ܴ൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ =௡ሽ൯ݐሼ=ݐ ቀሺכݏݎ݁ܭ, כߤ

′ ሻ, ሺכݏ݉ܫ, כߤ
′′ሻ,  ቁ for all כݏݎ݁ܭ|ݐ

൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ ௡ߤ where ,݌݉݋ܥ-¹ݐܽܥܾܱא௡ሽ൯ݐሼ=ݐ
′  is the restriction ߤ௡|ݏݎ݁ܭ௡, ߤ௡

′′  is the 
restriction ߤ௡|ݏ݉ܫ௡ and ݏ݉ܫ௡ acts on Kers୬ by conjugations for all ݊ א ܼ.  
(ii) ܴሺ݂ሻ ൌ ሺ݂ ′, ݂ ′′ሻ for all ݂=ሼ ௡݂ሽ: ൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ ,כܩ௡ሽ൯→൫ሺݐሼ=ݐ ,ሻכߟ ,௡ሽݑሼ=ݑ  ௡ሽ൯ inݒሼ=ݒ
 .݌݉݋ܥ-¹ݐܽܥ
 
    THEOREM 3.2. The two categories ݌݉݋ܥ-¹ݐܽܥ and ݌݉݋ܥ݀݋ܯܥ are equivalent. 

Poof. From lemma (3.1), we need only to show that ܴ  ഷܶ≈ܫ஼ெ௢ௗ஼௢௠௣ and ܶ  ഷܴ≈ܫ஼௔௧¹ି ஼௢௠௣. 
Define a function ߔ: ܴ  ഷܶ

                
ሱۛ ۛۛ ሮ  :஼ெ௢ௗ஼௢௠௣ as followsܫ

Let ܣ ൌ ൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲ ൌ ሼ߲௡ሽ൯ א  , ݌݉݋ܥ݀݋ܯܥܾܱ

:ሻܣሺߔ ቀሺכݏݎ݁ܭ, ሺכߟډכߤሻ′ሻ, ሺכݏ݉ܫ, ሺכߟډכߤሻ′′ሻ, ,כܥቁ→൫ሺכݏݎ݁ܭ|ݐ ,ሻכߤ ሺכܩ, ,ሻכߟ ߲=ሼ ௡߲ሽ൯  
such that ߔሺܣሻ=൫ߨ஼כ, ߨ :஼೙ൟߨ൛=כ஼ߨ ൯, whereכீ ሺכݏݎ݁ܭ, ሺכߟ ډכߤሻ′ሻ→ሺכܥ, ߨ ሻ andכߤ :೙ൟீߨ൛=כீ ሺכݏ݉ܫ, ሺכߤ ډ
,כܩሻ′′ሻ→ሺכߟ ,஼೙൫ܿ௡ߨ ;ሻ are chain maps defined byכߟ 1ீ೙൯=ܿ௡ and ீߨ೙൫1஼೙, ੗௡൯=੗௡, for all 
൫ܿ௡, 1ீ೙൯ݏݎ݁ܭא௡, ൫1஼೙, ੗௡൯ݏ݉ܫ א௡ and all ݊א ܼ. Note that ൫ߨ஼כ, ߨ  ൯ is indeed a morphism ofכீ
crossed modules of  complexes since ߨ஼כ  and כீߨ  are chain maps, ߲ߨ஼ߨ =כ  ሻ andכݏݎ݁ܭ|ݐሺכீ

஼೙ߨ ൬ ൫ܿ௡, 1ீ೙൯
 

൫ଵ಴೙,੗೙൯ ൰ = ,஼೙൫ܿ௡ߨ 1ீ೙൯ 
గಸ೙൫ଵ಴೙,੗೙൯  for all ܼ݊א. Now, for any 

ሺ݂=ሼ ௡݂ሽ, ݈=ሼ݈௡ሽሻ: ,כܥ൫ሺ=ܣ ,ሻכߤ ሺכܩ, ,ሻכߟ ߲ ൌ ሼ ௡߲ሽ൯  →ܤ=൫ሺכܪ, ,ሻכߙ ሺכܦ, ,ሻכߚ   ,௡ሽ൯ߣሼ=ߣ
,ሺ݂ܶלܴ ݈ሻ=ሺሺ݂݈ډሻᇱ, ሺ݂݈ډሻᇱᇱሻ:൫ሺכݏݎ݁ܭ, ሺכߟډכߤሻᇱሻ, ሺכݏ݉ܫ, ሺכߟډכߤሻᇱᇱሻ, ൯כݏݎ݁ܭ|ݐ           
                                                   ൫ሺכݑݎ݁ܭ, ሺכߚډכߙሻᇱሻ, ሺכݒ݉ܫ, ሺכߚډכߙሻᇱᇱሻ,  ൯כݑݎ݁ܭ|ݒ

To show that ߔ is a natural transformation, it is enough to show the commutativity of the 
following diagram: 

