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Abstract

The extreme value (Gumbel) distribution is widely used in reliability and
life testing. This distribution has been used to model natural phenomena such
as rainfall and flood, series and parallel systems, in the study of failure due
to corrosive processes, and also in modeling lifetimes and material strengths.
Recently, Balakrishnan et al. (2004) discussed in classical framework, the
point and interval estimation for parameters of the extreme value distribution
based on progressively Type-II censored data. As extension of this work, In
this paper, based on the same type of censoring data, Bayes estimates of the
two (unknown) parameters, the reliability and failure rate functions are ob-
tained by using approximation form due to Lindley (1980). The estimators
are researched under both symmetric and asymmetric loss functions. A prac-
tical example consisting of various types of real data from an accelerated test
on insulating fluid, reported by Nelson (1982) was presented to illustrate the
application of the results developed here. Finally, in order to investigate the
accuracy of estimations, Monte Carlo simulation study were conducted, and
the estimated risks of the Bayes estimates are computed and compared with
the corresponding estimated risks of the maximum likelihood estimates.

Keywords: Extreme value ( Gumbel ) distribution; Bayesian approach; Pro-
gressively censored data; symmetric and asymmetric loss functions; Monte Carlo
simulation

1 Introduction

The progressive censoring appears to be of great importance in planning duration
experiments in reliability studies. In many industrial experiments involving lifetimes
of machines or units, experiments have to be terminated early and also the number
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of failures must be limited for various reasons. In addition, some life tests require
removal of functioning test specimens to collect degradation related information to
failure time data. The samples that arise from such experiments are called censored
samples. The planning of experiments with the aim of reducing the total duration
of the experiment or the number of failures leads naturally to the well-known Type-I
and Type-II right censoring scheme. The disadvantage of the Type-I and Type-II
censoring schemes is that they do not allow for removal of units at points other than
the terminal point of the experiment. For this reason, we consider a more general
censoring scheme called progressive censoring scheme. In this scheme, live units
were removed from the experiment at selected times ( progressive Type-I censoring
scheme) or at the time of breakdowns ( progressive Type-II censoring scheme). For
the progressively Type-II censoring scheme, the number of units that are removed
from the life test at time of breakdowns are generally defined a priori, and then, they
do not depend on time. As shown in Balakrishnan et al. (2004), the progressive
Type-II censoring scheme provides an efficient way to design a reliability experiment.
The progressively Type-II censored sample can be viewed as a special case of the
generalized order statistics studied by Kamps (1995). For a detailed treatment
of various developments on progressive censoring, one may refer to the book by
Balakrishnan and Aggarwala (2000).
A Type-II progressively censored life test is conducted as follows: We design an
experiment in which n units are placed on a life test beginning at the same time,
and the test can be terminated at the time of any failure. In addition, one or more
surviving units may be removed from the test (censored) at the time of each failure
occurring prior to the termination of the experiment. In other words, let X1, ..., Xn

be independent and identically distributed random lifetimes of the n units. Consider
that we are given, a priori, integers m, r1, r2, ..., rm such that r1+r2+...+rm+m = n,
at the time of the first failure denoted by X1:m:n,, r1 units are randomly removed
from the remaining n−1 surviving units. At the second failure X2:m:n, r2 units from
the remaining n − 2 − r1 units are randomly removed. The test continues until the
mth failure Xm:m:n. At this time, all remaining rm = n−m− r1 − r2...− rm−1 units
are removed. The resulting m ordered values, which are obtained as a consequence
of this type of censoring, are appropriately referred to as progressively Type-II right
censored order statistics. Note that if r1 = r2 = ... = rm−1 = 0, so that rm = n−m,
this scheme reduces to the conventional Type-II one-stage right censoring scheme.
Also note that if r1 = r2 = ... = rm = 0, so that m = n, the progressively Type-II
censoring scheme reduces to the case of no censoring (complete sample case).

Recently, many authors have discussed inference under progressive Type-II cen-
sored using different lifetime distributions, see among others, Balakrishnan et al.
(2003,2004), Ng (2005), and Soliman (2006).

For Bayes estimators, the performance depends on the form of the prior distri-
bution and the loss function assumed. It is remarkable that most of the Bayesian
inference procedures have been developed under the usual squared-error (SE) loss
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function ( quadratic loss ), which is symmetrical, and associates equal importance to
the losses due to overestimation and underestimation of equal magnitude. However,
such a restriction may be impractical. For example, in the estimation of reliability
and failure rate functions an overestimate is usually much more serious than an
underestimate; in this case the use of a symmetrical loss function might be inap-
propriate. A useful alternative to the SE is a convex but asymmetric loss function,
called the LINEX ( Linear-Exponential ) loss function proposed by Varian (1975).
Recently, many authors consider asymmetric loss function in Bayesian inference,
such as Ahmadi et al. (2005), Ren et al. (2006), and Soliman (2005).

In this paper, we consider progressively Type-II censored data from extreme value
distribution, and we obtain and compare several types of Bayes estimation for the
two unknown parameters of the extreme value distribution. As well as the survival
time parameters, namely the reliability and hazard functions. Section 2, contains
some preliminaries and maximum likelihood estimators (MLEs). In section 3, the
Bayes estimators of the parameters, the reliability and hazard functions are derived
by using approximation form due to Lindley (1980). This is done using the conjugate
prior on the scale parameter and non-informative prior for the location parameter.
The Bayes estimates are obtained using both the symmetric and asymmetric loss
functions. For the purpose of illustration, an application example from accelerated
life-testing given by Nelson (1982) have been reported in section 4. Results of a
Monte Carlo simulation study conducted to evaluate the performance of the Bayes
estimators compared to the MLEs in terms of estimated risk (ER), are provided in
section 5. We conclude with some remarks and a brief summary of the results in
section 6.

