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Abstract

Let (Xn) be a sequence of independent random variables and N a

positive integral-valued random variable such that N,X1,X2, . . . are

independent. In 2008, N.Chaidee and K.Neammenee [10] gave Berry-

Esseen bounds for random sums in the case of X1,X2, . . . are identically

distributed random variables by using Stein’s method. In this work,

we use the technique from [10] to establish the Berry-Esseen bounds

without assuming the identical distributions of X1,X2, . . . .

Mathematics Subject Classification: 60F05, 60G05

Keywords: Berry-Esseen bound, Stein’s method, concentration inequal-
ity, random sums, normal approximation

1 Introduction

The central limit theorem (CLT) is one of the fundamental theorems in proba-
bility and applied statistics which gives an approximation for the distribution
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of the sum of a large number of independent and identically distributed random
variables.

In 1941 and 1945, Berry [1] and Esseen [5] obtained the rate of convergence
with assuming the third moment finite. Since then, many authors, e.g. [7], [11],
[13], improve the bound in the Berry-Esseen theorem and the method that they
used is Fourier method. In 2001, Chen and Shao [9] have used a new method,
Stein’s method, to establish Berry-Esseen bounds for the sums of independent
random variables without assuming the existence of third moment.

In many situations, we would like to apply CLT to randomly indexed sums.
The CLT for random sums was obtained by many mathematicians, e.g. [3],
[4], [6], [12], and they still used Fourier method. In this paper, we give both
uniform and non-uniform Berry-Esseen bounds for random sums in the case
of X1, X2, . . . are not necessarily identically distributed random variables by
using Stein’s method.

2 Uniform Bound

In 1977, Batirov, Manevich and Nagaev [8] obtained a uniform bound for ran-
dom sums in the case of X1, X2, . . . are independent and not necessarily iden-
tically distributed random variables by using Fourier method. The following
is their result.

Theorem 1. ([8]) Let X1, X2, . . . be independent and not necessarily identically

distributed random variables with EXi = 0, EX2
i = σ2

i and E|Xi|3 = γi < ∞
and N a positive integral-valued random variable such that N, X1, X2, . . . are

independent. Set s2
N =

N∑
i=1

σ2
i , βN =

N∑
i=1

γi and W =
WN√
Es2

N

where

WN = X1 + X2 + · · ·+ XN . Then there exists a constant C such that

sup
x∈�

|P (W ≤ x) − Φ(x)| ≤ C
( EβN

(Es2
N)3

+

√
E|s2

N − Es2
N |

(Es2
N)2

)

where Φ(x) is the standard normal distribution function.

In 2008, N.Chaidee and K.Neammanee [10] applied Stein’s method to ob-
tained the constant C in Theorem 1 in the case of the random variables
X1, X2, . . . are identically distributed.

Theorem 2. ([10]) Let X1, X2, . . . be independent identically distributed ran-

dom variables with EXi = 0, EX2
i = σ2 and E|Xi|3 = γ < ∞ and N a positive
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integral-valued random variable with EN3/2 < ∞ such that N, X1, X2, . . . are

independent. Set W =
WN√
ENσ

where WN = X1 + X2 + · · · + XN . Then we

have

sup
x∈�

|P (W ≤ x) − Φ(x)| ≤ 10.32δ +
0.125√

EN
+

1.5δEN3/2

(EN)3/2
+

E|N − EN |
EN

where δ =
γ√

ENσ3
.

In this section, we generalize Theorem 2 in the case of X1, X2, . . . are not

necessarily identically distributed random variables. The following is our main

result.

Theorem 3. Under the condition in Theorem 1, we have

sup
x∈�

|P (W ≤ x) − Φ(x)| ≤6.875
E[δN

√
Es2

N ]√
Es2

N

+ 1.5
E[δN(s2

N)3/2]

(Es2
N)3/2

+ 0.945
E[δNs2

N ]

Es2
N

+ 100Eδ2
N +

E|s2
N − Es2

N |
Es2

N

where δN =
βN

s2
N

√
Es2

N

.

Proof. For each n ∈ N and i = 1, 2, . . . , n, let

s2
n =

n∑
i=1

σ2
i , βn =

n∑
i=1

γi, δn =
βn

s2
n

√
Es2

N

,

Yi =
Xi√
Es2

N

, Wn = Y1 + Y2 + · · ·+ Yn, W (i)
n = Wn − Yi,

Mi(t) = E[Yi(I(0 ≤ t ≤ Yi) − I(Yi ≤ t < 0))] and pn = P (N = n).