                  ൫ሺכݏݎ݁ܭ, ሺכߤ ډ ,כݏ݉ܫሻԢሻ,ሺכߟ ሺכߤ ډ ,ሻԣሻכߟ  ൯כݏݎ݁ܭ|ݐ
ఃሺ஺ሻ                               

                                         ൫ሺכܥ, ,כܩሻ,ሺכߤ ,ሻכߟ ߲൯ 

                                                   ൫ሺ݂ ډ ݈ሻԢ, ሺ݂ ډ ݈ሻԣ൯                                     ሺ݂, ݈ሻ  

                   ൫ሺכݑݎ݁ܭ, ሺכߙ ډ  ൯כݑݎ݁ܭ|ݒ,ሻԣሻכߚ ډכߙሺ,כݒ݉ܫሻԢሻ,ሺכߚ
ఃሺ஻ሻ                               

                                        ൫ሺכܪ, ,כܦሻ,ሺכߙ ,ሻכߚ  ൯ߣ

Note that ሺ݂, ݈ሻߔሺܣሻ=ሺ݂, ݈ሻ൫ߨ஼כ, ,כ஼ߨ൯=ሺ݂כீߨ  ;ሻ. On the other handכீߨ݈
,כுߨሻᇱᇱሻ=൫݈ ډሻᇱ,ሺ݂݈ ډሻሺሺ݂ܤሺߔ            .ሻᇱᇱ൯݈ ډሺ݂כ஽ߨ,ሻᇱ݈ ډሺ݂כுߨሻᇱᇱሻ=൫݈ ډሻᇱ,ሺ݂݈ ډ൯ሺሺ݂כ஽ߨ



 

102                                                                                    R. S. Mahdi and I. A. Fadhel 
 
                                                 
Since ሺ ௡݂ډ ݈௡ሻᇱ= ௡݂ډሺ݈௡|ݏݎ݁ܭ௡ሻ and ሺ ௡݂ډ ݈௡ሻᇱᇱ= ௡݂ډ(݈௡|ݏ݉ܫ௡ሻ,  therefore ௡݂ߨ஼೙=ߨு೙ሺ ௡݂݈ډ௡ሻᇱ 
and ݈௡ீߨ೙=ߨ஽೙ሺ ௡݂݈ډ௡ሻᇱᇱ. Thus ߔ is natural transformation. Now define a function 
஼ெ௢ௗ஼௢௠௣ܫ:ߖ

    
՜ ܴ  ഷܶ  as follows: let ܣ=൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲=ሼ߲௡ሽ൯݌݉݋ܥ݀݋ܯܥܾܱא,  

:ሻܣሺߖ ൫ሺכܥ, ,כܩሻ,ሺכߤ ሻ,߲=ሼכߟ ௡߲ሽ൯→൫ሺכݏݎ݁ܭ, ሺכߟ ډכߤሻᇱሻ,ሺכݏ݉ܫ, ሺכߟ ډכߤሻᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ such that 
כ஼ߨሻ=൫ܣሺߖ

ିଵ, כீߨ
ିଵ൯, where ൫ߨ஼כ

ିଵ=൛ߨ஼೙
ିଵൟ, כீߨ

ିଵ=൛ீߨ೙
ିଵൟ൯ is a morphism of crossed modules of 

complexes defined by: ߨ஼೙
ିଵሺܿ௡ሻ=ሺܿ௡, 1ீ೙ሻ and ீߨ೙

ିଵሺ੗௡ሻ=ሺ1஼೙, ੗௡ሻ for all ܿ௡ܥ א௡,   ੗௡ܩ א௡ and 
all ݊א ܼ . By using a similar argument as above, one can show that ߖ is also a natural 
transformation according to the commutativity of the following diagram;  
 
 
൫ሺכܥ, ,כܩሻ,ሺכߤ ,ሻכߟ ߲൯ 

అሺ஺ሻ                               
                                        ൫ሺכݏݎ݁ܭ, ሺכߤ ډ ,כݏ݉ܫሻԢሻ,ሺכߟ ሺכߤ ډ ,ሻԣሻכߟ  ൯כݏݎ݁ܭ|ݐ

                    ሺ݂, ݈ሻ                                                                            ൫ሺ݂ ډ ݈ሻԢ, ሺ݂ ډ ݈ሻԣ൯ 

൫ሺכܪ, ,כܦሻ,ሺכߙ ,ሻכߚ  ൯ߣ
అሺ஻ሻ                               

                                       ൫ሺכݑݎ݁ܭ, ሺכߙ ډ  ൯כݑݎ݁ܭ|ݒ,ሻԣሻכߚ ډכߙሺ,כݒ݉ܫሻԢሻ,ሺכߚ

 
Now, we need only to show that ߖ߶ ൌ ߖ߶ ோ  ഷ்  andܫ ൌ  .ூ಴ಾ೚೏಴೚೘೛ܫ
Let ܣ ൌ ൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲ ൌ ሼ߲௡ሽ൯ א   therefore ,݌݉݋ܥ݀݋ܯܥ ܾܱ
ሻܣሻ߶ሺܣሺߖ ൌ ൫ߨ஼כ