2 Preliminaries and MLEs

2.1 The model and MLEs

The two parameters extreme value distribution [EVD(μ, σ)], has the probability den-
sity function (pdf), and cumulative distribution function (cdf), given respectively,
by

f(x; μ, σ) =
1

σ
exp[

(x − μ)

σ
]. exp[− exp[

(x − μ)

σ
]]1 (1)

F (x; μ, σ) = 1 − exp[− exp[
(x − μ)

σ
]]2 (2)

for −∞ < x < ∞, −∞ < μ < ∞, σ > 0.

The reliability function S(t), and the hazard (instantaneous failure rate) function
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H(t) at mission time t are given by

S(t) = exp[− exp[
(t − μ)

σ
]]3 (3)

H(t) =
1

σ
exp[

(t − μ)

σ
]4 (4)

Let x ≡ ( X1, ..., Xm) denote a progressively Type-II censored sample from Gumbel
(μ, σ) distribution with (r1, r2, ..., rm) being the progressive censoring scheme. The
likelihood function based on the progressively Type-II censored sample is

l(μ, σ|x) = C
m∏

i=1

f(xi; μ, σ)[1 − F (xi; μ, σ)]ri (5)

where

C = n(n − 1 − r1)(n − 2 − r1 − r2)...(n − m + 1 − r1 − ... − rm−1),

f(.) and F (.) are given respectively by (1) and (2). Substitution (1) and (2) in (5)
the likelihood function is :

l(μ, σ|x) =
C

σm

m∏
i=1

exp[
(xi − μ)

σ
]. exp[−(ri + 1) exp[

(xi − μ)

σ
]] (6)

and the log-likelihood function may be written as

ln l(μ, σ|x) = K − m ln σ +

m∑
i=1

zi −
m∑

i=1

(ri + 1) exp[zi] (7)

where K is a constant, and zi = (xi − μ)/σ. From (7), we drive the likelihood
equations for the parameters μ and σ as

∂ ln l

∂μ
= −m

σ
+

1

σ

m∑
i=1

(ri + 1) exp[zi] = 0 (8)

∂ ln l

∂σ
= −m

σ
− 1

σ

m∑
i=1

zi +
1

σ

m∑
i=1

(ri + 1)zi exp[zi] = 0 (9)

which may be simplified and written as

m∑
i=1

(ri + 1) exp[zi] − m = 0, and
m∑

i=1

(ri + 1)zi exp[zi] −
m∑

i=1

zi − m = 0. (10)
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Eqs. (10) do not yield explicit solutions for μ and σ and have to be solved nu-

merically to obtain the MLEs
∧
μ and

∧
σ of the two parameters. The corresponding

MLEs
∧
SML(t), and

∧
HML(t) of the reliability and hazard rate functions are given

respectively by (3) and (4) after replacing μ and σ by their MLEs
∧
μ and

∧
σ.

It should be mentioned that Balakrishnan et al. (2004) have considered approx-
imate solution for the likelihood equations which can be used as efficient starting
values for an iterative procedure, for detail see Balakrishnan et al. (2004). Based on
progressively censored samples, Viveros and Balakrishnan (1994) developed a con-
ditional method of inference to derive exact confidence intervals for the parameters
of the extreme value distribution. Bayesian estimation, prediction and characteriza-
tion for the extreme value model based on lower record values have been discussed
in Mousa et al.(2002).

2.2 The loss functions

Under the assumption that the minimal loss occurs at
∗
θ = θ, the LINEX loss

function for θ can be expressed as :

L1(Δ) ∝ exp(cΔ) − cΔ − 1; c �= 0. (11)

where Δ = (
∗
θ − θ),

∗
θ is an estimate of θ. The sign and magnitude of the shape

parameter c represents the direction and degree of symmetry respectively. ( if c > 0,
the overestimation is more serious than underestimation, and vice-versa). For c
closed to zero, the LINEX loss is approximately squared error loss and therefore
almost symmetric. For more details about L1(Δ) see Calabria and Pulcini (1996).

The posterior expectation of the LINEX loss function (11) is

Eθ[L1(
∗
θ − θ)] ∝ exp(c

∗
θ)Eθ[exp(−cθ)] − c(

∗
θ − Eθ(θ)) − 1 (12)

where Eθ(.) denoting posterior expectation with respect to the posterior density of

θ. The Bayes estimator of θ, denoted by
∗
θBLunder the LINEX loss function is the

value
∗
θ which minimizes (12), it is

∗
θBL = −1

c
ln{Eθ[exp(−cθ)]} (13)

provided that the expectation Eθ[exp(−cθ)] exists and is finite.
In many practical situations, it appears to be more realistic to express the loss in

terms of the ratio
∗
θ/θ. In this case, a useful asymmetric loss function is the General

Entropy (GE) loss proposed by Calabria and Pulcini (1996). :

L2(
∗
θ, θ) ∝ (

∗
θ/θ)q − qlog(

∗
θ/θ) − 1, (14)
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whose minimum occurs at
∗
θ = θ. This loss function is a generalization of the Entropy

loss used by several authors where the shape parameter q = 1, ( see, for example

Dey and Liu (1992)). When q > 0, a positive error (
∗
θ > θ ) causes more serious

consequences than a negative error. The Bayes estimate
∗
θBGof θ under the General

Entropy loss (14) is:

∗
θBG = [Eθ{θ−q}]−1/q (15)

provided that Eθ{θ−q} exists and is finite, where Eθ denoted to the expected value
with respect to the posterior function of θ.

3 Bayes estimations

Recently, the Bayesian approach has received large attention for analyzing failure
data and other time-to-event data, and has been often proposed as a valid alternative
to traditional statistical perspectives. The Bayesian approach to reliability analysis
allows prior subjective knowledge on lifetime parameters and technical information
on the failure mechanism, as well as experimental data, to be incorporated into
the inferential procedure. Hence Bayesian methods usually require less sample data
to achieve the same quality of inferences than methods based on sampling theory,
which becomes extremely important in case of expensive testing procedures.

