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Abstract. Using Otsuki’s connection (P, ′Γ, ′′Γ) we obtain new equations
for normalized surfaces, which, in a special case, reduce to the equations given
by Norden. Using obtained relations ∇kgij , in case of det |gij| �= 0 we prove
that Otsuki’s coefficients of transfer to surface Xm are uniformly specified
in external normalization. In the case of internal normalization, where all
points of surface Xm belong to absolute hypersurface we derive again new
reduced equations of normalized surfaces, which reduce in the special case to
the equations given by Norden. In the case det |gij| �= 0 using obtained relation
∇kgij = pt

ilkgij + P t
j lkgti we prove that the Otsuki’s connection coefficients of

surface whose all points belong to the absolutes are uniformly defined.
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Introduction

The connections ′Γ, ′′Γ naturally appear in differential geometry of smooth
manifolds. The connections ′Γ, ′′Γ determined by a relative normalization
(x,X, y) are torsion free Ricci systematic connections. We refer [SSV] and
[PAS] for more details.

A triple (′Γ, g, ′′Γ) of two symmetric connections ′Γ and ′′Γ and a semi-
Riemannian metric g is called a conjugate triple if the compatibility condition
is satisfied:

∂gij

∂xk
− ′Γa

ikgaj − ′′Γa
jkgia = 0

For conjugate triples in relative hypersurface theory, see Section 4. Conjugate
triples also appear on hypersurface in space forms with Weingarten operators
of maximal rank; see e.g. [SSV].

Otsuki considered general regular connections on n-dimensional C∞ mani-
folds as a pair of two connections (′Γ, ′′Γ), where ′Γ is the contravariant part
and ′′Γ is the covariant part.
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Norden [No1], [No2] studied the parallel displacement according to two con-
nections ′Γ, ′′Γ of two directions which are conjugated with respect to a sys-
tematic nondegenerate pseudotensor g.

Prvanović [Prv] constructed a family of pairs of linear connections which
are conjugated in the sense of Otsuki satisfying at the same time Norden’s
condition of conjugation. She also considered conformal transformations and
calculated a certain conformally invariant tensor. We refer also [Prv1], [Prv2],
[Prv3], [Pu2] for other results related to the geometry of Otsuki spaces.

All of these mentioned results motivate a further study of Otsuki spaces
which reduce in a special case to the Norden spaces. In Section 1 we introduce
notations and notions, which we use throughout the paper. We state also
elementary relations between these notions. In Section 2 we study an Otsuki
connection on a submanifold Xm of a projective space Pn according to external
normalization. Internal normalization of Xm is studied in Section 3. For a
normalization x = λx we have yi = λyi and ľi = li + ∂i log λ of the obtained
structure. Consequently, the second normal is not changed.

For a point x ∈ N(Xm) we have the reper x, yi, X
s

(s = 1, . . . , n − m;

i = 1, . . . , m) of n + 1 points. We have this reper to derive the fundamental
equations of a normalized submanifold N(Xm);

∂ix = yi + lix(0.1)

∇jyi = P t
i ljyt + pjix +

s

bij X
s

, j, i = 1, 2 . . . , m,(0.2)

∇j X
s

= pt
i m

s

i
jyt + m

s
jx + n

s

k
l X

k
, t, k = 1, 2, . . . , n − m.(0.3)

For P t
i = δt

i we have an affine mapping when equations (0.1), (0.2) and (0.3)
reduce to equations given by Norden.

P α
β is a mixed tensor such that det(pα

β) �= 0 which satisfies the relation

∂pα
β

∂xγ
+ ′′Γα

μγp
μ
β − pα

σ
′Γσ

βγ = 0,

where ′Γ and ′′Γ are two connections.

Let n
x

α be linearly independent vectors. Vectors n
x

α with xi
α =

∂xα

∂ni
form

the base of tangential space of a manifold Xm in a point. The base
x
nα, xi

α of
dual vector space is uniquely determined by condition

n
x

α y
nα = δy

x, xα
i

x
nα = 0, xα

i xj
α = δj

i , xi
α n

x

α = 0,

where xα
i xi

β + n
s

α x
nβ = δα

β .
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1. Preliminaries

T. Otsuki [Ots] has introduced a general regular connection in n-dimensional
C∞ manifold Mn. This connection is defined by two different parts: contravari-
ant part ′Γ and covariant part ′′Γ. In this case the covariant derivative of (1, 1)
type tensor V is given by the relation

DkV
i
j =

(
∂V a

b

∂xk
+ ′Γq

skV
s
b − ′′Γs

kb

)
P i

aP
b
j(1.1)

where the tensor P of type (1, 1) (det(P i
j ) �= 0) is the fundamental tensor of