ିଵ, כீߨ
ିଵ൯൫ߨ஼כ, ൯כீߨ ൌ ൫ܫ௄௘௥௦כ, ൯כூ௠௦ܫ ൌ ሻכ௧|௄௘௥௦,כூ௠௦,כሺ௄௘௥௦ܫ ൌ  .ሻܣோ  ഷ்ሺܫ

Therefore ߖ߶ ൌ ஼೙ߨ஼೙ߨ ோ  ഷ். Similarly, sinceܫ
ିଵ ൌ ஼೙ܫ  and ீߨ೙ீߨ೙

ିଵ ൌ ܫீ ೙  therefore             
ߖ߶ ൌ  . ஼௠௢ௗ஼௢௠௣ܫ≈ூ಴೘೚೏಴೚೘೛    and hence  ܴ  ഷܶܫ

Finally, we need to show that ܶ  ഷܴ≈ܫ஼௔௧¹‐௖௢௠௣. To do this, define a function                                  
߶ᇱ: ܶ  ഷܴ

             
ሱۛ ሮۛ  ;஼௔௧¹‐௖௢௠௣ as followsܫ

 
let ܣ=൫ሺכܥ, ,ሻכߤ ,௡ሽݏሼ=ݏ                                                             ݌݉݋ܥ‐¹ݐܽܥܾܱ א௡ሽ൯ݐሼ=ݐ
߶ᇱሺܣሻ :൫ሺכݏ݉ܫ ډכݏݎ݁ܭ, כߤ

ᇱ ډ כߤ
ᇱᇱሻ, ,௡ሽݏሼ=ݏ ,כܥ௡ൟ൯→൫ሺݐ൛=ݐ   ௡ሽ൯ݐሼ=ݐ,௡ሽݏሼ=ݏ,ሻכߤ

such that ߶ᇱሺܣሻ=ߦ஼כ , where ߦ஼כ=൛ߦ஼೙ൟ is a chain map defined by ߦ஼೙ሺܽ௡, ܾ௡ሻ=ܽ௡ܾ௡  for all 
ሺܽ௡, ܾ௡ሻݏݎ݁ܭ א௡ݏ݉ܫ ډ௡  and all ݊ א ܼ. Note that ߦ஼כ  is indeed a morphism of  cat1-complexes, 
for  ߦݏ஼ߦ=כ஼ݏכ and ߦݐ஼ߦ=כ஼ݐכ.  
 
For any ݂=ሼ ௡݂ሽ: ,כܥ൫ሺ=ܣ ,כܩ൫ሺ=ܤ→௡ሽ൯ݐሼ=ݐ,௡ሽݏሼ=ݏ,ሻכߤ   ,௡ሽ൯ݒሼ=ݒ,௡ሽݑሼ=ݑ,ሻכߟ
ܶ  ഷܴሺ݂ሻ  ൌ  ݂ᇱ ډ ݂ᇱᇱ: ቀ൫כݏݎ݁ܭ ډ ,כݏ݉ܫ ,൯כߤ̋ډכӘߤ ݏ ൌ ሼݏ௡ሽ, ݐ ൌ ൛ݐ௡ൟቁ 

                                       ቀ൫כݑݎ݁ܭ ډ ,כݑ݉ܫ ,൯כߟ̋ډכӘߟ ݑ ൌ ሼݑ௡ሽ, ݒ ൌ ሼݒ௡ሽቁ.  
 
We shall show that ߶ᇱ is natural transformation. It is enough to                                 
show the commutativity of the following diagram:  
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ቀሺכݏݎ݁ܭ ډ ,כݏ݉ܫ כߤ

ᇱ ډ כߤ
ᇳሻ, ,ݏ  ቁݐ

థᇱሺ஺ሻ                                                                                                    ൫ሺכܥ, ,ሻכߤ ,ݏ  ൯ݐ

                                           ݂Ԣ ډ ݂ԣ                                                     ݂ 

൫ሺכݑݎ݁ܭ ډ ,כݑ݉ܫ כߟ
ᇱ ډ כߟ

ᇳሻ, ,ݑ  ൯ݒ
థᇱሺ஻ሻ                                                                                               ൫ሺכܩ, ,ሻכߟ ,ݑ   ൯ݒ

                                                       

Note that ݂ ߶ᇱሺܣሻ ൌ כ஼ߦ݂  and ߶ᇱሺܤሻሺ݂ᇱ ډ ݂ᇱᇱሻ ൌ ߦ ሺ݂ᇱכீ ډ ݂ᇱᇱሻ. Clearly,   ௡݂ߦ஼೙ ൌ ೙ሺீߦ ௡݂
ᇱ ډ ௡݂

ᇱᇱ ሻ 
for all ݊ א ܼ. Thus ߶ᇱ is natural transformation. Similarly, define a function         
:ᇱߖ ஼௔௧¹ି஼௢௠௣ܫ

              
ሱۛ ۛሮ ܶ  ഷܴ as follows;                                  

Let ܣ ൌ ൫ሺכܥ, ,ሻכߤ ݏ ൌ ሼݏ௡ሽ, ݐ ൌ ሼݐ௡ሽ൯ א                                                                       ,݌݉݋ܥ‐¹ݐܽܥܾܱ
,כܥሻ:൫ሺܣᇱሺߖ כݏݎ݁ܭ௡ሽ൯→൫ሺݐሼ=ݐ,௡ሽݏሼ=ݏ,ሻכߤ ډ ,כݏ݉ܫ כߤ