Often there exists in failure data analysis some prior information concerning the
parameters of the model, such knowledge can be translated into a prior density.
The information summarized by this prior density may be either subjective ( i.e.,
based on individual’s experience, belief, and preference ) or objective (i.e., based
on test data from a comparable experiment and technical information ) or both.
When reliable prior subjective knowledge or technical information concerning the
parameter is not available, or an inference from the data at hand is desired, it may
be suitable to resort to the use of a default ( or noninformative ) prior density.

Assuming a bivariate prior distribution of the parameters μ and σ in the form:

v(μ, σ) = v1(μ|σ)v2(σ), (16)

where

v1(μ|σ) ∝ 1

σ
, −∞ < μ < ∞, (17)

which is the Jeffreys non-informative prior distribution of the parameter μ for fixed
value of the parameter σ, and

v2(σ) =
βα

Γ(α)

1

σα+1
exp[−β/σ], σ > 0; α > 0, β > 0, (18)
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which is the conjugate prior distribution of the parameter σ for fixed value of μ.
From (16), (17), and (18), we get

v(μ, σ) ∝ βα

Γ(α)

1

σα+2
exp[−β/σ], σ > 0,−∞ < μ < ∞, (19)

By Bayes theorem, the posterior distribution of the parameters μ and σ is

π∗(μ, σ) = K1l(μ, σ|x)v(μ, σ), σ > 0, −∞ < μ < ∞,

=
K1

σm+α+2
exp[−β/σ]

m∏
i=1

exp[−(ri + 1) exp[zi] + zi]

=
K1

σm+α+2
exp[Ωi(zi) − β/σ]

(20)

where K1 is the normalized constant to make π∗(μ, σ) a proper pdf, and Ωi(zi) =∑m
i=1(zi − (ri + 1) exp[zi])

3.1 Symmetric Loss Function

The Bayes estimator
∧
UBS of a function U = U(μ, σ) of the unknown parameters μ

and σ, under squared error (SE) loss is the posterior mean

∧
UBS = E(U(μ, σ)|x) =

∫ ∫
U(μ, σ)π∗(μ, σ)dμdσ∫ ∫

π∗(μ, σ)dμdσ
. (21)

The ratio of integral in (21) does not seem to take a closed form and so we must
consider the following method of approximation.
Lindley’s Approximation Form

Lindley [14] developed approximate procedure for evaluation the posterior ex-
pectation of an arbitrary function u(θ) as

E(u(θ) | x) =

∫
u(θ)v(θ) exp[L(θ)]dθ∫

v(θ) exp[L(θ)]dθ
(22)

which can be asymptotically approximated by:

E(u(θ) | x) ≈ [u + 1/2
∑

i

∑
j

(uij + 2uj.ρj).τij + 1/2
∑

i

∑
j

∑
k

∑
l

Lijk.τij .τkl.ul]

(23)

where i, j, k, l = 1, 2, ..., m; θ = (θ1, θ2, ..., θm); v(θ) is the prior distribution of θ;
u ≡ u(θ); L(θ) = log-likelihood function; uj = ∂u /∂θj ; uij = ∂2u /∂θi∂θj ;
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Lijk = ∂3u /∂θi∂θj∂θk; ρ ≡ ρ(θ) = log (v(θ)); ρj = ∂ρ /∂θj ;
τij =element (i, j) of the variance-covariance matrix of parameter estimators.

For the 2-parameter case, θ = (μ, σ); (23) reduces to:

E(u(μ, σ) | x) = u + 1/2(u11.τ11 + u22.τ22) + u12.τ12 + u1.(τ11.ρ1 + τ21.ρ2)

+u2.(τ12.ρ1 + τ22.ρ2) + 1/2[L30(u1.τ
2
11 + u2.τ11.τ12)

+L21(3u1.τ11.τ12 + u2.(τ11.τ22 + 2τ 2
12)) + L12(u1.(τ11.τ22 + 2τ 2

12)

+3u2.τ12.τ22) + L03(u1.τ12.τ22 + u2.τ
2
22)]μML,τML

(24)

where u1 = ∂u /∂μ, u2 = ∂u /∂σ, u12 = ∂2u /∂μ∂σ, u11 = ∂2u /∂μ2, u22 =
∂2u /∂σ2,
ρ1 = ∂ρ /∂μ, ρ2 = ∂ρ /∂σ, L30 = ∂3L/∂μ3, L03 = ∂3L/∂σ3, L12 = ∂3L/∂μ∂σ2, L21 =
∂3L/∂μ2∂σ.
All constants are evaluated at μML, σML .

For more details, see Lindley (1980). ( for an English reference, see [Press (1989),
pp 73-75]. Other approximation form, e.g., Laplace approximation and approxima-
tion form in Tierney and Kadane (1986) can be used to evaluate (24).
Lindley’s method has been used by many authors, see for example, Howlader and
Hossain (2002), Kundu and Gupta (2005), and Soliman (2006).

To apply Lindley’s approximation form (24), we first observe from (19) that

ρ(θ) = ρ(μ, σ) = log[v(μ, σ)] = const. − (α + 2) log[σ] − β/σ

Therefore,

ρ1 =
∂ρ

∂μ
= 0; ρ2 =

∂ρ

∂σ
= β/σ2 − (α + 2)/σ (25)

Next, the τij elements of the variance-covariance matrix of parameter estimators are
obtained by using equations (7-9). Let

−∂2 ln l

∂μ2
=

1

σ2

m∑
i=1

(ri + 1)zi exp[zi] =
I11

σ2

−∂2 ln l

∂μ∂σ
= − 1

σ2

{
m −

m∑
i=1

(ri + 1)zi exp[zi] −
m∑

i=1

(ri + 1) exp[zi]

}
=

I12

σ2
,

−∂2 ln l

∂σ2
= − 1

σ2

{
m + 2

m∑
i=1

zi − 2
m∑

i=1

(ri + 1)zi exp[zi] −
m∑

i=1

(ri + 1)z2
i exp[zi]

}
=

I22

σ2
.
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The variance-covariance matrix of the MLEs is[
var(

