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Abstract

The complex modified Korteweg-de Vries (CMKdV) equation which
can reduce to modified Korteweg-de Vries equation arises to describe
evolution of plasma waves or the propagation of transverse. In this pa-
per, we give a classification of group invariant solutions for the CMKdV
equation by using classical Lie method.
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1 Introduction

CMKdV Equation is a nonlinear partial differential equation given by

wt + α(|w|2w)x + βwxxx = 0, (1)

where w(x, t) is a complex valued function of the spatial coordinate x and
the time t, α and β are real parameters, and the subscripts t and x denote
differentiation. This equation has been proposed as a model for the nonlinear
evolution of plasma waves [1]. The same equation has also been derived to
describe the propagation of transverse waves in a molecular chain model [2]
and in a generalized elastic solid [3,4].

The CMKdV Equation is known as a nonintegrable in the sense of inverse
scattering method which use to obtain some analytic solutions, i. e., soliton so-
lutions of nonlinear dispersive wave equations. Only a few analytical solutions
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corresponding to some special cases of the CMKdV equation are available [5].
Since no further analytical results are known, the studies of group-invariant
solutions are very important and essential.

In (1), α and β can set to 1 and ±1 by making transformation x → Ax, t →
Bt and w → Cw for some A, B, C. In this paper, we present some new exact
solutions for α = β = 1 which is

wt + (|w|2w)x + wxxx = 0. (2)

The application of Lie transformations group theory for the construction
of solutions of nonlinear partial diffeential equations(PDEs) is one of the most
active fields of research in the theory of nonlinear PDEs and aplications. The
fundamental basis of the technique is that when a differential equation is invari-
ant under a Lie group of transformations, a reduction transformation exists. In
order to determine solutions of PDE (2) that are not equivalent by the action
of group, we must calculate the one dimensional optimal system. Most of the
required theory and description of the method can be found in [6]. The aim of
this paper is to find the symmetry group of (2) and present a classification of
its one-dimensional subgroup. By using this subgroup is to perform symmetry
reduction and to obtain some group invariant solutions.

2 Lie Symmetries of CMKdV

2.1 Symmetry Generators

By taking w = u + iv where u and v are real functions, and then seperating
real and complex parts of equation of (2), one can find a partial differential
equation system as

ut + ((u2 + v2)u)x + uxxx = 0,

vt + ((u2 + v2)v)x + vxxx = 0. (3)

To apply the classical Lie symmetry group method to system (3), we con-
sider the one-parameter Lie group of infinitesimal transformation in (x, t, u, v).
The associated Lie algebra of infinitesimal system is corresponding set of vector
fields of the form

v = ξ1(x, t, u, v)∂x + ξ2(x, t, u, v)∂t + η1(x, t, u, v)∂u + η2(x, t, u, v)∂v

The symmetry condition
pr(2)v4

∣∣
4 = 0 (4)

where 4 is manifold defined by (3) in jet space J
(2)
x,t,;u,v and pr(2)v is second

prolongation of v, yields an overdetermined system of PDEs for the unknown
functions ξ1, ξ2, η1 and η2.
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Lie algebra admitted by (3) is L4 = {v1,v2,v3,v4} where

v1 = ∂x,

v2 = ∂t, (5)

v3 = v∂u − u∂v,

v4 = x∂x + 3t∂t − u∂u − v∂v.

2.2 Transformation Groups

Lie group of local point transformations group generated by vector field v =
c1v1 + c2v2 + c3v3 + c4v4} is

x̄ =
c1

c4

(ec4ε − 1) + xec4ε,

t̄ =
c1

c4

(e3c4ε − 1) + te3c4ε,

ū = ec4ε(u cos c3ε + v sin c3ε), (6)

v̄ = ec4ε(v cos c3ε− u sin c3ε),

if c4 6= 0,

x̄ = c1ε + x,

t̄ = c2ε + t,

ū = u cos c3ε + v sin c3ε, (7)

v̄ = v cos c3ε− u sin c3ε

otherwise. It is obvious that the transformation (6) and (7) transform any
solution of (3) of the form u = u(x, t), v = v(x, t) to functions ū = ū(x̄, t̄), v̄ =
v̄(x̄, t̄) which are solution of (3) itself with x → x̄, t → t̄, u → ū, v → v̄.

