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Abstract. Using Otsuki’s connection (P,’T",”I") we obtain new equations
for normalized surfaces, which, in a special case, reduce to the equations given
by Norden. Using obtained relations Vjg;;, in case of det |g;;| # 0 we prove
that Otsuki’s coefficients of transfer to surface X,, are uniformly specified
in external normalization. In the case of internal normalization, where all
points of surface X,, belong to absolute hypersurface we derive again new
reduced equations of normalized surfaces, which reduce in the special case to
the equations given by Norden. In the case det |g;;| # 0 using obtained relation
Vegi; = Pilkgi; + Pflkgti we prove that the Otsuki’s connection coefficients of
surface whose all points belong to the absolutes are uniformly defined.
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INTRODUCTION

The connections 'T",”T" naturally appear in differential geometry of smooth
manifolds. The connections 'T',”I" determined by a relative normalization
(x,X,y) are torsion free Ricci systematic connections. We refer [SSV] and
[PAS] for more details.

A triple ('T', ¢,"T") of two symmetric connections 'T' and "I" and a semi-
Riemannian metric g is called a conjugate triple if the compatibility condition
is satisfied:

9gi _
oxk

T?kgaj - //F?kgia =0

For conjugate triples in relative hypersurface theory, see Section 4. Conjugate
triples also appear on hypersurface in space forms with Weingarten operators
of maximal rank; see e.g. [SSV].

Otsuki considered general regular connections on n-dimensional C'*° mani-
folds as a pair of two connections ('T",”T"), where 'T" is the contravariant part
and "T" is the covariant part.
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Norden [Nol], [No2] studied the parallel displacement according to two con-
nections 'T","T" of two directions which are conjugated with respect to a sys-
tematic nondegenerate pseudotensor g.

Prvanovi¢ [Prv] constructed a family of pairs of linear connections which
are conjugated in the sense of Otsuki satisfying at the same time Norden’s
condition of conjugation. She also considered conformal transformations and
calculated a certain conformally invariant tensor. We refer also [Prv1], [Prv2],
[Prv3], [Pu2] for other results related to the geometry of Otsuki spaces.

All of these mentioned results motivate a further study of Otsuki spaces
which reduce in a special case to the Norden spaces. In Section 1 we introduce
notations and notions, which we use throughout the paper. We state also
elementary relations between these notions. In Section 2 we study an Otsuki
connection on a submanifold X, of a projective space P, according to external
normalization. Internal normalization of X,, is studied in Section 3. For a
normalization x = Az we have y; = Ay; and [, =1, + 0 log A of the obtained
structure. Consequently, the second normal is not changed.

For a point x € N(X,,) we have the reper z,y;, X (s = 1,...,n — m;

S

i=1,...,m) of n+ 1 points. We have this reper to derive the fundamental
equations of a normalized submanifold N(X,,);

(0.3) Vj)s(:pﬁgaéythzjngfi(, t,k=1,2,...,n—m.

For P! = ¢! we have an affine mapping when equations (0.1), (0.2) and (0.3)
reduce to equations given by Norden.
Pg is a mixed tensor such that det(p3) # 0 which satisfies the relation

"o 1% al/mo
%—i_ F/wpﬁ_pa 8y =0,

where 'T" and "I" are two connections. N

, x
Let n® be linearly independent vectors. Vectors n® with z!, = 5 form
T T T;

the base of tangential space of a manifold X,, in a point. The base 7, x! of
dual vector space is uniquely determined by condition

y z ; j
?anazég, xin, =0, afxl =4, T M =0,

where 292% + nng = 6.
S
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1. PRELIMINARIES

T. Otsuki [Ots] has introduced a general regular connection in n-dimensional
C manifold M™. This connection is defined by two different parts: contravari-
ant part 'I' and covariant part “I". In this case the covariant derivative of (1,1)
type tensor V' is given by the relation

7 vy s s 7
(1.1) DyVy = (axl;g + TV = kzb) Pa‘ij

where the tensor P of type (1,1) (det(P}) # 0) is the fundamental tensor of
Otsuki theory. 'T" and "I" are affine connections satisfying the relation

op% A .
(1.2) a—xf + T, PE — PIT%, =0,
which is equivalent with the condition D;Q%, where @ = P71, i.e.,
(1.3) PiQs = 4.

On the other hand let N(X,,) be a normalized submanifold X,, of a pro-
jective space P,. This means that in every point x € P there exist two linear
manifolds P,_,, and P,,_; such that

(a) Pp_m contains the point x € P,, but with the tangent plane T}, in = has
not other common points,

(b)Pp—1 is a subset of T},,, but it does not contain z.

We call manifolds P,,_,, and P,,_1 normals P; of the first type and P;; of
the second type for N(X,,) respectively.

We denote by X (p = 1,2,...,n —m) points of P; and call them tops of

p

the first type normal. The points X and x compose a system of n — m + 1

p
independent points and determine P;.

Let tangent coordinate lines on X,, in a point x cut P;; in points y; =
0;x — l;x which are independent and determine P;;. We call them support
points.

