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1. Introduction and Preliminaries

The concept of a bitopological space (X, τ1, τ2) was first introduced by Kelly

[4], where X is a nonempty set and τ1, τ2 are topologies on X. In [2], the
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authors defined the notions of b-open sets and b-continuity in bitopological

spaces. In this paper, we introduce and study the concepts of quasi b-open

and quasi b-closed functions on bitopological spaces. Throughout this paper,

(X, τ) denotes a topological space, and (X, τ1, τ2) denotes a bitopological space

on which no separation axioms are assumed. Let A be a subset of (X, τ1, τ2),

the interior (resp. closure) of A with respect to the topology τi (i = 1, 2)

will be denoted by τi-int(A) (resp. τi-cl(A)). A subset A of (X, τ) is called

τ -b-open [1], if A ⊂ τ -int(τ -cl(A)) ∪ τ -cl(τ -int(A)), and called τ -b-closed if

X\A is τ -b-open; it is known that the arbitrary union of b-open sets is b-open.

A subset A of (X, τ1, τ2) is called (i, j)-b-open [2], if A ⊂ τi-int(τj-cl(A)) ∪
τj-cl(τi-int(A)), and called (i, j)-b-closed if X\A is (i, j)-b-open; it is easy to

see that the arbitrary union of (i, j)-b-open sets is (i, j)-b-open, and that a

subset A of a space (X, τ1, τ2) is (i, i)-b-open (resp. (i, i)-b-closed) if and only

if A is τi-b-open (resp. τi-b-closed). We will denote the family of all (i, j)-b-

closed (resp. (i, j)-b-open) subsets of a space (X, τ1, τ2) by (i, j)-BC(X) (resp.

(i, j)-BO(X)). The intersection (resp. union) of all (i, j)-b-closed (resp. (i, j)-

b-open) subsets of (X, τ1, τ2) containing (resp. contained in) A is called the

(i, j)-b-closure (resp. (i, j)-b-interior) of A and will be denoted by (i, j)-b cl(A)

(resp. (i, j)-b int(A)); it is easy to see that X\(i, j)-b int(A) = (i, j)-b cl(X\A),

and that A is (i, j)-b-closed (resp. (i, j)-b-open) if and only if A = (i, j)-b cl(A)

(resp. A = (i, j)-b int(A)). A subset S is called an (i, j)-b-neighbourhood

of a point x of (X, τ1, τ2) [2], if there exists an (i, j)-b-open set U such that

x ∈ U ⊂ S. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be pairwise open

[5] (resp. pairwise continuous [3]), if the induced functions f : (X, τ1) → (Y, σ1)

and f : (X, τ2) → (Y, σ2) are both open (resp. continuous). A function f :

(X, τ) → (Y, σ) will be called b-closed (resp. b-open) if it sends b-closed (resp.

b-open) sets onto b-closed (resp. b-open) sets, and a function f : (X, τ1, τ2)

→ (Y, σ1, σ2) will be called pairwise closed (resp. pairwise b-closed, pairwise

b-open), if the induced functions f : (X, τ1) → (Y, σ1) and f : (X, τ2) → (Y, σ2)

are both closed (resp. b-closed, b-open).

2. (i, j)-quasi b-open and (i, j)-quasi b-closed functions

Definition 2.1. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be (i, j)-

quasi b-open if the image of every (i, j)-b-open set in X is σi-open.
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Remark 2.2. Since in a space (X, τ1, τ2), every τi-open is τi-b-open, i.e., (i, i)-

b-open in (X, τ1, τ2), it is clear that every (i, j)-quasi b-open function is both

pairwise open and pairwise b-open. The converse is, however, not true as the

following example tells.

Example 2.3. Let X = {a, b, c}, τ1 = {∅, {a}, X}, σ1 = {∅, {a}, {b},
{a, b} , X} and τ2 = σ2 = {∅, {a, b}, X}. Clearly, the identity function f :

(X, τ1, τ2) → (X, σ1, σ2) is pairwise open and pairwise b-open (observe that the

b-open subsets of (X, τ1) are the open sets together with {a, b} and {a, c}, each

of which is b-open in (X, σ1)). However, f is not quasi (i, j)-b-open because

{a} is (2, 1)-b-open in (X, τ1, τ2) but not σ2-open.