∧
μ) cov(

∧
μ,

∧
σ)

cov(
∧
μ,

∧
σ) var(

∧
σ)

]
= σ2

[
I11 I12

I12 I22

]
∧
μ,

∧
σ

where

I11 =
I22

I11I22 − I2
12

, I12 =
I12

I11I22 − I2
12

, I22 =
I11

I11I22 − I2
12

Therefore,

τij = σ2I ij; i, j = 1, 2. (26)

Furthermore,

L30 =
1

σ3

m∑
i=1

(ri + 1)(zi + 1) exp[zi],

L03 =
1

σ3
{−2

m∑
i=1

zi + 2
m∑

i=1

zi.(ri + 1)(zi + 1) exp[zi] +
m∑

i=1

z2
i .(ri + 1)(zi + 2) exp[zi]}

− 2

σ3
{m + 2

m∑
i=1

zi − 2
m∑

i=1

(ri + 1)zi exp[zi] −
m∑

i=1

(ri + 1)z2
i exp[zi]},

L21 =
1

σ3
{

m∑
i=1

(ri + 1)(zi + 2) exp[zi]},

L12 =
1

σ3
{−2m + 2

m∑
i=1

(ri + 1)(zi + 1) exp[zi] +
m∑

i=1

(ri + 1)(zi + 2)zi exp[zi]},

(27)

Substitution of the above values in (24) yields the Bayes estimate ( under squared
error loss function) of a function u ≡ u(μ, σ) of the unknown parameters μ and σ.

3.1.1 Special Cases

(i) If in (24), u(μ, σ) = μ, and by using (25), (26) and (27), with u1 = 1, u2 =

u11 = u22 = u12 = 0, we obtain the Bayes estimate
∗
μBS of the parameter μ.

(ii) If in (24), u(μ, σ) = σ, and by using (25), (26) and (27), with u2 = 1, u1 =

u11 = u22 = u12 = 0, we obtain the Bayes estimate
∗
σBS of the parameter σ.

(iii) If we put, u(μ, σ) = S(t) = exp[− exp[ (t−μ)
σ

]], in (24), and by using (25),

(26) and (27), we obtain the Bayes estimate
∗

S(t)BS of the reliability function S(t), in
which

u1 = ξ(zt)/σ, u2 = zt.ξ(zt)/σ, u11 = σ−2ξ(zt)(e
zt − 1),

u12 = σ−2ξ(zt)(zt.(e
zt − 1) − 1), and u22 = zt.σ

−2ξ(zt)[−2 + zt(e
zt − 1),
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where zt = (t−μ)
σ

, and ξ(zt) = exp[− exp(zt) + zt]

(iv) Finally, by putting u(μ, σ) = H(t) = 1
σ

exp[ (t−μ)
σ

], in (24), and by using

(25), (26) and (27), we obtain the Bayes estimate
∗

H(t)BS of the hazard function
H(t), in which

u1 = −σ−2ezt , u2 = −σ−2ezt(1 − zt), u11 = σ−3ezt ,

u12 = σ−3ezt(zt + 2), and u22 = σ−3ezt(z2
t + 4zt + 2).

3.2 Asymmetric Loss Function

The loss function play a critical role in Bayesian perspective. Most authors use
the simple quadratic (symmetric) loss function and obtain the posterior mean as
the Bayesian estimate. However, in practice, the real loss function is often not
symmetric. For example, Feynman (1987) remarks that in the disaster of a space
shuttle, the management may have overestimated the average life or reliability of
solid fuel rocket booster. The consequences of overestimates, in loss of human life,
are much more serious than the consequences of underestimates. In this case, an
asymmetric loss function might be more appropriate. Varian (1975) introduced
LINEX ( Linear-Exponential ) loss function, which is the simple generalization of
squared error (SE) loss function and cane be used in almost every situation (see
Zellner (1986)). The LINEX loss function is defined as in (11).
Another useful asymmetric loss function is the General Entropy (GE) loss as define
in (14)

Under LINEX loss function, by using (12) and (13), the Bayes estimate
∗
uBL of

a function u ≡ u(μ, σ) of the unknown parameters μ and σ is

∗
uBL = −1

c
ln{

∼
U} (32)

where
∼
U = Eu[exp(−cu)| x] =

∫ ∫
exp(−cu)π∗(μ, σ)dμdσ∫ ∫

π∗(μ, σ)dμdσ
(33)

Also, By using (8) and (9), the Bayes estimate
∗
uBG of a function u ≡ u(μ, σ) of the

unknown parameters μ and σ relative to GE loss function is
∗
uBG = {Eu[u

−q| x]}−1/q (34)

and

Eu[u
−q| x] =

∫ ∫
u−qπ∗(μ, σ)dμdσ∫ ∫

π∗(μ, σ)dμdσ
(35)

The equations (33) and (35) are again having a ratio of multiple integrals which can
not be obtained in closed form. Hence we can apply the same techniques ( Lindley’s
method ) as were used to evaluate (25).
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3.2.1 Special Cases

I : Bayes estimators relative to LINEX loss function
(i) If in (24), u(μ, σ) = exp(−cμ), and by using (25), (26), (27), and (32) with

u1 = −cu, u11 = c2u, u2 = u22 = u12 = 0, we obtain the Bayes estimate
∗
μBS of the

parameter μ.
(ii) If in (24), u(μ, σ) = exp(−cσ), and by using (25), (26), (27), and (32), with

u2 = −cu, u22 = c2u, u1 = u11 = u12 = 0, we obtain the Bayes estimate
∗
σBS of the

parameter σ.