Given Pj; is equivalent to a given set [; of m scalars. A choice of [; is
connected with a choice of curvilinear coordinate system and the normalization
of the vector x which determines a point of X,,.

l; is a tensor which we call a normalizator of N (X /).

In projective space P, projective metric is introduced and defined by the
polarity! with the fundamental tensor a,s. Thus, scalar product of vector of
corresponding points is defined by 2y = a,32%y° and the Weierstrass normal-
ization 22 = o = £1. Normalization of a surface X,, given in P, is polar
with respect to given polarity if P; and P;; corresponding to each point of
conjugated polar.

Given polarity is absolute polarity of that normalization.

IPolarity is correspondence between points and hypersurface defined by relation ¢, =
aapr?, where anp is symmetric tensor.
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Py is orthogonal on tangent space T}, because Py lies in T}, which is polar
for Pr.

It the points of surface X,, do not belong to absolute hypersurface of sec-
ond order ),,_1 which is defined by absolute polarity, surface normalization is
external.

If all points of X,,, belong to absolute hypersurface normalization is internal.

2. EXTERNAL NORMALIZATION

Point of surface is defined by vector z = z(u', u?, ..., u™). The Weierstrass
normalization is valid, consequently we have relation 22 = o = +1.

All points P;; are conjugated with fixed point X through which passes P;,
than z-y; = 0. As zy; = (0x — l;x) = %8x2 —liz? = %&-0 — ;0 = —l;0, than
ZZ‘O' =0 and lz = 0.

From [; = 0 follows y,y; = 0;x0;x = g;; which proves that the points’ scalar
products of support are coordinates of tensor projective metrics.

Vectors X, s =1,2,...,n—m are mutually independent and define the tops

S
of normal of first order. We take them that the tops P; lie on surface P,_, at
which normal P; intersects polar of point x.
Now we have relations X y; = 0 and X x=0.

Vectors X are fully deﬁned by relatlon X X = g5 = const.

Let the reper whose tops coincide with tops of normal, is autopolar; then
we have a relation

gss =es =11, ga=0(s#t) (s,t=1,2,...,n—m).

Then from previously mentioned follows

‘ r oy X
z|le 0 O
y; 10 gi; O
‘i( 0 0 Jst

We differentiate relation xy; = 0 using the table to obtain
(052)y: + x(Vyi) = 0,
(y; + Lx)y; + x( Py + pjix + Zi]‘ X) =0
(2.1) Yiy; +epij =0 <= gij = —€pji <= Pji = —€Gij-
We differentiate relation X x = 0 to obtain
(Vi X) + X(9j2) = 0 <= (P/mjy, + myz + nj X)z + X(y; +1;z) = 0.
Consequently we have
(2.2) me = 0= (7Sn] =0).
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We differentiate relation X %( = const to obtain
S

. . — Tt k Tt k —
(%02 + (%30 =0 = (7 e+ 18 20X+ X o+ 320 =0
Thus we have
(2.3) Itk ?S”Lf + Gsk ?f = 0.

Finally we differentiate relation Xy; = 0 to obtain
i (P! mé-yt + nf i() + (Plliy: + pjiz + bfj i() X =0.
Hence it follows P} m;'-gt,- + bfjgks = 0. This relation implies
(24) Pit mjt + bij = 0
The relations (2.1), (2.2), (2.3), and (2.4) imply the fundamental equations of
normalized surface in external normalization
a’ix = Y,
Vjyi = —€gijr + biy X
X = Ptmt kx
V] s ¢ ijt + ?j k
Now we differentiate relation g;; = y;y; to have
Vigij = (=€gi2)y; + (U3 X)y; + yi(—egjne) + yi(bj, X) = 0.

From relation Vjg;; = 0 follows that connection of normalized surface in ex-
ternal normalization is metrical. Its metric is induced by absolute polarity.

Assuming that det|g;;| # 0 surface X, is called nonisotropic surface with
respect to metric defined by absolute polarity.

Theorem 1. If det|g;;| # 0, then coefficients of Otsuki’s displacement on
surface X,, normalized in external polar normalization are uniquely determined
(if tensor Pg is corresponded to manifold X,,, then regular Otsuki’s connection

(P,'T,"T') of ambient space induces reqular Otsuki’s connection (P,'T',"T) of
submanifold).

When V,¢” = 0 is on the surface, then we have an affine mapping.
Proof. From Vjg;; = pfpé-gsz\k and Vjg;; = 0 it follows
PP (Ocgst — "Il — "Tligen) = 0 e.e.,
(2.5) Ogst — "Thogn — "Tlpgsn = 0

k, s, l indexes permutation imply other two relations, which due to "It = "T}.
give

—2"T} gk + O1grs + Osgu. — Ogs = 0.
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Consequently

_ 1
"T} gne — 5(@% + Osgik — Okgs1)

ie.,

— 1
,Tﬁ; = i(algk:s + Osquk — Okgs1)-

i
The relations a—x’i +"Ti, P; —"T%.P! = 0 determine the coefficients 'T’,.