Theorem 2.4. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then the fol-

lowing are equivalent:

(i) f is (i, j)-quasi b-open;

(ii) For each subset U of X, f((i, j)-b int(U)) ⊂ σi-int(f(U));

(iii) For each x ∈ X and each (i, j)-b-neighbourhood U of x in X, there exists

a σi-neighbourhood V of f(x) such that V ⊂ f(U).

Proof. (i)⇒(ii): Let f be an (i, j)-quasi-b-open function. Since (i, j)-b int(U)

is an (i, j)-b-open set contained in U , we obtain that f((i, j)-b int(U)) ⊂ f(U).

As f((i, j)-b int(U)) is σi-open, f((i, j)-b int(U)) ⊂ σi-int(f(U)).

(ii)⇒(iii): Let x ∈ X and U be an (i, j)-b-neighbourhood of x in X. Then

there exists an (i, j)-b-open set V in X such that x ∈ V ⊂ U . Thus by (ii), we

have f(V ) = f((i, j)-b int(V )) ⊂ σi-int(f(V )), and hence, f(V ) = σi-int(f(V )).

Therefore, it follows that f(V ) is σi-open such that f(x) ∈ f(V ) ⊂ f(U).

(iii)⇒(i): Let U be an (i, j)-b-open set in X. Then by (iii), for each y ∈ f(U),

there exists a σi-neighbourhood Vy of y such that Vy ⊂ f(U). As Vy is a

σi-neighbourhood of y, there exists a σi-open set Wy such that y ∈ Wy ⊂ Vy.

Thus, f(U) = ∪{Wy : y ∈ f(U)} is σi-open. Hence, f is (i, j)-quasi b-open.

Theorem 2.5. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is (i, j)-quasi b-open if

and only if for any subset B of Y and for any (i, j)-b-closed set F in X such

that f−1(B) ⊂ F , there exists a σi-closed set G containing B such that f−1(G)

⊂ F .
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Proof. Suppose that f is (i, j)-quasi b-open. Let B ⊂ Y and F be an (i, j)-

b-closed set in X such that f−1(B) ⊂ F . Now, put G = Y \f(X\F ). It is

clear that B ⊂ G as f−1(B) ⊂ F , and that f−1(G) ⊂ F . Also G is σi-closed

since f is (i, j)-quasi b-open. Conversely, let U be an (i, j)-b-open set in X,

and put B = Y \f(U). Then X\U is an (i, j)-b-closed set in X such that

f−1(B) ⊂ X\U . By hypothesis, there exists a σi-closed set G such that B ⊂
G and f−1(G) ⊂ X\U . Hence, f(U) ⊂ Y \G. On the other hand, since

B ⊂ G, Y \G ⊂ Y \B = f(U). Thus, f(U) = Y \G is σi-open, and hence, f is

a (i, j)-quasi b-open.

Theorem 2.6. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then the fol-

lowing are equivalent:

(i) f is (i, j)-quasi b-open;

(ii) f−1(σi-cl(B)) ⊂ (i, j)-b cl(f−1(B)) for every subset B of Y ;

(iii) (i, j)-b int(f−1(B)) ⊂ f−1(σi-int(B)) for every subset B of Y .

Proof. (i)⇒(ii): Suppose that f is (i, j)-quasi b-open. Now for any subset B

of Y , f−1(B) ⊂ (i, j)-b cl(f−1(B)). Therefore by Theorem 2.5, there exists a

σi-closed set G such that B ⊂ G and f−1(G) ⊂ (i, j)-b cl(f−1(B)). Hence,

f−1(σi-cl(B)) ⊂ f−1(G) ⊂ (i, j)-b cl(f−1(B)).

(ii)⇒(i): Let B ⊂ Y and F be an (i, j)-b-closed set in X such that f−1(B) ⊂ F .

Put G = σi-cl(B), then B ⊂ G, G is σi-closed, and f−1(G) ⊂ (i, j)-b cl(f−1(B))

⊂ F . Thus by Theorem 2.5, f is (i, j)-quasi b-open.

(ii)⇔(iii): Clear.

Theorem 2.7. Let f : (X, τ1, τ2) → (Y, σ1, σ2) and g : (Y, σ1, σ2) → (Z, η1, η2)

be two functions such that g ◦ f : X → Z is (i, j)-quasi b-open. If g is a

pairwise continuous injection, then f is (i, j)-quasi b-open.