(iii) If we put, u(μ, σ) = exp(−cS(t)), in (24), with S(t) = exp[− exp[zt]],

and by using (25), (26), (27), and (32), we obtain the Bayes estimate
∗

S(t)BS of the
reliability function S(t), in which

u1 = −c.σ−1ν(zt), u2 = −c.σ−1zt.ν(zt), u11 = c.σ−2ν(zt)[c.ξ(zt) − ezt + 1],

u12 = c.σ−2ν(zt)[zt(c.ξ(zt) − ezt + 1) + 1],

and u22 = c.σ−2zt.ν(zt)[2 − zt(e
zt − c.ξ(zt) − 1)],

where ν(zt) = exp[−c exp(−ezt) − ezt + zt]
(iv) Finally, by put u(μ, σ) = exp(−cH(t)), in (24), with H(t) = 1

σ
exp[zt],

and by using (25), (26), (27), and (32), we obtain the Bayes estimate
∗

H(t)BS of the
hazard function H(t), in which

u1 = c.σ−1H2(t), u2 = c.σ−1H2(t)[zt + 1], u11 = c.σ−2H2(t)[c.H(t) − 1],

u12 = −c.H2(t).σ−2[(zt + 2) − c.H(t)(zt + 1)],

and u22 = c.H2(t).σ−2[(c.H(t)(z2
t + 2zt + 1) − (z2

t + 4zt + 2)]

II : Bayes estimators relative to GE loss function
(i) If in (24), u(μ, σ) = μ−q, and by using (25), (26), (27), and (34) with

u1 = −qμ−q−1, u11 = q(q − 1)μ−q−2, u2 = u22 = u12 = 0, we obtain the Bayes

estimate
∗
μBG of the parameter μ.

(ii) If in (24), u(μ, σ) = σ−q, and by using (25), (26), (27), and (34), with
u2 = −qσ−q−1, u22 = q(q + 1)μ−q−2, u1 = u11 = u12 = 0, we obtain the Bayes

estimate
∗
σBG of the parameter σ.

(iii) If we put, u(μ, σ) = S(t)−q, in (24), with S(t) = exp[− exp[zt]], and

by using (25), (26), (27), and (34), we obtain the Bayes estimate
∗

S(t)BG of the
reliability function S(t), in which

u1 = −q.σ−1ezt .S(t)−q, u2 = −q.σ−1zt.e
zt .S(t)−q, u11 = q.σ−2ezt .S(t)−q[qezt + 1],

u12 = q.σ−2ezt .S(t)−q[zt(2e
zt + qzt − 1) + 1],

and u22 = q.σ−2zt.e
zt .S(t)−q[2 + zt.(qe

zt + 1)],
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(iv) Finally, by put u(μ, σ) = (H(t))−q, in (24), with H(t) = 1
σ

exp[zt], and by

using (25), (26), (27), and (34), we obtain the Bayes estimate
∗

H(t)BG of the hazard
function H(t), in which

u1 = q.σ−1(H(t))−q, u2 = q.σ−1(H(t))−q[zt + 1], u11 = q2.σ−2(H(t))−q,

u12 = q.σ−3(H(t))−q[(q − 1)σ − μ.q + q.t],

and u22 = q.σ−3(H(t))−q[qμ2 + (q − 1)σ2 + 2(q − 1)σt + qt2 − 2μ((q − 1)σ + qt) + qt]

All calculations were easily performed by Mathematica (5.0).

4 Application Example

To illustrate the application of the methods of estimation developed in this paper
to the analysis of survival data, we consider the following set of data reported by
Nelson (1982). Nelson [16, p. 105] presents the results of a life-test experiment in
which specimens of a type of electrical insulating fluid were subject to a constant
voltage stress ( 34 KV/minutes). In analyzing the complete data, Nelson assumed
a Weibull distribution for the times to breakdown. The 19 log-times to breakdown
are :

−1.66073,−0.248461,−0.040822, 0.270027, 1.02245, 1.15057, 1.42311, 1.54116,
1.57898, 1.8718, 1.9947, 2.08069, 2.11263, 2.48989, 3.45789, 3.48186, 3.52371,
3.60305, 4.28895

For this example, the following censoring schemes (C.S) are considered:
(i) progressive Type-II censored sample generated by Viveros and Balakrishnan

(1994). In this sample the vector of log-times to breakdown and the progressive
censoring scheme are

x = (−1.66073,−0.248461,−0.040822, 0.270027, 1.02245, 1.57898, 1.8718, 1.9947)

and ri = (0, 0, 3, 0, 3, 0, 0, 5), i = 1, ..., m

For this scheme: n = 19, m = 8. ( i.e, 11 failure times are censored, and 8 are
observed ).
This data has been utilized earlier by many authors such as, Balakrishnan and
Kannan (2001), Balakrishnan et al. (2004), and Soliman (2005).

(ii) another progressive Type-II censored sample generated in Ng et al.(2004)
using the optimal progressive censoring plan. The log-times and the progressive
censoring scheme are

x = (−1.66073,−0.248461, 0.270027, 1.15057, 1.54116, 2.08069, 3.45789, 3.60305)

and ri = (0, 11, 0, 0, 0, 0, 0, 0), i = 1, ..., m

In this scheme: n = 19, m = 8.
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(iii) usually Type-II censored sample with n = 19, m = 8.

x = (−1.66073,−0.248461,−0.040822, 0.270027, 1.02245, 1.15057, 1.42311, 1.54116)

and ri = (0, 0, 0, 0, 0, 0, 0, 11), i = 1, ..., m

(iv) complete sample with: ri = 0, i = 1, ..., m., and n = m = 19.
Using the above samples with corresponding censored schemes (i-iv), Newton-Raphson
iteration is employed to solve the two nonlinear equations (10). Approximate esti-
mators of μ, and σ obtained in Balakrishnan et al. (2004), are used as a starting
point, we obtain the MLEs of μ, σ, R(t = 0.5), and H(t = 0.5). The approximate
Bayes estimates of the parameters, reliability, and hazard rate functions under SE
loss function (BS), LINEX loss function (BL), and GE loss function (BG), are
computed using result in subsections (3.1) and (3.2), and the computational results
are displayed in Table 1. with the corresponding values of c and q ( the shape
parameters of the loss functions (5) and (8) respectively.)