3 Group invariant solutions of CMKdV

3.1 Classification of Group Invariant Solutions

Optimal system of one dimensional Lie algebras of L4 is {L1,1(α) = {w1}, L1,2(α, δ) =
{w2}, L1,3(δ) = {w3}, L1,4(δ) = {w4}, L1,5 = {w5}, L1,6 = {w6}, L1,7 =
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Ad v1 v2 v3 v4

v1 v1 v2 v3 v4 − εv1

v2 v1 v2 v3 v4 − 3εv2

v3 v1 v2 v3 v4

v4 v1 v2 v3 v4

Table 1: Adjoint represantation table for L4

{w7}} where

w1 = αv3 + v4,

w2 = δv1 + αv2 + v3,

w3 = δv2 + v3,

w4 = δv1 + v2, (8)

w5 = v1,

w6 = v2,

w7 = v3,

δ2 = 1 and α ∈ R as given detailed below.
The Adjoint represantation table is given in the Table 1. Since the equation

Ad(Exp(
a2

3
v2))(Ad(Exp(a1v1))w) = a3v3 + v4

is hold for w = a1v1 + a2v2 + a3v3 + v4, all of the reductions corresponding

from vector fields of the form v =
4∑

i=1

aivi with a4 6= 0 can transform to a

reduction corresponding from vector field w1 via a group transformation given
in (6) and (7).

The vector fields of the form v =
3∑

i=1

aivi are in the same class with w2,

w3 or w7 and similarly v = a1v1 + τv2 are in the same class with w4 or w6

because the function Λ defined by

Λ(a1, a2, a3, ε) = Ad(Exp(εv4))(a1v1 + a2v2 + v3) (9)

satisfies

Λ(τ, a2, 1,− ln |τ |) = sgn(τ)v1 +
a2

τ 3
v2 + v3,

Λ(0, τ, 1,−1

3
ln |τ |) = sgn(τ)v2 + v3,

Λ(τ, 1, 0,− ln |τ |) = sgn(τ)v1 + v2

with τ 6= 0. Since none of equivalence classes above contains the vector field
w5 = v1, it should be added to optimal sistem as an element.
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3.2 Group Invariant Solutions

The symmetry variables for subalgebras in optimal system is given in Table 2.
The reduced system for the subalgebra L1(α) is

−ξ2F ′ +3ξ(|F |2F )′− 3(|F |2F )+ (−6F +6ξF ′ +27ξ2F ′′ +27ξ3F ′′′) = 0. (10)

The reduced equation corresponding to L2(0,−δ) is

−iδF ′ = (|F |2 − 1)F, (11)

which has a general solution of

F = c1exp[−i(δ(c2
1 + c2

2 − 1)ξ − π

2
)] + c2exp[−iδ(c2

1 + c2
2 − 1)ξ]. (12)

For α 6= 0, the reduced equation corresponding to L2(δα,−δ) is

α3F ′′′ + 3iδα2F ′′ − 3αF ′ − iδF + α(|F |2F )′ + iδ(|F |2F ) + F ′ = 0. (13)

For the subalgebra L3(−δ) the corresponding reduced equation is

iδF + (|F |2F )′ + F ′′′ = 0. (14)

The first integral of reduced equations corresponding to subalgebra L4 and
L6 are at the form of

EF + β(|F |2F ) + F ′′ = c1, (15)

where c1 is a complex constant, E = 1, β = δ for the subalgebra L4(−δ), and
E = 0, β = 1 for the subalgebra L6. The equation (15) is the time independent
cubic Schrödinger equation for c1 = 0.

Subalgebra ξ w(x, t)
L1,1(α) x3

t F (ξ)x1+iα

L1,2(δα,−δ) αx + t F (ξ)eiδx

L1,3(−δ) x F (ξ)eiδt

L1,4(−δ) δx + t F (ξ)
L1,5 t F (ξ)
L1,6 x F (ξ)
L1,7 This subalgebra leads no reduction

Table 2: Symmetry Variables for elements of optimal system of one dimensional
subalgebras
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4 Conclusion

We give all possible group invariant solutions by using one-dimensional optimal
system of Lie symmetry generators of CMKdV equation in (8), and also the
transformation groups which generate those vector fields in (6) and (7). By
solving some of reduced equations which obtained elements of optimal systems,
we found new exact solutions for CMKdV.
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