Proof. Let U be an (i, j)-b-open set in X. Then (g ◦ f)(U) is ηi-open as

g ◦ f is (i, j)-quasi b-open. Since g is a pairwise continuous injection, f(U) =

g−1(g ◦ f(U)) is σi-open. Hence, f is (i, j)-quasi b-open.

Definition 2.8. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be (i, j)-

quasi b-closed if the image of each (i, j)-b-closed set in X is σi-closed.
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Remark 2.9. It is clear that every (i, j)-quasi b-closed function is both pair-

wise closed and pairwise b-closed. The converse is, however, not true as Ex-

ample 2.3 tells.

The proofs of the following two theorems are straightforward and thus omitted.

Theorem 2.10. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is (i, j)-quasi b-closed

if and only if σi-cl (f(A)) ⊂ f ((i, j)-b cl(A)) for every subset A of X.

Theorem 2.11. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then the

following are equivalent:

(i) f is (i, j)-quasi b-closed;

(ii) For any subset B of Y and for any (i, j)-b-open set G in X such that

f−1(B) ⊂ G, there exists a σi-open set U containing B such that f−1(U) ⊂
G;

(iii) For each y ∈ Y and for any (i, j)-b-open set G in X such that f−1({y}) ⊂
G, there exists a σi-open set U containing {y} such that f−1(U) ⊂ G.

Definition 2.12. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is called pairwise

b∗-closed if the image of every (i, j)-b-closed set in X is (i, j)-b-closed in Y .

Remark 2.13. It can be easily seen that every pairwise b∗-closed function is

pairwise b-closed. The converse is, however, not true as Example 2.3 also

tells (observe that {a} is (2, 1)-b-open in (X, τ1, τ2) but not (2, 1)-b-open in

(X, σ1, σ2)).

The proofs of the following three theorems are straightforward and thus omit-

ted.

Theorem 2.14. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then the

following are equivalent:

(i) f is pairwise b∗-closed;

(ii) For any subset B of Y and for any (i, j)-b-open set G in X such that

f−1(B) ⊂ G, there exists an (i, j)-b-open set U in Y such that B ⊂ U

and f−1(U) ⊂ G;

(iii) For each y ∈ Y and for any (i, j)-b-open set G in X such that f−1({y}) ⊂
G, there exists an (i, j)-b-open set U in Y such that y ∈ U and f−1(U) ⊂
G;
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(iv) (i, j)-b cl (f(A)) ⊂ f ((i, j)-b cl(A)) for every subset A of X.

Theorem 2.15. If f : (X, τ1, τ2) → (Y, σ1, σ2) and g : (Y, σ1, σ2) → (Z, η1, η2)

are two (i, j)-quasi b-closed (resp. pairwise b∗-closed, pairwise b-closed) func-

tions, then g ◦f : (X, τ1, τ2) → (Z, η1, η2) is (i, j)-quasi b-closed (resp. pairwise

b∗-closed, pairwise b-closed).

Theorem 2.16. Let f : (X, τ1, τ2) → (Y, σ1, σ2) and g : (Y, σ1, σ2) → (Z, η1, η2)

be any two functions. Then

(i) If f is pairwise b-closed and g is (i, j)-quasi b-closed, then g◦f is pairwise

closed;

(ii) If f is pairwise b∗-closed and g is (i, j)-quasi b-closed, then g ◦ f is (i, j)-

quasi b-closed.

Definition 2.17. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is called pairwise

b-irresolute [2] (resp. pairwise b-continuous [2]), if f−1(V ) is (i, j)-b-open in

(X, τ1, τ2) for every (i, j)-b-open (resp. σi-open) set V in Y .

Theorem 2.18. Let f : (X, τ1, τ2) → (Y, σ1, σ2) and g : (Y, σ1, σ2) → (Z, η1, η2)

be two functions such that g ◦ f : X → Z is (i, j)-quasi b-closed. Then

(i) If f is a pairwise b-irresolute surjection, then g is (i, j)-quasi b-closed.

(ii) If g is a pairwise b-continuous injection, then f is pairwise b∗-closed.