Table1. Estimators for the parameters, reliability and hazard functions
with (α = β = 1)

C.S Types
∼
μ

∼
σ

∼
R(t = 1)

∼
H(t = 1)

(c = q = 1) (c = q = 1) (c = q = −0.5) (c = q = −1.5)
i MLE 2.222 1.026 0.738 0.296

BS 2.363 1.128 0.742 0.279
BL 2.223 0.981 0.757 0.299
BG 2.291 1.039 0.740 0.289

ii MLE 2.440 1.206 0.739 0.251
BS 2.559 1.270 0.745 0.236
BL 2.468 1.239 0.747 0.242
BG 2.485 1.210 0.741 0.244

iii MLE 2.153 0.990 0.732 0.315
BS 2.305 1.103 0.736 0.301
BL 2.217 1.051 0.738 0.313
BG 2.223 0.994 0.733 0.313

iv MLE 2.503 1.297 0.731 0.242
BS 2.533 1.338 0.729 0.237
BL 2.484 1.312 0.730 0.240
BG 2.494 1.298 0.726 0.241

From Table 1, we observe that the C.S (ii), provides the optimal progressive
censoring scheme (see, Ng et al. (2004)), compared with their estimates of the C.S
(iv), which are dependent on the complete sample. Estimates of C.S (iv) here are
used as controlled values. It is remarkable that the Bayes estimator (BS, BL, and
BG ), become better when the prior parameters ( α and β) gets larger. Means
that the Bayes estimators are quite sensitive to the prior parameters, therefore they
should be carefully chosen.
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5 Simulation Study

A simulation study was conducted in order to compare the performance of the ap-
proximate Bayes estimators with the MLEs. We firstly generate progressive Type-II
censored samples from EV distribution (μ, σ).Applying the algorithm in Balakrish-
nan and Sandhu (1995), the steps are:

(A) Generate m independent U(0, 1) random variables W1, W2, ....Wm.
(B) For given values of the progressive censoring scheme r1, r2, ..., rm, set

Vi = W
1/(i+rm,rm−1,...,rm−i+1)

i , i = 1, 2, ..., m.

(C) Set Ui = 1 − (Vm.Vm−1...Vm−i+1), i = 1, 2, ..., m; then U1, U2, ..., Um are
progressive Type-II censored sample of size m from U(0, 1).

(D) Thus, for given values of the parameters μ and σ , xi = σ. ln(− ln(1−Ui))+
μ, i = 1, 2, ..., m, is the required progressive Type-II censored sample of size m from
EV distribution (μ, σ).

The simulation were carried out for sample sizes n = 20, 50, 100. Different choices
of the effective sample size m, and different progressive censoring schemes in each
case are considered, for simplicity in notation, we will denote the scheme: ( n =
25, m = 5, ri = (0, 0, 0, 0, 20)), by ( 40, 20). Since any EV distributed data can
be standardized to have a location parameter of 0 and scale parameter of 1, only
samples with parameters μ = 0 and σ = 1 were generated. For 1000 repetitions, the
estimated risks (ER) for each methods are computed as the average of their squared
deviations. The expression is :

1000−1

1000∑
i=1

(φ −
�

φ)2 (36)

where
�

φ is the estimate of φ.
Table 2 displays the estimated risks of different estimates of μ, σ, S(t), and H(t).with
the corresponding values of c and q.
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Table 2: Estimated risks (ER) for the estimators of μ, σ, S(t) and H(t)
with (t = 1, α = β = 2)

(n, m) scheme (ER)
ML BS BL BG

c = −2 c = 2 q = −2 q = 2

(20, 5) (15, 40) μ 0.2235 0.2371 0.2027 0.2325 0.2195 0.2211
σ 0.0791 0.1539 0.0622 0.0808 0.0731 0.0737

S(t) 0.0683 0.0842 0.0469 0.0669 0.0567 0.0669
H(t) 0.0342 0.0405 0.0215 0.0337 0.0312 0.0321

(40, 15) μ 0.3835 0.4372 0.2827 0.2685 0.2791 0.3461
σ 0.1791 0.2139 0.1226 0.1288 0.1391 0.1637

S(t) 0.1283 0.1442 0.1067 0.1167 0.0862 0.1262
H(t) 0.0842 0.1106 0.0713 0.0755 0.0615 0.0824

(8, 30, 7) μ 0.3732 0.4172 0.2629 0.2582 0.2595 0.3221
σ 0.1593 0.2019 0.1028 0.1182 0.1197 0.1536

S(t) 0.1186 0.1242 0.0861 0.0766 0.0666 0.1022
H(t) 0.1044 0.1076 0.0612 0.0757 0.0518 0.0751

(20, 10) (10, 90) μ 0.1156 0.1371 0.1027 0.1082 0.1091 0.1121
σ 0.0615 0.0839 0.0525 0.0605 0.0544 0.0607

S(t) 0.0384 0.0542 0.0364 0.0363 0.0366 0.0369
H(t) 0.0144 0.0305 0.0125 0.0135 0.0128 0.0141

(90, 10) μ 0.1357 0.1574 0.1227 0.1285 0.1291 0.1321
σ 0.0915 0.1138 0.0826 0.0888 0.0841 0.0907

S(t) 0.0485 0.0641 0.0367 0.0427 0.0472 0.0477
H(t) 0.0245 0.0402 0.0213 0.0215 0.0241 0.0243

(5, 80, 5) μ 0.1451 0.1474 0.1125 0.1183 0.1196 0.1191
σ 0.1014 0.1038 0.0724 0.0785 0.0744 0.0757

S(t) 0.0582 0.0591 0.0263 0.0288 0.0302 0.0307
H(t) 0.0340 0.0372 0.0209 0.0269 0.0228 0.0236
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Table 2 ( Continued)

(n, m) scheme (ER)
ML BS BL BG

(50, 20) (30, 190) μ 0.0567 0.0674 0.0427 0.0485 0.0495 0.0521
σ 0.0274 0.0349 0.0122 0.0188 0.0191 0.0201

