
International Mathematical Forum, 4, 2009, no. 26, 1301 - 1304

Note on the Solvability

of the Lewy Operator

Kahar El-Hussein

Department of Mathematics, Al-Jouf University
Faculty of Science, Kingdom of Saudi Arabia

khali kh@lyahoo.com

Abstract

It is known that the Lewy operator P = −i∂x + ∂y − 2iy∂z − 2x∂z,
is not globally solvable [11,13]. The purpose of this note is to solve
the operator P in certain sense, by means a topological isomorhism of
C∞(R3), which intertwines the Cauchy -Riemann operator Q = i∂x+∂y

and P.
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1 Introduction

1.1. The principal problem of differential operators theory (with constant
or variable coefficients) on Rn, is to solve the equation DT = f for any
distribution f on Rn, where T is (distribution) solution of the operator D.
The result for differential operators with constant coefficients was first obtained
by Ehrenpreis in 1954 [4], Malgrange in 1955 [14] and Hormander in 1958 [11].
For the differential operators with variable coefficients. Lewy in 1957 [13] had
discovered that the situation is completely different when the coefficients are
variables. In fact, he proved that if the equation

LT = (−i∂x + ∂y − 2iy∂z − 2x∂z)T = f (1.1)

for a real function f of C1 have any solution function T , with T in C1. Then
f is analytic. C. Soon-yeong In 1993[16] had proved the solvabilty of L in
certain sense, but not in C∞(R3).

1.2. In deeling with the non existence of solutions of partial differential
operators it was customary during the last fifty years and it still is to day in
larger applications, to appeal to the counter example of the Lewy operator
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which guarantees the non existence of solutions. It was therefor a matter of
considerable surprise to the author, to discover that this inference is returned
in general erroneous. More precisely, the lewy operator L is solvable.

1.3. So as let C∞(R3) be the space of C∞- functions on R3 and let Q =
i∂x + ∂y be the Cauchy−Riemann operator. In this paper we discover an
interesting relation between Q and P , by using the natural action of the real
vector group R on the 2−dimensional vector group R2 defined by:

ρ(x)(z, y) = (z + xy, y) (1.2)

In fact this action permits us to define an operator � of C∞(R3), which is
topological isomorhism and intertwines the operators P and Q and gives the
solvability of f .

2 Main Theorem.

3 Main Theorem.

Definition 2.1. For every function f ∈ C∞(R3), one can define a function
�(f ) ∈ C∞(R3), by the following manner

�(f )(z, y , x) = f (z − 2xy, y,−x) (2.1)

From this definition, we see immediatly that �
2 = I, where I is the identity

operator of C∞(R3). So we have

Proposition 2.2. (i) The mapping � : C∞(R3) −→ C∞(R3) is topological
isomorphism from C∞(R3) onto C∞(R3).

It is sufficient to show that the mapping � is continuous.
Theorem.2.3. As in the introduction let P and Q the Lewy and Cauchy-

Riemann operators respectively, then for every f ∈ C∞(R3), we have

Pf = �Q�f (2.2)

Proof . let f be any function infinitely differentiable on R3, then we get

�Q�f(z, y, x)

= �(i∂x + ∂y )�f(z, y, x)

= �(i∂x)�f(z, y, x) + �∂y �f(z, y, x)2.3 (3.1)
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By calculation, we find

�i∂x�f(z, y, x)

= (i∂x�f)(z − 2xy, y,−x)

= (i(
d

dt
)0�f)(z − 2xy, y,−x + t)

= (i(
d

dt
)0f)(z − 2ty, y, x− t)

= (−i∂x − 2iy∂z)f(z, y, x)2.4 (3.2)

and so

�∂y�f(z, y, x)

= (∂y�f )(z − 2xy, y,−x)

= (
d

ds
)0�f)(z − 2xy, y + s,−x)

= (
d

ds
)0f)(z + 2xs, y + s, x)

= (∂y + 2x∂z)f(z, y, x)2.5 (3.3)

So we have

Pf = �Q�f (2.6)

Hence the proof of the theorem
Corollary 2.3. Let L = −i∂x + ∂y − 2iy∂z − 2x∂z be the Lewy operator ,

then we have

LC∞(R3) = C∞(R3) (2.7)

Proof. In fact theorem 2.3 signifies that for any g ∈ C∞(R3), there is a
function f ∈ C∞(R3) such that (Pf )(z, y,−x) = g(z, y,−x). But

(Pf )(z, y,−x) = (Lf )(z, y, x)

= g(z, y,−x)2.8 (3.4)

Which gives the proof of the corollary
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