ᇱ ډ כߤ
ᇱᇱሻ, ,௡ሽݏሼ=ݏ  ௡ൟ൯     such thatݐ൛=ݐ

כ஼ߦ=ሻܣᇱሺߖ
ିଵ, where ߦ஼כ

ିଵ is indeed a morphism of ¹ݐܽܥ‐complexes, for  ߦ஼כ
ିଵ=൛ߦ஼೙

ିଵൟ is a chain 
map defined by ߦ஼೙

ିଵሺܿ௡ሻ=൫ܿ௡ݏ௡ሺܿ௡
ିଵሻ, ௡ሺܿ௡ሻ൯  for all ܿ௡ݏ א ݊ ௡,    allܥ א כ஼ߦ  ,ܼ

ିଵݏ ൌ כ஼ߦݏ
ିଵ   

and  ߦ஼כ
ିଵݐ ൌ כ஼ߦݐ

ିଵ .  
For any ݂=ሼ ௡݂ሽ: ,כܥ൫ሺ=ܣ ,כܩ൫ሺ=ܤ→௡ሽ൯ݐሼ=ݐ,௡ሽݏሼ=ݏ,ሻכߤ  ᇱ isߖ ௡ሽ൯, to show thatݒሼ=ݒ,௡ሽݑሼ=ݑ,ሻכߟ
natural transformation, it is enough to show the commutativity of the following diagram:  

൫ሺכܥ, ,ሻכߤ ,ݏ  ൯ݐ
అᇱሺ஺ሻ                               

                                                                     ቀሺכݏݎ݁ܭ ډ ,כݏ݉ܫ כߤ
ᇱ ډ כߤ

ᇳሻ, ,ݏ  ቁݐ

                 ݂                                                                                 ݂Ԣ ډ ݂ԣ                                                                          

൫ሺכܩ, ,ሻכߟ ,ݑ  ൯ݒ
అᇱሺ஻ሻ                               

                                                                ൫ሺכݑݎ݁ܭ ډ ,כݑ݉ܫ כߟ
ᇱ ډ כߟ

ᇳሻ, ,ݑ  ൯ݒ

Note that ሺ݂ᇱ ډ ݂ᇱᇱሻߖᇱሺܣሻ ൌ ሺ݂ᇱ ډ ݂ᇱᇱሻߦ஼כ
ିଵ   and ߖᇱሺܤሻ݂ ൌ כ஼ߦ

ିଵ݂.  
Since ܿ௡ݏ௡ሺܿ௡

ିଵሻ א ,௡ݏݎ݁ܭ ௡ሺܿ௡ሻݏ א ௡ , ௡݂ݏ݉ܫ
ᇱ ൌ ௡݂|ݏݎ݁ܭ௡,  ௡݂

ᇱᇱ ൌ ௡݂|ݏ݉ܫ௡ and ݂ is a morphism of 
cat1-complexes, therefore ሺ ௡݂

ᇱ ډ ௡݂
ᇱᇱሻߦ஼೙

ିଵ ൌ ஼೙ߦ
ିଵ

௡݂   for all ݊ א ܼ. 
Thus ߖᇱ is a natural transformation. Furthermore, as ߦ஼೙

ିଵߦ஼೙ ൌ ᇱ߶ᇱߖ ூ௠௦೙   we haveډ௄௘௥௦೙ܫ ൌ
஼೙ߦ஼೙ߦ ഷோ and as  ்ܫ

ିଵ ൌ ᇱߖ஼೙, we have ߶ᇱܫ ൌ ூ಴ೌ೟¹‐಴೚೘೛ܫ
 

Thus ܶ  ഷܴ≈ܫ஼௔௧¹ି஼௢௠௣ and ܴ  ഷܶ≈ܫ஼ெ௢ௗ஼௢௠௣. Hence ݌݉݋ܥ݀݋ܯܥ and ݌݉݋ܥ‐¹ݐܽܥ are 
equivalent.         ♦  

THEOREM 3.3. T: ݌݉݋ܥ݀݋ܯܥ ՜                                  is a left adjoint functor of ݌݉݋ܥ‐¹ݐܽܥ
ܴ: ݌݉݋ܥ‐¹ݐܽܥ ՜       .݌݉݋ܥ݀݋ܯܥ

Proof. We shall show that there is a natural isomorphism                                  
:ߔ ,஼௔௧భ‐஼௢௠௣ ሺܶെݎ݋ܯ െሻ→ ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ሺെ, ܴെሻ, where   
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,஼௔௧భ‐஼௢௠௣ ሺܶെݎ݋ܯ െሻ, ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ሺെ,ܴ െሻ:݌݉݋ܥ݀݋ܯܥ௢௣× ݌݉݋ܥ‐¹ݐܽܥ→ܵ  are bifunctors, 
where ܵ denotes the category of sets and ݌݉݋ܥ݀݋ܯܥ௢௣ denotes the opposite (dual) category of 
 ;These bifunctors are defined respectively by the following compositions .݌݉݋ܥ݀݋ܯܥ