S(t) 0.0213 0.0472 0.0169 0.0193 0.0197 0.0205
H(t) 0.0141 0.0265 0.0105 0.0122 0.0126 0.0131

(190, 30) μ 0.0762 0.0884 0.0528 0.0685 0.0591 0.0661
σ 0.0378 0.0559 0.0220 0.0288 0.0251 0.0337

S(t) 0.0316 0.0532 0.0187 0.0217 0.0212 0.0312
H(t) 0.0261 0.0315 0.0133 0.0225 0.0145 0.0182

(15, 180, 15) μ 0.0662 0.0781 0.0511 0.0585 0.0533 0.0621
σ 0.0288 0.0472 0.0181 0.0198 0.0205 0.0311

S(t) 0.0256 0.0488 0.0183 0.0205 0.0203 0.0303
H(t) 0.0191 0.0285 0.0115 0.0155 0.0137 0.0152

(50, 30) (20, 290) μ 0.0264 0.0371 0.0127 0.0182 0.0151 0.0181
σ 0.0115 0.0239 0.0075 0.0095 0.0094 0.0107

S(t) 0.0084 0.0112 0.0044 0.0063 0.0067 0.0049
H(t) 0.0044 0.0072 0.0025 0.0035 0.0029 0.0041

(290, 20) μ 0.0361 0.0475 0.0237 0.0285 0.0251 0.0361
σ 0.0225 0.0336 0.0126 0.0188 0.0141 0.0167

S(t) 0.0106 0.0172 0.0067 0.0087 0.0092 0.0101
H(t) 0.0088 0.0102 0.0043 0.0066 0.0076 0.0084

(10, 280, 10) μ 0.0331 0.0406 0.0221 0.0223 0.0181 0.0195
σ 0.0201 0.0318 0.0118 0.0155 0.0121 0.0177

S(t) 0.0094 0.0145 0.0054 0.0062 0.0073 0.0087
H(t) 0.0059 0.0086 0.0034 0.0045 0.0051 0.0053
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Table 2 ( Continued)

(n, m) scheme (ER)
ML BS BL BG

(100, 30) (70, 290) μ 0.0762 0.0875 0.0623 0.0680 0.0650 0.0684
σ 0.0412 0.0541 0.0373 0.0396 0.0390 0.0409

S(t) 0.0285 0.0314 0.0243 0.0262 0.0264 0.0246
H(t) 0.0345 0.0371 0.0324 0.0334 0.0327 0.0342

(290, 70) μ 0.0863 0.0966 0.0730 0.0781 0.0752 0.0765
σ 0.0522 0.0645 0.0436 0.0489 0.0445 0.0463

S(t) 0.0372 0.0445 0.0364 0.0367 0.0343 0.0312
H(t) 0.0417 0.0401 0.0441 0.0463 0.0473 0.0483

(35, 280, 35) μ 0.0802 0.0909 0.0720 0.0723 0.0712 0.0735
σ 0.0509 0.0631 0.0416 0.0453 0.0422 0.0435

S(t) 0.0344 0.0436 0.0334 0.0360 0.0313 0.0307
H(t) 0.0409 0.0388 0.0431 0.0443 0.0451 0.0450

(100, 50) (50, 490) μ 0.0362 0.0482 0.0247 0.0281 0.0247 0.0286
σ 0.0216 0.0340 0.0125 0.0175 0.0184 0.0203

S(t) 0.0126 0.0202 0.0124 0.0170 0.0147 0.0150
H(t) 0.0103 0.0132 0.0095 0.0106 0.0087 0.0091

(490, 50) μ 0.0441 0.0565 0.0327 0.0365 0.0341 0.0381
σ 0.0315 0.0406 0.0216 0.0268 0.0240 0.0252

S(t) 0.0145 0.0222 0.0160 0.0184 0.0144 0.0161
H(t) 0.0118 0.0150 0.0103 0.0116 0.0096 0.0104

(25, 480, 25) μ 0.0433 0.0536 0.0316 0.0343 0.0321 0.0365
σ 0.0301 0.0388 0.0208 0.0225 0.0211 0.0227

S(t) 0.0133 0.0189 0.0151 0.0164 0.0133 0.0147
H(t) 0.0109 0.0136 0.0100 0.0105 0.0092 0.0101

6 Conclusions

Censoring is a common phenomenon in life-testing, and reliability studies. The
subject of progressive censoring has received considerable attention in the past few
years, due in part to the availability of high speed computing resources, which make
it both a feasible topic for simulation studies for researchers, and a feasible method
of gathering lifetime data for practitioners. It has been illustrated by Viveros and
Balakrishnan (1994), that the inference is feasible, and practical when the sam-
ple data are gathered according to a Type-II progressively censored experimental
scheme. In this paper, we have addressed the problem of Bayesian estimation for
the extreme value distribution based on progressively Type-II censored data, under
symmetric and asymmetric loss functions. Bayes estimators were obtained using the
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approximation of Lindley. Comparisons are made between the estimators based on
a progressively Type-II censored samples consisting of data from an accelerated test
on insulating fluid reported by Nelson (1982). A simulation study was conducted to
examine and compare the performance of the estimates for different sample sizes &
censoring schemes. From the results, we observe the following:

(i): All of the results obtained in this paper can be specialized to both the
complete sample case by taking (m = n, ri = 0, i = 1, 2, 3, ...m), and the usually
Type-II right censored sample for ( ri = 0, i = 1, 2, 3, ..., m− 1, rm = n − m ).

(ii): Table 2 shows that the Bayes estimators relative to asymmetric loss func-
tions (LINEX, and GE) are sensitive to the value of the shape parameters c, and
q. The shape parameters give one the opportunity to estimate the unknown param-
eters with more flexibility. Underestimation, and overestimation can be done in a
mathematical way, using asymmetric loss functions. The problem of choosing values
of the shape parameter of the selected loss-function are discussed in Calabria and
Pulcini (1996).

(iii): The analytical ease with which results can be obtained using asymmetric
loss functions makes them attractive for use in applied problems, and in assessing
the effects of departures from assumed symmetric loss functions.