Proof. (i) Suppose that F is an (i, j)-b-closed set in Y . Then f−1(F ) is (i, j)-

b-closed in X as f is pairwise b-irresolute. Since g ◦ f is (i, j)-quasi b-closed

and f is surjective, (g ◦ f(f−1(F ))) = g(F ) is ηi-closed. Hence, g is (i, j)-quasi

b-closed.

(ii) Suppose that F is an (i, j)-b-closed set in X. Since g ◦ f is (i, j)-quasi

b-closed, (g ◦ f)(F ) is ηi-closed, but g is a pairwise b-continuous injection, so

g−1(g ◦f(F )) = f(F ) is (i, j)-b-closed in Y . Hence, f is pairwise b∗-closed.

Theorem 2.19. Let g : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then g is (i, j)-

quasi b-closed if and only g(X) is σi-closed, and g(V )\g(X\V ) is σi-open in

g(X) whenever V is (i, j)-b-open in X.

Proof. Necessity: Suppose that g is (i, j)-quasi b-closed. Then g(X) is σi-

closed as X is (i, j)-b-closed, and g(V )\g(X\V ) = g(X)\g(X\V ) is σi-open in
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g(X) when V is (i, j)-b-open in X.

Sufficiency: Suppose that g(X) is σi-closed, and g(V )\g(X\V ) is σi-open in

g(X) when V is (i, j)-b-open in X, and let C be (i, j)-b-closed in X. Then

g(C) = g(X)\(g(X\C)\g(C)) is σi-closed in g(X), and therefore, σi-closed.

Hence, g is (i, j)-quasi b-closed.

Corollary 2.20. Let g : (X, τ1, τ2) → (Y, σ1, σ2) be a surjection. Then g

is (i, j)-quasi b-closed if and only if g(V )\g(X\V ) is σi-open whenever V is

(i, j)-b-open in X.

Definition 2.21. A space (X, τ1, τ2) is said to be pairwise normal [6], if for

each τ1-closed set A and τ2-closed set B disjoint from A, there is a τ1-open set

U containing A and a τ2-open set V containing B such that U ∩ V = φ.

Definition 2.22. A space (X, τ1, τ2) is said to be pairwise b-normal (resp.

pairwise b∗-normal) if for any disjoint subsets F1 ∈ (1, 2)-BC(X) and F2 ∈
(2, 1)-BC(X), there exist disjoint subsets U ∈ τ1 and V ∈ τ2 (resp. U ∈
(1, 2)-BO(X) and V ∈ (2, 1)-BO(X)) such that F1 ⊂ U and F2 ⊂ V .

Theorem 2.23. Let (X, τ1, τ2) and (Y, σ1, σ2) be two spaces, where X is pair-

wise b-normal (pairwise b∗-normal), and let g : (X, τ1, τ2) → (Y, σ1, σ2) be a

pairwise b-continous (i, j)-quasi b-closed surjection.

Then Y is pairwise normal.

Proof. We will show the case when X is pairwise b-normal, the other case is

similar. Let K be σ1-closed and M be σ2-closed disjoint subsets of Y . Then

g−1(K) ∈ (1, 2)-BC(X), g−1(M) ∈ (2, 1)-BC(X) and g−1(K) ∩ g−1(M) = φ.

Since X is pairwise b-normal, there exist disjoint sets V ∈ τ1 and W ∈ τ2

such that g−1(K) ⊂ V and g−1(M) ⊂ W . Thus K ⊂ g(V )\g(X\V ) and

M ⊂ g(W )\g(X\W ). It follows also from Corollary 2.20 that g(V )\g(X\V )

∈ σ1 and g(W )\g(X\W ) ∈ σ2 (observe that V is τ1-open and thus τ1-b-

open, i.e., (1, 1)-b-open in X. Similarly, W is (2, 2)-b-open in X), and clearly

(g(V )\g(X\V )) ∩ (g(W )\ g(X\W )) = φ because V ∩ W = φ. Hence, Y is

pairwise normal.

The following theorem is analogous to Theorem 2.23, the similar proof is omit-

ted.
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Theorem 2.24. Let (X, τ1, τ2) and (Y, σ1, σ2) be two spaces, where X is pair-

wise b-normal (pairwise b∗-normal), and let g : (X, τ1, τ2) → (Y, σ1, σ2) be a

pairwise b-irresolute (i, j)-quasi b-closed surjection.

Then Y is pairwise b-normal.
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