 ݌݉݋ܥ‐¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥ
்೚೛ൈூ಴ೌ೟¹‐಴೚೘೛                                                       ݌݉݋ܥ‐¹ݐܽܥ௢௣×݌݉݋ܥ‐¹ݐܽܥ 

ா಴ೌ೟¹‐಴೚೘೛                                   ܵ, and  

 ݌݉݋ܥ‐¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥ
ூ಴ಾ೚೏಴೚೘೛೚೛ൈோ

 ݌݉݋ܥ݀݋ܯܥ×௢௣݌݉݋ܥ݀݋ܯܥ                                                             
ா಴ಾ೚೏಴೚೘೛                                                                ܵ. 

Define a function ݎ݋ܯ:ߔ஼௔௧భ‐஼௢௠௣ ሺܶ െ ,െሻ→ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ሺെ,ܴെሻ as follows; 

For all ܣ= ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯௢௣
,൫ሺכܪ, ൯ቁݐ,ݏ,ሻכߙ  ,݌݉݋ܥ‐¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥܾܱא

௡ൟቁݐ൛=ݐ,௡ሽݏሼ=ݏ,ሻכߟ ډכߤ,כܩ ډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ:ሻܣሺߔ ,൫ሺכߙ,כܪሻ,ݏ=ሼݏ௡ሽ,ݐ=ሼݐ௡ሽ൯൰    

஼ெ௢ௗ஼௢௠௣ݎ݋ܯ ቀ൫ሺכܥ, ,כܩሻ,ሺכߤ ሻ,߲=ሼכߟ ௡߲ሽ൯,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ, ሺכݏ݉ܫ, כߙ

ᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ቁ, is defined 

by ߔሺܣሻሺ݈ሻ=൫ ݈ , ,כܩډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ א൯, for all ݈=ሼ݈௡ሽכ݈ ,ሻכߟ ډכߤ ,ݏ ቁݐ ,൫ሺכܪ, ,ሻכߙ ,ݏ  ൯൰, whereݐ

݈=൛݈௡ൟ: ሺכܥ, ,כݏݎ݁ܭሻ→ሺכߤ כߙ
ᇱሻ and ݈כ=ሼ݈௡

כ ሽ: ሺכܩ, ,כݏ݉ܫሻ→ሺכߟ כߙ
ᇱᇱሻ are chain maps defined by 

݈௡ሺܿ௡ሻ=݈௡ሺܿ௡, 1ீ೙ሻ  and ݈௡
כ ሺ੗௡ሻ=݈௡ሺ1஼೙, ੗௡ሻ for all ܿ௡ܥא௡, ੗௡ܩא௡ and for each ݊ א ܼ. Note 

that ൫݈, ,כݏݎ݁ܭሻ,߲൯→൫ሺכߟ,כܩሻ,ሺכߤ,כܥ൯:൫ሺכ݈ כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ is indeed a morphism of 
crossed modules of complexes since ݈ and ݈כ are chain maps,      ሺכݏݎ݁ܭ|ݐሻ݈௡=݈௡

כ ߲௡ and 

݈௡ሺ ܿ௡ 
੗೙ ሻ= ݈௡ሺܿ௡ሻ 

௟೙
כ ሺ੗೙ሻ 

 for all ܿ௡ܥא௡, ੗௡ܩא௡ and all ܼ݊א. We turn now to show that ߔ is a 
natural transformation,  let  ሺሺ݂, ݇ሻ௢௣,ࣽሻݎ݋ܯא஼ெ௢ௗ஼௢௠௣೚೛×஼௔௧భ‐஼௢௠௣ ሺܣ,  ሻ, whereܤ
=ܣ ቀ൫ሺכܥ, ,ሻכߤ ሺכܩ, ,ሻכߟ ߲൯௢௣, ൫ሺכܪ, ,ሻכߙ ,ݏ =ܤ ൯ቁ andݐ ቀ൫ሺכܦ, ,ሻכ߬ ሺ ,כܻ ,ሻכߜ ,൯௢௣ߣ ൫ሺ ,כܺ ,ሻכߚ ,ݑ  ൯ቁ It is enough toݒ
show the commutativity of the following diagram:  

,כܩ ډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ        ܣ  ,ሻכߟ ډכߤ ,ݏ ቁݐ ,ܷ൰ 
ఃሺ஺ሻ                                                        ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ ቀܬ,൫ሺכݏݎ݁ܭ, כߙ

ᇱሻ,ሺכݏ݉ܫ, כߙ
ᇳሻ,כݏݎ݁ܭ|ݐ൯ቁ    

                                                                 

    ሺሺ݂, ݇ሻ௢௣, ࣽሻ                                    ܧ஼௔௧భ‐஼௢௠௣ሺሺ݂ ډ ݇ሻ௢௣, ࣽሻ                         ܧ஼ெ௢ௗ஼௢௠௣൫ሺ݂, ݇ሻ௢௣, ሺࣽԢ, ࣽԣሻ൯              