Otsuki theory. ′Γ and ′′Γ are affine connections satisfying the relation

∂pα
β

∂xγ
+ ′′Γi

akP
a
j − P i

a
′Γa

jk = 0,(1.2)

which is equivalent with the condition DkQ
i
j , where Q = P−1, i.e.,

P i
sQ

s
j = δi

j .(1.3)

On the other hand let N(Xm) be a normalized submanifold Xm of a pro-
jective space Pn. This means that in every point x ∈ P there exist two linear
manifolds Pn−m and Pm−1 such that

(a) Pn−m contains the point x ∈ Pn, but with the tangent plane Tm in x has
not other common points,

(b)Pm−1 is a subset of Tm, but it does not contain x.
We call manifolds Pn−m and Pm−1 normals PI of the first type and PII of

the second type for N(Xm) respectively.
We denote by X

p
(p = 1, 2, . . . , n − m) points of PI and call them tops of

the first type normal. The points X
p

and x compose a system of n − m + 1

independent points and determine PI .
Let tangent coordinate lines on Xm in a point x cut PII in points yi =

∂ix − lix which are independent and determine PII . We call them support
points.

Given PII is equivalent to a given set li of m scalars. A choice of li is
connected with a choice of curvilinear coordinate system and the normalization
of the vector x which determines a point of Xm.

li is a tensor which we call a normalizator of N(XM).
In projective space Pn projective metric is introduced and defined by the

polarity1 with the fundamental tensor aαβ. Thus, scalar product of vector of
corresponding points is defined by xy = aαβxαyβ and the Weierstrass normal-
ization x2 = σ = ±1. Normalization of a surface Xm given in Pn is polar
with respect to given polarity if PI and PII corresponding to each point of
conjugated polar.

Given polarity is absolute polarity of that normalization.

1Polarity is correspondence between points and hypersurface defined by relation ζα =
aαβxβ , where aαβ is symmetric tensor.
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PI is orthogonal on tangent space Tm because PII lies in Tm which is polar
for PI .

It the points of surface Xm do not belong to absolute hypersurface of sec-
ond order Qn−1 which is defined by absolute polarity, surface normalization is
external.

If all points of Xm belong to absolute hypersurface normalization is internal.

2. External normalization

Point of surface is defined by vector x = x(u1, u2, . . . , um). The Weierstrass
normalization is valid, consequently we have relation x2 = σ = ±1.

All points PII are conjugated with fixed point X through which passes PI ,
than x · yi = 0. As xyi = x(∂ix− lix) = 1

2
∂x2 − lix

2 = 1
2
∂iσ − liσ = −liσ, than

liσ = 0 and li = 0.
From li = 0 follows yiyj = ∂ix∂jx = gij which proves that the points’ scalar

products of support are coordinates of tensor projective metrics.
Vectors X

s
, s = 1, 2, . . . , n−m are mutually independent and define the tops

of normal of first order. We take them that the tops PI lie on surface Pn−2 at
which normal PI intersects polar of point x.

Now we have relations X
s

yi = 0 and X
s

x = 0.

Vectors X
s

are fully defined by relation X
s

X
t

= gst = const.

Let the reper whose tops coincide with tops of normal, is autopolar; then
we have a relation

gss = εs = ±1; gst = 0 (s �= t) (s, t = 1, 2, . . . , n − m).

Then from previously mentioned follows

x yi X
s

x ε 0 0
yj 0 gij 0
X
t

0 0 gst

We differentiate relation xyi = 0 using the table to obtain

(∂jx)yi + x(∇jyi) = 0,

(yj + ljx)yi + x(P t
i ljyt + pjix +

s

bij X
s

) = 0

yi · yj + εpij = 0 ⇐⇒ gij = −εpji ⇐⇒ pji = −εgij.(2.1)

We differentiate relation X
s

x = 0 to obtain

(∇j X
s

) + X
s

(∂jx) = 0 ⇐⇒ (P t
i m

s

i
jyt + m

s
jx + n

s

k
j X

k
)x + X

s
(yj + ljx) = 0.

Consequently we have

m
s

lε = 0 ⇒ ( m
s

j = 0).(2.2)
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We differentiate relation X
s

X
t

= const to obtain

(∇j X
s

) X
t

+ X
s

(∇j X
t

) = 0 ⇒ (P r
i m

s

i
jyr + n

s

k
j X

k
) X

t
+ X

s
(P r

i m
t

i
jyr + n

t

k
j X

k
) = 0.