Follows the argument in [10], p.726 and p.728, we obtain

P (W ≤ x) − Φ(x)

=
∞∑

n=1

pn

( n∑
i=1

E

∫ ∞

−∞
f ′(Wn)Mi(t)dt −

n∑
i=1

E

∫ ∞

−∞
f ′(W (i)

n + t)Mi(t)dt
)

+

∞∑
n=1

pnEf ′(Wn)
(
1 −

n∑
i=1

∫ ∞

−∞
Mi(t)dt

)
:= A1 + A2 (1)
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where

A1 ≤
∞∑

n=1

pn

n∑
i=1

E

∫ ∞

−∞
P (x − t < W (i)

n ≤ x − Yi | Yi)Mi(t)dt

+
3

2Es2
N

∞∑
n=1

pnδns2
n(

√
s2

n

Es2
N

+ 0.63)

and

|A2| =
∞∑

n=1

pn

∣∣∣Ef ′(Wn)(1 −
n∑

i=1

EY 2
i )

∣∣∣ ≤ ∞∑
n=1

pn

∣∣∣1 − s2
n

Es2
N

∣∣∣ =
E|s2

N − Es2
N |

Es2
N

.(2)

Next, we will give a bound of

P (a ≤ W (i)
n ≤ b) for all a < b.

For a fix number n and for i = 1, 2, . . . , n and for all a < b, define fn : R → R

by

fn(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−1

2
(b − a) − δn for t < a − δn,

t − 1
2
(b + a) for a − δn ≤ t ≤ b + δn,

1
2
(b − a) + δn for t ≥ b + δn

and using the argument of uniform concentration inequality in [10], p.725, we

obtain

P (a ≤ W (i)
n ≤ b) ≤ 2.5Es2

N

s2
n

{
(
1

2
(b − a) + 2δn)

√
s2

n

Es2
N

+ 40δ2
n

}
which implies that

|A1| ≤ 6.875
E[δN

√
s2

N ]√
Es2

N

+ 100Eδ2
N + 1.5

E[δN (s2
N)3/2]

(Es2
N )3/2

+ 0.945
E[δNs2

N ]

Es2
N

. (3)

Combining (1), (2) and (3), we have the theorem as desired.

Corollary 4. If X1, X2, . . . are independent identically distributed random

variables, then we have

sup
x∈�

|P (W ≤ x) − Φ(x)| ≤ 7.82δ +
( 100γ2

√
ENσ6

) 1√
EN

+
1.5δEN3/2

(EN)3/2
+

E|N − EN |
EN

where δ =
γ√

ENσ3
.

Observe that in the case of EN → ∞, the bound in Corollary 4 is better
than the bound in Theorem 2.



Berry-Esseen bounds for random sums 1285

3 Non-Uniform Bound

In this section, we give a non-uniform bound for random sums W . We also
use the notation as in the section 2.

In 2008, N. Chaidee and K. Neammanee [10] give a non-uniform bound in

normal approximation of W . The following is their result.

Theorem 5. ([10]) There exists a constant C such that for every real number x,

|P (W ≤ x) − Φ(x)| ≤ Cδ

(1 + |x|)3

(
1 +

EN5

(EN)5

)
+

CE|N2 − (EN)2|
(1 + |x|)2(EN)2

where δ =
γ√

ENσ3
.

In this section, we establish a non-uniform bound for W in the case of

X1, X2, . . . are not necessarily identically distributed random variables.

Theorem 6. If s2
n > 4 max

1≤i≤n
σ2

i for all positive integer n ≥ 5, then there exists

a constant C such that for every real number x,

|P (W ≤ x) − Φ(x)|

≤ C

(1 + |x|)3

(
EδN +

E[δN (s2
N)5]

(Es2
N )5

+
E[δN (s2

N)2]

(Es2
N)2

+
E[δN

√
s2

N ]√
Es2

N

+
E[δN (s2

N)3/2]

(Es2
N)3/2

)

+
C

(1 + |x|)2

(
Eδ2

N +
E[δ2

N(s2
N )5]

(Es2
N)5

+
E|(s2

N)2 − (Es2
N)2|

(Es2
N)2

)

where δN =
βN

s2
N

√
Es2

N

.