,כܻ ډכܦ஼௔௧భ‐஼௢௠௣ ቀ൫ሺݎ݋ܯ           ܤ  ൯,ܹቁݒ,ݑ,ሻכߜ ډכ߬
ఃሺ஻ሻ                                                       ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ ቀܳ,൫ሺכݑݎ݁ܭ, כߚ

ᇱሻ,ሺכݑ݉ܫ, כߚ
ᇳሻ,כݑݎ݁ܭ|ݒ൯ቁ   

where ܷ=൫ሺכߙ,כܪሻ, ,൯ݐ,ݏ ,כܥ൫ሺ=ܬ ,כܩሻ,ሺכߤ ,ሻ,߲൯כߟ ܹ=൫ሺ ,כܺ ,൯ݒ,ݑ,ሻכߚ ܳ=൫ሺכ߬,כܦሻ,ሺ    .൯ߣ,ሻכߜ,כܻ

Let ݈=ሼ݈௡ሽݎ݋ܯא஼௔௧భ‐஼௢௠௣ ൬ቀሺכܩډכܥ, ,ሻכߟ ډכߤ ,ݏ ቁݐ ,൫ሺכܪ, ,ሻכߙ ,ݏ  ൯൰. Thereforeݐ

,஼ெ௢ௗ஼௢௠௣൫ሺ݂ܧ ݇ሻ௢௣,ሺࣽᇱ, ࣽᇱᇱሻ൯ߔሺܣሻሺ݈ሻ=ܧ஼ெ௢ௗ஼௢௠௣൫ሺ݂, ݇ሻ௢௣,ሺࣽᇱ, ࣽᇱᇱሻ൯൫݈,   ൯כ݈

=ሺࣽᇱ, ࣽᇱᇱሻ൫݈, ,൯ሺ݂כ݈ ݇ሻ=൫ࣽᇱ ݈ ݂, ࣽᇱᇱ ݈כ ݇൯. On the other hand, 

஼௔௧భ‐஼௢௠௣ሺሺ݂ܧሻܤሺߔ ډ ݇ሻ௢௣, ࣽሻ ሺ݈ሻ ൌ ሻ൫ࣽ ݈ ሺ݂ܤሺߔ ډ ݇ሻ൯   ൌ ቀࣽ ݈ ሺ݂ ډ ݇ሻ, ൫ࣽ ݈ ሺ݂ ډ ݇ሻ൯כቁ. 
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According to the definition of ݈ and  ݈כ, we have  ࣽ ݈ ሺ݂ ډ ݇ሻ ൌ ࣽᇱ ݈ ݂ and    ൫ࣽ ݈ ሺ݂ ډ ݇ሻ൯כ ൌ
ࣽᇱᇱ ݈כ ݇, respectively. Also, define a function       
Ψ:ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ሺെ,ܴെሻ → ݎ݋ܯ஼௔௧భ‐஼௢௠௣ ሺܶ െ ,െሻ as follows;  
for all ܥ= ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯௢௣

,൫ሺכߙ,כܪሻ,ݐ,ݏ൯ቁ  ,݌݉݋ܥ‐¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥܾܱא

Ψሺܥሻ:ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ ቀ൫ሺכߤ,כܥሻ,ሺכܩ, ሻ,߲=ሼכߟ ௡߲ሽ൯,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ቁ 

,כܩډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ            כߤ ډ ,ሻכߟ ,௡ሽݏሼ=ݏ ௡ൟቁݐ൛=ݐ ,൫ሺכܪ, ,ሻכߙ ,௡ሽݏሼ=ݏ  ,௡ሽ൯൰ݐሼ=ݐ

is defined by  Ψሺܥሻሺߩ, ሻߠ ൌ ሺߠډߩሻ# ,  for all 

ሺߩ=ሼߩ௡ሽ,ߠ=ሼߠ௡ሽሻݎ݋ܯא஼ெ௢ௗ஼௢௠௣ ቀ൫ሺכܥ, ,כܩሻ,ሺכߤ ,כݏݎ݁ܭሻ,߲൯,൫ሺכߟ כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ቁ 

where ሺߠډߩሻ#: ቀሺכܩډכܥ, ,ሻכߟ ډכߤ ,௡ሽݏሼ=ݏ ௡ൟቁݐ൛=ݐ →൫ሺכܪ, ,ሻכߙ ,௡ሽݏሼ=ݏ  ௡ሽ൯ is defined byݐሼ=ݐ
ሺߩ௡ߠډ௡ሻ#ሺܿ௡, ੗௡ሻ=ߩ௡ሺܿ௡ሻߠ௡ሺ੗௡ሻ for all ሺܿ௡, ੗௡ሻܥא௡ܩډ௡ and all ݊א ܼ. Clearly ሺߩ௡ߠډ௡ሻ# is a 
homomorphism and ߙ௡ሺߩ௡ߠ ډ௡ሻ#=ሺߩ௡ିଵߠ ډ௡ିଵሻ# ሺߤ௡ߟ ډ௡ሻ  which implies that ሺߠډߩሻ# is a chain 
map. Note that ሺߠډߩሻ# is also a morphism of            cat1-complexes. We turn now to show that 
Ψ is a natural transformation. Let ሺሺ݂,݇ሻ௢௣,ࣽሻݎ݋ܯ א஼ெ௢ௗ஼௢௠௣೚೛×஼௔௧భ‐஼௢௠௣ ሺܦ,ܥሻ, where                                  
=ܥ ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯௢௣