Thus we have

gtk n
s

k
j + gsk n

t

k
j = 0.(2.3)

Finally we differentiate relation X
s

yi = 0 to obtain

yi(P
t
i m

s

i
jyt + n

s

k
j X

k
) + (P t

i ljyt + pjix + bk
ij X

k
) X

s
= 0.

Hence it follows P t
i m

s

i
jgti + bk

ijgks = 0. This relation implies

P t
i m

s
jt + b

s
ij = 0.(2.4)

The relations (2.1), (2.2), (2.3), and (2.4) imply the fundamental equations of
normalized surface in external normalization

∂ix = yi,

∇jyi = −εgijx +
s

bij X
s

∇j X
s

= P t
i m

s

i
jyt + n

s

k
j X

k
.

Now we differentiate relation gij = yiyj to have

∇kgij = (−εgijx)yj + (bs
ik X

s
)yj + yi(−εgjkx) + yi(b

s
jk X

s
) = 0.

From relation ∇kgij = 0 follows that connection of normalized surface in ex-
ternal normalization is metrical. Its metric is induced by absolute polarity.

Assuming that det |gij| �= 0 surface Xm is called nonisotropic surface with
respect to metric defined by absolute polarity.

Theorem 1. If det |gij| �= 0, then coefficients of Otsuki’s displacement on
surface Xm normalized in external polar normalization are uniquely determined
(if tensor P α

β is corresponded to manifold Xm, then regular Otsuki’s connection

(P, ′Γ, ′′Γ) of ambient space induces regular Otsuki’s connection (P̄ , ′Γ̄, ′′Γ̄) of
submanifold).

When ∇kg
ij = 0 is on the surface, then we have an affine mapping.

Proof. From ∇kgij = ps
ip

l
jgsl|k and ∇kgij = 0 it follows

P s
i P l

j(∂kgsl − ′′Γ̄h
skghl − ′′Γ̄h

lkgsh) = 0 e.e.,

∂kgsl − ′′Γ̄h
skghl − ′′Γ̄h

lkgsh = 0(2.5)

k, s, l indexes permutation imply other two relations, which due to ′′Γ̄h
kl = ′′Γ̄h

lk

give

−2′′Γ̄h
lsghk + ∂lgks + ∂sglk − ∂kgsl = 0.
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Consequently

′′Γ̄h
lsghk − 1

2
(∂lgks + ∂sglk − ∂kgsl)

i.e.,

′′Γ̄h
ls =

1

2
(∂lgks + ∂sglk − ∂kgsl).

The relations
∂P i

j

∂xk
+ ′′Γ̄i

rkP
r
j − ′′Γ̄s

jkP
i
s = 0 determine the coefficients ′Γ̄h

ls.

We know that girgrj = δi
j . Differentiating this relation we get

(∇kg
ir)grj + gir(∇kgrj) = ∇kδ

i
j

i.e.,

(∇kg
ir)grj = P i

mP s
j δm

s|k,

∇kg
ir = grjP i

mP s
j (∂kδ

m
s + ′Γ̄m

hkδ
h
s − ′′Γ̄h

skδ
m
k ).

In an affine space from relation ∇kgij follows ∇kg
ij = 0. If ∇kg

ij = 0 from
relation (*) follows δi

j|k = 0.

Since δi
j||k = ′Γ̄i

jk − ′′Γ̄i
jk we have that ′Γ̄ = ′′Γ̄, i.e., Otsuki displacement

reduces to an affine mapping.

3. Internal polar normalization

Polar normalization is internal if point x = x(u1, u2, . . . , um) belongs to
absolute. Introducing scalar product using tensor of absolute polarity we have
relation x2 = 0.

Second order normal PII is polar normal of first order PI which passes trough
point x, and all points of normal PII (here are the support points Yi) satisfy
the condition xyi = 0.

From relation x2 = 0 it follows x∂ix = 0. Now we have

yiyj = ∂ix∂jx − lix∂jx − ljx∂ix + ljlix
2 = ∂ix∂jx

i.e., yiyj = gij, where gij is fundamental tensor of projective metric.
Since points of surface belong to absolute, it implies that tensor gij is defined

in the points of surface. Due to indeterminacy of normalization of vector x
satisfying conditions x2 = 0, this determinacy is up to scalar factor.

We chose the tops X
s

of first order normality s = 1, 2, . . . , n − m − 1 in

tangential surface, such that their vectors fulfill conditions X
s

yi = 0, X
s

x = 0.

Final top X does not belong to tangential hyperplane, because its vector
has to fulfill inequality Xx �= 0.

