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Abstract

In this paper, an iterative scheme based on the homotopy analysis
method (HAM) has been used to solve nonlinear integral equations. To
check the numerical method, it is applied to solve different test prob-
lems with known exact solutions and the numerical solutions obtained
confirm the validity of the numerical method and suggest that it is
an interesting and viable alternative to existing numerical methods for
solving the problem under consideration. Convergence is also observed.
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1 Introduction

Integral equations play an important role in many branches of linear and non-
linear functional analysis and their applications in the theory of elasticity,
engineering, mathematical physics, potential theory, electrostatics and radia-
tive heat transfer problems. Therefore, many different methods are used to
obtain the solution of the linear and nonlinear integral equations.

Some different valid methods for solving integral equation have been de-
veloped in the last years [1–8]. In [2], Brunner et al., introduced a class of
methods depending on some parameters to obtain the numerical solution of
Abel integral equation of the second kind. The linear multistep methods were
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applied in [7], to obtain the numerical solution of a singular nonlinear Volterra
integral equation. Also, in [8], Kilbas and Saigo used an asymptotic method
to obtain numerically the solution of nonlinear Abel–Volterra integral equa-
tion. In [9], Orsi used a Product Nyström method, as a numerical method,
to obtain the solution of nonlinear Volterra integral equation, when its kernel
takes a logarithmic and Carleman forms. Variational iteration method [13],
Homotopy perturbation method [5-6] and Adomian decomposition method [1]
are effective and convenient for solving integral equations.

The homotopy analysis method (HAM) [9-12] is a general analytic approach
to get series solutions of various types of nonlinear equations, including alge-
braic equations, ordinary differential equations, partial differential equations,
differential-difference equation. More importantly, different from all perturba-
tion and traditional non-perturbation methods, the HAM provides us a simple
way to ensure the convergence of solution series, and therefore, the HAM is
valid even for strongly nonlinear problems.

The HAM is based on homotopy, a fundamental concept in topology and
differential geometry. Briefly speaking, by means of the HAM, one constructs
a continuous mapping of an initial guess approximation to the exact solution of
considered equations. An auxiliary linear operator is chosen to construct such
kind of continuous mapping, and an auxiliary parameter is used to ensure the
convergence of solution series. The method enjoys great freedom in choosing
initial approximations and auxiliary linear operators. By means of this kind of
freedom, a complicated nonlinear problem can be transferred into an infinite
number of simpler, linear sub-problems, as shown by Liao and Tan [12].

Until recently, the application of the homotopy analysis method in non-
linear problems has been devoted by scientists and engineers, because this
method is to continuously deform a simple problem easy to solve into the
difficult problem under study.

In this paper, we use the HAM for nonlinear integral equations such that

y(x) = g(x) +

∫
a

K(x, t)f(y(t))dt,

where the upper limit may be either variable or fixed, the kernel of the integralK(x, t)
and g(x) are known functions, f(y) is a known function of y and y(x) is un-
known function that will be determined.

Some examples are tested, and the obtained results suggest that newly
improvement technique introduces a promising tool and powerful improvement
for solving integral equations.
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2 Description of the Method

Consider

N [y] = y(x) − g(x) −
∫
a

K(x, t)f(y(t))dt = 0, (1)

where N is an operator, y(x) is unknown function and x the independent
variable. Let y0(x) denote an initial guess of the exact solution y(x), h �= 0 an
auxiliary parameter, H(x) �= 0 an auxiliary function, and L an auxiliary linear
operator with the property L[r(x)] = 0 when r(x) = 0. Then using q ∈ [0, 1]
as an embedding parameter, we construct such a homotopy

(1 − q)L[φ(x; q) − y0(x)] − qhH(x)N [φ(x; q)] = Ĥ[φ(x; q); y0(x), H(x), h, q].
(2)

It should be emphasized that we have great freedom to choose the initial
guess y0(x), the auxiliary linear operator L, the non-zero auxiliary parameter
h, and the auxiliary function H(x).

Enforcing the homotopy (2) to be zero, i.e.,

Ĥ[φ(x; q); y0(x), H(x), h, q] = 0

we have the so-called zero-order deformation equation

(1 − q)L[φ(x; q) − y0(x)] = qhH(x)N [φ(x; q)]. (3)

When q = 0, the zero-order deformation equation (3) becomes

φ(x; 0) = y0(x), (4)

and when q = 1, since h �= 0 and H(x) �= 0, the zero-order deformation
equation (3) is equivalent to

φ(x; 1) = y(x). (5)

Thus, according to (4) and (5), as the embedding parameter q increases
from 0 to 1, φ(x; q) varies continuously from the initial approximation y0(x)
to the exact solution y(x). Such a kind of continuous variation is called defor-
mation in homotopy.