,൫ሺכߙ,כܪሻ,ݐ,ݏ൯ቁ and ܦ ൌ ቀ൫ሺכܦ, ,ሻכ߬ ሺ ,כܻ ,ሻכߜ ,൯௢௣ߣ ൫ሺ ,כܺ ,ሻכߚ ,ݑ  ൯ቁ . It is enough toݒ
show the commutativity of the following diagram:  

஼ெ௢ௗ஼௢௠௣ݎ݋ܯ        ܥ  ቀܬ,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇳሻ,כݏݎ݁ܭ|ݐ൯ቁ 
ஏሺ஼ሻ                                                       ݎ݋ܯ஼௔௧భ‐஼௢௠௣ ൬ቀሺכܩ ډכܥ, ,ሻכߟ ډכߤ ,ݏ ቁݐ ,ܷ൰                                 

    ሺሺ݂, ݇ሻ௢௣, ࣽሻ                                             ܧ஼ெ௢ௗ஼௢௠௣൫ሺ݂, ݇ሻ௢௣, ሺࣽԢ, ࣽԣሻ൯                           ܧ஼௔௧భ‐஼௢௠௣ሺሺ݂ ډ ݇ሻ௢௣, ࣽሻ              

஼ெ௢ௗ஼௢௠௣ݎ݋ܯ        ܦ ቀܳ,൫ሺכݑݎ݁ܭ, כߚ
ᇱሻ,ሺכݑ݉ܫ, כߚ

ᇳሻ,כݑݎ݁ܭ|ݒ൯ቁ 
ஏሺ஽ሻ                                                      ݎ݋ܯ஼௔௧భ‐஼௢௠௣ ቀ൫ሺכܻ ډכܦ,  ൯,ܹቁݒ,ݑ,ሻכߜ ډכ߬

Let ሺߩ, ஼ெ௢ௗ஼௢௠௣ݎ݋ܯאሻߠ ቀ൫ሺכܥ, ,כܩሻ,ሺכߤ ,ሻכߟ ߲൯,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ, ሺכݏ݉ܫ, כߙ

ᇱᇱሻ,  ൯ቁThereforeכݏݎ݁ܭ|ݐ
஼௔௧భ‐஼௢௠௣ሺሺ݂ܧ ډ ݇ሻ௢௣,ࣽሻΨሺܥሻሺߠ,ߩሻ= ܧ஼௔௧భ‐஼௢௠௣ሺሺ݂ ډ ݇ሻ௢௣, ࣽሻሺߩ ډ  #ሻߠ
                                                            =ࣽ ሺߠډߩሻ# ሺ݂݇ډሻ. On the other hand, 
Ψሺܦሻܧ஼ெ௢ௗ஼௢௠௣൫ሺ݂, ݇ሻ௢௣, ሺࣽᇱ, ࣽᇱᇱሻ൯ሺߩ, ሻߠ ൌ Ψሺܦሻ൫ሺࣽᇱ, ࣽᇱᇱሻሺߩ, ,ሻሺ݂ߠ ݇ሻ൯ 
                                                                      ൌ Ψሺܦሻሺࣽᇱߩ ݂, ࣽᇱᇱ ߠ ݇ሻ 
                                                                      ൌ ሺࣽᇱߩ ݂ ډ ࣽᇱᇱ ߠ ݇ሻ#. 
Let ሺ݀௡,ݕ௡ሻܦא௡ډ ௡ܻ. As ߩ௡ ௡݂ሺ݀௡ሻݏݎ݁ܭא௡, ߠ௡݇௡ሺݕ௡ሻݏ݉ܫ א௡, ࣽ௡

ᇱ =ࣽ௡|ݏݎ݁ܭ௡,     ࣽ௡
ᇱᇱ=ࣽ௡|ݏ݉ܫ௡, 

and from the definition of ሺߩ௡ߠډ௡ሻ#, we have                                  
ሺࣽ௡

ᇱ ௡ ௡݂ߩ ډ ࣽ௡
ᇱᇱ ߠ௡ ݇௡ሻ#ሺ݀௡, ௡ߩ௡ሻ=ࣽ௡ሺݕ ډ ௡ሻ#ሺߠ ௡݂ ډ ݇௡ሻሺ݀௡,  ௡ሻ. Thereforeݕ

ሺࣽᇱߩ ݂ ډ ࣽᇱᇱ ߠ ݇ሻ# ൌ ࣽ ሺߩ ډ ሻ# ሺ݂ߠ ډ ݇ሻ.  
Finally, we shall prove that ߶ܫ=ߖெ௢௥಴ಾ೚೏಴೚೘೛ሺି,ோିሻ  and ܫ=߶ߖெ௢௥಴ೌ೟భ‐ ಴೚೘೛ ሺ்ି,ିሻ .                                                     