We normalize this space to obtain Xx = 1 and we chose this top on absolute
such that we have X2 = 0.
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We chose all tops X
s

in subspace Pn−2 of intersection of tangent hyperplanes

of absolute in points x and X. Then the following relations hold

yiX = 0, X
s
· X = 0; X

s
· X

t
= gst = const, (s, t = 1, 2, . . . , n − m − 1).

Now we have table where we emphasize the top X and summarize all pre-
vious mentioned facts.

x yi X X
s

x 0 0 1 0
yj 0 gij 0 0
X 1 0 0 0
X
t

0 0 0 gst

Emphasizing the top X we obtain the equations for normalized surface

∂ix = yi + liX

∇jyi = P t
i ljyt + pjix + bjiX +

s

bji X
s

∇j X
s

= P t
i m

s

i
jyt + m

s
jx + n

s
jX + n

s

t
j X

t

∇jX = P t
i m

i
jyt + mjx + njX + nt

j X
t

.

Differentiating relation we obtain

(1) From xyi = 0 it follows bji = −gji

(2) From x · X = 1 it follows nj = −lj
(3) From xX

s
= 0 it follows n

s
j = 0

(4) From X · yi = 0 it follows Pji = −P t
i m

t
jm

i
jgti

(5) From X
s

yi = 0 it follows b
s

ji = −P t
i m

s

i
jgti

(6) From X2 = 0 it follows mj = 0
(7) From X · X

s
it follows m

s
j = −n

s
j

(8) From X
s
· X

t
= gst it follows n

st
j + n

ts
j = 0

(9) From yiyj = gij it follows P t
i lkgtj + P t

j lkgti = ∇kgij.

The last relation is used in order to obtain coefficients of displacement ′′Γ̄.
Equations of normalized surface in internal polar normalization due to pre-

vious relations are the following

∂ix = yi + lix

∇jyi = P t
i ljyt + pjix − gjiX +

s

bji X
s

∇j X
s

= P t
i m

s

i
jyt − n

s
jx + n

s

t
j X

t

∇jX = P t
i m

i
jyt − ljX +

t
nj X

t
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with additional conditions (4), (5), and (9).
Finally we prove theorem.

Theorem 2. Let gij be the fundamental tensor of projective metric such that
det(gij) �= 0. Then coefficients ′′Γ̄t

sr of Otsuki displacements are uniquely de-
termined and consequently the Otsuki displacement is also determined on a
normalized surface whose all points belong to absolute.

Proof. We use the relation (9) and ∇Kgij = P r
i P s

j grs|k to get

P r
i P s

j grs|k = P t
i lkgtj + pt

jlkgti

P r
i P s

j (∂kgrs − ′′Γ̄t
rkgts − ′′Γ̄t

skgrt) = P t
i lkgtj + P t

j lkgti

Qi
bP

r
i Qj

nP s
j (∂kgrs − ′′Γ̄t

rkgts − ′′Γ̄t
skgrt) = Qi

bQ
j
n(P t

i lkgtj + P t
j lkgti)

δr
kδ

n
s (gkgrs − ′′Γ̄t

rkgts − ′′Γ̄t
skgrt) = lk(Q

i
bQ

j
nP t

i gtj + Qi
bQ

j
nP t

j gti)

∂kgbn − ′′Γ̄t
bkgtn − ′′Γ̄t

nkgbt = lk(δ
t
bQ

j
ngtj + Qi

bδ
t
ngti)

∂kgbn − ′′Γ̄bkgtn − ′′Γ̄t
nkgbt = lk(Q

j
ngbj + Qi

bgni).

Let Qj
ngbj = Qnb and Qi

bgni = Qbn; assuming Qnb = Qbn we have ∂kgbn −
′′Γ̄t

bkgtn − ′′Γ̄t
nkgbt = 2lkQnb. Cyclical permutation of k, b, n indexes from previ-

ous relations, assuming ′′Γ̄t
bn = ′′Γ̄t

nb we obtain new relation

∂kgbn − ∂bgnk − ∂ngkb + 2′′Γ̄t
nbgtk = 2(lkQnb − lnQbk − lbQkn)

wherefrom it follows

′′Γ̄t
nbgtk =

1

2
(∂bgnk + ∂ngkb − ∂kgbn) + lkQnb − lnQbk − lbQkn,

or finally

′′Γ̄t
nb = gtk

[1

2
(∂bgnk + ∂ngkb − ∂kgbn) + lkQnb − lnQbk − lbQkn

]
.

′Γ̄t
nb is induced displacement through ′′Γ̄t

nb as relations of the fundamental
Otsuki displacement on a normalized surface are given by

∂P i
j

∂xk
+ ′′Γ̄i

rkP
r
j − ′′Γ̄s

jkP
i
s = 0.
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