(iv): From Table 2, as the effective sample proportion m/n increases, the es-
timated risk of the estimators, reduce significantly. For a fixed n, and m, we can
determine the censoring scheme which is most efficient; for example, from Table we
observe that censoring scheme r1 = n − m, r2 = ... = rm = 0, seems to provide the
smallest (ER) for the estimates.

(v): Another values of the prior parameters α an β were examined, and we
observe that over all censoring levels, the ER of the Bayes methods (BS, BL, and
BG ) decreases with increasing the values of the parameters α an β.

7 References

[1] J. Ahmadi, M. Doostparast, A. Parsian, Estimation and prediction in a two-
parameter exponential distribution based on k-record values under LINEX loss func-
tion. Commun. Statist. Theory Meth., 34 (2005) 795-805.

[2] N. Balakrishnan, R. Aggarwala, Progressive Censoring: Theory, Methods and
Applications. Birkhauser Publishers. Boston. 2000.

[3] N. Balakrishnan, N. Kannan, Point and interval estimation for the logistic distri-
bution based on progressively Type-II censored samples. In Handbook of Statistics.
Vol. 20, : Advances in Reliability. Balakrishnan, N., Rao, C. R. (Eds). 2001, pp.

431-456.
[4] N. Balakrishnan, N. Kannan, C.T. Lin, H.K.T. Ng, Point & interval estimation



Bayesin estimations 1621

for Gaussian distribution based on progressive Type-II censored samples. IEEE
Trans. Reliability, 52 (2003) 90-95.

[5] N. Balakrishnan, N. Kannan, C.T. Lin, S.J.S. WU, Inference for the extreme value
distribution under progressively Type-II censoring. Journal of Statistical Computa-
tion & Simulation, 74(2004), 25-45.

[6] N. Balakrishnan, R.A. Sandhu, A simple simulational algorithm for generating
progressive Type-II censored samples. Amer. Statistician, 49(1995), 229-230.

[7] U. Balasooriya, N. Balakrishnan, Reliability sampling plans for log-normal distri-
bution based on progressively censored samples. IEEE Trans. Reliability. 49(2000),
199-203.

[8] R. Calabria, G. Pulcini, Point estimation under asymmetric loss functions for
left-truncated exponential samples. Commun. Statist. Theory Meth., 25(3)(1996),
585-600.

[9] D.K. Dey, P.L. Liu, On comparison of estimators in a generalized life model.
Microelectron. Reliab., 32(1992), 207-221.

[10] R.P. Feynman, Mr. Feynman goes to Washington. In: Engineering and Science.
California Institute of Technology, Pasadena, CA,(1987), pp. 6-22.

[11] H.A. Howlader, A. Hossain, Bayesian survival estimation of Pareto distribution
of the second kind based on failure-censored data. Compu. Statist. & Data Anal.:
38(2002), 301-314.

[12] U. Kamps, A Concept of Generalized Order Statistics. Teubner Stuttgart. 1995.

[13] D. Kundu, R.D. Gupta, Estimation of P[Y<X] for generalized exponential dis-
tribution. Metrika, 61(2005), 291-308.

[14] D.V. Lindley, 1980. Approximate Bayesian methods. Trabajos Estadistica,
31(1980), pp. 223-237.

[15] M.A.M.A. Mousa, Z.F. Jaheen, A.A. Ahmed, Bayesian estimation, prediction
and characterization for the Gumbel model based on records. Statistics, 36(1)(2002),
65-74.

[16] W. Nelson, Applied Life Data Analysis. Wiley, New York.1982.

[17] H.K.T. Ng, P.S. Chan, N. Balakrishnan, Estimation of parameters from progres-
sively censored data using EM algorithm. Comput. Statist. Data Anal. 39(2002),
371-386.

[18]H.K.T. Ng, P.S. Chan, N. Balakrishnan, Optimal progressive censoring plans for
the Weibull distribution. Technometics, 46(4)(2004), 470-481.

[19] H.K.T. Ng, Parameter estimation for a modified Weibull distribution, for pro-
gressively Type-II censored samples. IEEE Trans. Reliability. 54(3)(2005), 374-380.



1622 F. M. Al-Aboud

[20] S.J. Press, Bayesian Statistics: Principles Models, and Applications; John Wi-
ley, New York. 1989.

[21] C. Ren, D. Sun, D.K. Dey, 2006. Bayesian and frequentist estimation and
prediction for exponential distributions. J. Statist. Plann. Infer.,136(9)(2006),
2873-2897.

[22] A.A. Soliman, Linex and quadratic approximate Bayes estimators applied to
the Pareto model. Commun. Statist. Simula. 30(2001) 49-64.

[23] A.A. Soliman, Reliability estimation in a generalized life-model with application
to the Burr-XII. IEEE Trans. Reliability. 51(2002) 337-343.

[24] A.A. Soliman, Estimation of parameters of life from progressively censored data
using Burr-XII Model. IEEE Trans. Reliability. 54(1)(2005) 34-42.

[25] A.A. Soliman, Estimators for the finite mixture of Rayleigh model based on
progressively censored data, Commun. Statist.Theor. Meth., 35(5)(2006) 803-820.

[26] L. Tierny, J.B. Kadane, Accurate approximations for posterior moments and
marginal densities. J. Amer. Statist. Assoc., 81(1986), 82-86.

[27] H.R. Varian, A Bayesian approach to real state assessment In: Stephen, E.
F., Zellner, A. (Eds.), Studies in Bayesian Econometrics and Statistics in Honor of
Leonard J. Savage. North-Holland, Amsterdam,1975, pp.195-208.

[28] R. Viveros, N. Balakrishnan, Interval estimation of parameters of life from pro-
gressively censored data. Technometrics 36 (1994) 84-91.

[29] A. Zellner, Bayesian estimation and prediction using asymmetric loss functions.
J. Amer. Statist. Assoc. 81(1986) 446-451.

Received: December, 2008