Let  ܣ= ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯௢௣
,൫ሺכߙ,כܪሻ,ݐ,ݏ൯ቁ                           ݌݉݋ܥ-¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥܾܱא

We need to show the commutativity of the following diagram:  
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,כܩ ډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ  ,ሻכߟ ډכߤ ,ݏ ቁݐ ,ܷ൰ 
ఃሺ஺ሻ                                                            ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ ቀܬ,൫ሺכݏݎ݁ܭ, כߙ

ᇱሻ,ሺכݏ݉ܫ, כߙ
ᇳሻ,כݏݎ݁ܭ|ݐ൯ቁ    

 ሻܣሻ                                      Ψሺܣெ௢௥಴ೌ೟భ‐಴೚೘೛ ሺ்ି,ିሻሺܫ                                      

                                                                                                                                                                                        

,כܩ ډכܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ                                                                                  ,ሻכߟ ډכߤ ,ݏ ቁݐ ,ܷ൰ 
           
Let ݈ א כܥ஼௔௧భ‐஼௢௠௣ ൬ቀሺݎ݋ܯ ډ ,כܩ כߤ ډ ,ሻכߟ ,ݏ ቁݐ , ൫ሺכܪ, ,ሻכߙ ,ݏ  ൯൰. Thereforeݐ

Ψሺܣሻ߶ሺܣሻሺ݈ሻ ൌ Ψሺܣሻ൫ ݈ , ൯כ݈ ൌ ൫݈ ډ ൯כ݈
#
, where ൫݈௡ ډ ݈௡

כ  ൯
#

ൌ ݈௡  on  ܥ௡ ډ ݊ ௡ for allܩ א ܼ. 
Thus ൫ߖሺܣሻ߶ሺܣሻ൯ሺ݈ሻ ൌ ቀܫெ௢௥಴ೌ೟భ‐಴೚೘೛ ሺ்ି,ିሻ ሺܣሻቁ ሺ݈ሻ. Now, let 

=ܣ ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯௢௣
,൫ሺכߙ,כܪሻ,ݐ,ݏ൯ቁ  We need to show .݌݉݋ܥ‐¹ݐܽܥ×௢௣݌݉݋ܥ݀݋ܯܥܾܱא

the commutativity of the following diagram:  

஼ெ௢ௗ஼௢௠௣ݎ݋ܯ  ቀܬ,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇳሻ,כݏݎ݁ܭ|ݐ൯ቁ 
ஏሺ஺ሻ                                                            ݎ݋ܯ஼௔௧భ‐஼௢௠௣ ൬ቀሺכܩ ډכܥ, ,ሻכߟ ډכߤ ,ݏ ቁݐ ,ܷ൰    

 ሻܣሺߔ                               ሻܣெ௢௥಴ಾ೚೏಴೚೘೛ሺି,ோିሻ ሺܫ                                                    

                                                                                                                                                                                    

஼ெ௢ௗ஼௢௠௣ݎ݋ܯ                                                                                 ቀܬ,൫ሺכݏݎ݁ܭ, כߙ
ᇱሻ,ሺכݏ݉ܫ, כߙ

ᇳሻ,כݏݎ݁ܭ|ݐ൯ቁ 

For any ሺߠ,ߩሻݎ݋ܯא஼ெ௢ௗ஼௢௠௣ ቀ൫ሺכߤ,כܥሻ,ሺכߟ,כܩሻ,߲൯,൫ሺכߙ,כݏݎ݁ܭ
ᇱሻ,ሺכߙ,כݏ݉ܫ

ᇱᇱሻ,כݏݎ݁ܭ|ݐ൯ቁ, we have 

߶ሺܣሻߖሺܣሻሺߩ, ሻߠ ൌ ߶ሺܣሻሺሺߩ ډ ሻ# ሻߠ ൌ ቀሺߩ ډ ,#ሻߠ ሺሺߩ ډ  .ቁכሻ#ሻߠ

In fact ሺߩ௡ ډ #௡ሻߠ ൌ ௡ߩ௡ and  ሺሺܥ ௡ onߩ ډ כ௡ሻ#ሻߠ ൌ ݊ ௡  for allܩ ௡ onߠ א ܼ. 

Therefore ߶ሺܣሻߖሺܣሻሺߩ, ሻߠ ൌ ቀܫெ௢௥಴ಾ೚೏಴೚೘೛ሺି,ோିሻ ሺܣሻቁ ሺߩ,  .ሻߠ

Thus ߔ: ,஼௔௧భ‐஼௢௠௣ ሺܶെݎ݋ܯ െሻ→ݎ݋ܯ஼ெ௢ௗ஼௢௠௣ሺെ, ܴെሻ  is a natural isomorphism, and hence 
T: :ܴ is a left adjoint functor of ݌݉݋ܥ‐¹ݐܽܥ→݌݉݋ܥ݀݋ܯܥ ݌݉݋ܥ‐¹ݐܽܥ ՜           ♦      .݌݉݋ܥ݀݋ܯܥ
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