We know that g*g,; = d%. Differentiating this relation we get
(Vg )gri + 9" (Viegri) = Vi)
ie.,
(Vg™ )grj = P Py ou,
Vig" = g P PR + T — "),

In an affine space from relation Vjg;; follows Vig” = 0. If Vig" = 0 from
relation (*) follows 0%, = 0.
Since 5;'||k = ’f;k - ”f;k we have that 'T" = T, i.e., Otsuki displacement

reduces to an affine mapping. O

3. INTERNAL POLAR NORMALIZATION

Polar normalization is internal if point z = z(u',u? ..., u™) belongs to
absolute. Introducing scalar product using tensor of absolute polarity we have
relation 2% = 0.

Second order normal Pj; is polar normal of first order P; which passes trough
point z, and all points of normal Pj; (here are the support points Y;) satisfy
the condition zy; = 0.

From relation z? = 0 it follows 20;2 = 0. Now we have

yiyj = &xajx — lzl'ajl‘ — ljl'azl' + ljlil'2 = &xf)]x

i.e., ¥;y; = gij, where g;; is fundamental tensor of projective metric.

Since points of surface belong to absolute, it implies that tensor g;; is defined
in the points of surface. Due to indeterminacy of normalization of vector x
satisfying conditions 2 = 0, this determinacy is up to scalar factor.

We chose the tops X of first order normality s = 1,2,...,n —m — 1 in

tangential surface, such that their vectors fulfill conditions Xy; =0, Xz = 0.

Final top X does not belong to tangential hyperplane, because its vector
has to fulfill inequality Xz # 0.

We normalize this space to obtain Xz = 1 and we chose this top on absolute
such that we have X2 = 0.
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We chose all tops X in subspace P,_, of intersection of tangent hyperplanes

of absolute in points 3: and X. Then the following relations hold

y X =0, X -X=0; X-X:gst:const, (s,t=1,2,...,n—m—1).

Now we have table where we emphasize the top X and summarize all pre-
vious mentioned facts.

r vy X X
z |0 0 1 0
yj 0 gij 0 0
X1 0 0 0
X100 0 ga

Emphasizing the top X we obtain the equations for normalized surface
Ox =y, + ;X
Vivi = Piljys + pjix + b X + ZjiX
VX Ptmyt—i—m]x—i—an—i—?X
V,X = Plm! yt—i-m]x—i-an—i—n;X

Differentiating relation we obtain

1) From zy; = 0 it follows b;; = —g;;
From z - X =1 it follows n; = —I
From xX = 0 it follows n] =0

J

From X 2 =0 it follows m; =0

From X - X it follows mj —n;

)

)

) .
5) From XyZ = 0 it follows b]Z =P} m’ G

)

)

)

(9) From yzy] = gU it follows Ptlkgtj + P kg = Viij.

The last relation is used in order to obtain coefficients of displacement "T.
Equations of normalized surface in internal polar normalization due to pre-
vious relations are the following

Vy; = Pitljyt +pjir — guX + by X
V; X = P/ mly, — njz + nz)t(

VX = Plmiy — X + 0y X
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with additional conditions (4), (5), and (9).
Finally we prove theorem.

Theorem 2. Let g;; be the fundamental tensor of projective metric such that
det(g;;) # 0. Then coefficients "I, of Otsuki displacements are uniquely de-
termined and consequently the Otsuki displacement is also determined on a
normalized surface whose all points belong to absolute.

Proof. We use the relation (9) and Vi gi;; = P} P} g, to get
P P’ grsie = Plrge; + pjlkgei
Pirpf(akgrs - Hff’kgts - ”fikgrt> = Pz‘tlkgtj + Pﬂkgti
QzPiTQ%P;(akgrs - ,/Fikgts - ”fikgrt) = QZQ%(R‘tlkgtj + P;‘tlk:gti)
502 (grgrs — "Trnges — "Topgre) = l(QyQ% Py + Q4QL Pl gui)
Ogon — "Tirgin — "Thrgor = le(0,Q% 915 + Q101,9:)
OGon — "Torgen — ”ffzkgbt = lk(szgbj + szgnz)

Let Q%gbj - an and lejgm - anu assuming an - an we have akgbn -

"It Gin — T g = 20, Qnp- Cyclical permutation of k, b, n indexes from previ-
ous relations, assuming "I} = "I, we obtain new relation

OGon — ObGnk — Ongio + 2" Thypgir = 2(leQup — Qo — 1bQrn)

wherefrom it follows
Tk = %(abgnk + Ongio — Okgon) + kQunb — lnQuk — Qg
or finally
"Iy =9g" %(abgnk + OnGrp — Ok Gon) + Qb — 1, Qur — lelm] :

'Tt, is induced displacement through "T*, as relations of the fundamental
Otsuki displacement on a normalized surface are given by

aPJZ //fi Pr s Pz‘ _ 0
oz, Tl T ks =0
O
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