Proof. In the view of Theorem 3, we may without loss of generality, assume

x ≥ 4. Follow the argument in [10], p.735-736, we have

|P (W ≤ x) − Φ(x)|

≤
∣∣∣ ∞∑

n=1

pn

n∑
i=1

E
(
I(|Yi| ≤ 1 +

x

4
)

∫ ∞

−∞
(f ′(W (i)

n + Yi) − f ′(W (i)
n + t))Mi(t)dt

)∣∣∣
+

∣∣∣ ∞∑
n=1

pn

n∑
i=1

E
(
I(|Yi| > 1 +

x

4
)

∫ ∞

−∞
(f ′(W (i)

n + Yi) − f ′(W (i)
n + t))Mi(t)dt

)∣∣∣
+

∣∣∣ ∞∑
n=1

pn

(
Ef ′(Wn) −

n∑
i=1

E

∫ ∞

−∞
f ′(Wn)Mi(t)dt

)∣∣∣
:= |A1| + |A2| + |A3|,
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|A1| ≤
∣∣∣ ∞∑

n=1

pn

n∑
i=1

E
(
I(|Yi| ≤ 1 +

x

4
)

∫ ∞

−∞
Mi(t)

∫ Yi

t

Eg(W (i)
n + u)dudt

)∣∣∣
+

∞∑
n=1

pn

n∑
i=1

E
(
I(|Yi| ≤ 1 +

x

4
)

×
∫ ∞

−∞
P (x − max(Yi, t) < W (t)

n ≤ x − min(Yi, t)|Yi)Mi(t)dt
)

:= |A11| + |A12|,

and

|A11| ≤ C

(1 + x)3

(
EδN +

E[δN (s2
N)5]

(Es2
N)5

)
+

C

(1 + x)2

(
Eδ2

N +
E[δ2

N(s2
N)5]

(Es2
N)5

)
,

|A2| ≤ CE[δN(s2
N)2]

(1 + x3)(Es2
N)2

,

|A3| ≤ CE|(s2
N)2 − (Es2

N )2|
(1 + x)2(Es2

N)2

where g(w) = (wf(w))′.

To bound A12, we use the non-uniform concentration inequality : for a

positive integer n ≥ 5 and 0 ≤ a < b. If s2
n > 4 max

1≤i≤n
σ2

i , then there exists a

constant C such that

P (a ≤ W (i)
n ≤ b) ≤ C(b − a + δn)

(1 + a)3

(Es2
N

s2
n

+
(s2

n)
4

(Es2
N )4

)
. (4)

To prove the above inequality, for each n ∈ N, we define

fn(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 for x < a + r − κn,

(1 + x − r + κn)3(x − a − r + κn) for a + r − κn ≤ x ≤ b + r + κn,

(1 + x − r + κn)3(b − a + 2κn) for x > b + r + κn

where κn = 4δn.

Let

Zj = YjI(|Yj| ≤ 1 + a) − EYjI(|Yj| ≤ 1 + a), ηj = |Zj|min(κn, |Zj|) and U =

n∑
j=1
j �=i

ηj .

By the same the argument in [10], p.729-733, we have

EU ≥ s2
n

4Es2
N

+
(s2

n − 4σi)

4Es2
N

≥ s2
n

4Es2
N
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where we have use the fact that s2
n > 4 max

1≤i≤n
σ2

i in the last inequality which

yields the concentration inequality (4).

Applying the concentration inequality, we obtain

|A12| ≤ C

(1 + x)3

(
EδN +

E[δN(s2
N)5]

(Es2
N)5

)
.

This is complete the proof.

Corollary 7. Assume that s2
n > 4 max

1≤i≤n
σ2

i for all positive integer n ≥ 5. If

X1, X2, . . . are independent identically distributed random variables, then there

exists a constant C such that for every real number x,

|P (W ≤ x) − Φ(x)| ≤ Cδ

(1 + |x|)3

(
1 +

EN3/2

(EN)3/2
+

EN2

(EN)2
+

EN5

(EN)5

)

+
Cδ2

(1 + |x|)2

(
1 +

EN5

(EN)5

)
+

Cδ

(1 + |x|)2

E|N2 − (EN)2|
(EN)2

where δ =
γ√

ENσ3
.
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