By Taylor’s theorem, φ(x; q) can be expanded in a power series of q as
follows

φ(x; q) = y0(x) +
∞∑

m=1

ym(x)qm (6)
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where

ym(x) =
1

m!

∂mφ(x; q)

∂qm
|q=0. (7)

If the initial guess y0(x), the auxiliary linear parameter L, the nonzero
auxiliary parameter h, and the auxiliary function H(x) are properly chosen so
that the power series (6) of φ(x; q) converges at q = 1.Then, we have under
these assumptions the solution series

y(x) = φ(x; 1) = y0(x) +

∞∑
m=1

ym(x). (8)

For brevity, define the vector

−→y n(x) = {y0(x), y1(x), y2(x), . . . , yn(x)}. (9)

According to the definition (7), the governing equation of ym(x) can be
derived from the zero-order deformation equation (3). Differentiating the zero-
order deformation equation (3) m times with respective to q and then dividing
by m! and finally setting q = 0, we have the so-called mth-order deformation
equation

L[ym(x) − χmym−1(x)] = hH(x)�m(−→y m−1(x)), (10)

ym(0) = 0,

where

�m(−→y m−1(x)) =
1

(m− 1)!

∂m−1N [φ(x; q)]

∂qm−1
|q=0 (11)

and

χm =

{
0, m ≤ 1
1, m > 1

.

Note that the high-order deformation equation (10) is governing by the
linear operator L, and the term Rm(−→y m−1(x)) can be expressed simply by
(11) for any nonlinear operator N .

According to the definition (11), the right-hand side of equation (10) is only
dependent upon ym−1(x). Therefore ym(x) can be easily gained, especially by
means of computational software such as MATLAB. The solution y(x) given
by the above approach is dependent of L, h, H(x), and y0(x). Thus, unlike
all previous analytic techniques, the convergence region and rate of solution
series given by the above approach might not be uniquely determined.
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Here, we rigorous definitions and then give some properties of the homotopy-
derivative. These properties are useful to deduce the high-order deformation
equations and provide us with a simple and convenient way to apply the HAM
to nonlinear problems.

Let φ be a function of the homotopy-parameter q, then

Dm(φ) =
1

(m)!

∂mφ(x; q)

∂qm
|q=0

is called the mth-order homotopy-derivative of φ, where m ≥ 0 is an integer.
According to the Leibnitz’s rule for derivatives and using the induction, one
can show the following properties of the homotopy-derivative.

Theorem 1 For homotopy-series

φ(x; q) =

∞∑
m=0

ym(x)qm, ψ(x; q) =

∞∑
k=0

vk(x)q
k,

where m, l, n and 0 ≤ k ≤ m are positive integers, then
(1) For p ≥ 0, a positive integer, it holds

Dm(φp) =
m∑

r1=0

ym−r1

r1∑
r2=0

yr1−r2

r2∑
r3=0

yr2−r3 . . .

rpij−3∑
rpij−2=0

yrp−3−rp−2

rpij−2∑
rpij−1=0

yrp−2−rp−1yrp−1.

(2) Dm(fφ+ gψ) = fDm(φ) + gDm(ψ).
(3) Dm(φ) = ym.
(4) Dm(qkφ) = Dm−k(φ).

(5) Dm(φψ) =
m∑

i=0

Di(φ)Dm−i(ψ) =
m∑

i=0

Di(ψ)Dm−i(φ).

(6) Dm(φnψl) =
m∑

i=0

Di(φ
n)Dm−i(ψ

l) =
m∑

i=0

Di(ψ
l)Dm−i(φ

n).

(7) it holds the recurrence formulas

D0(e
φ) = ey0 ,

Dm(eφ) =
m−1∑
k=0

(
1 − k

m

)
Dk(e

φ)Dm−k(φ), for m ≥ 1.

(8) it holds the recurrence formulas

D0(sinφ) = sin(y0),

Dm(sinφ) =

m−1∑
k=0

(
1 − k

m

)
Dk(cos φ)Dm−k(φ), for m ≥ 1.
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(9) it holds the recurrence formulas

D0(cosφ) = cos(y0),

Dm(cosφ) = −
m−1∑
k=0

(
1 − k

m

)
Dk(sinφ)Dm−k(φ), for m ≥ 1.

3 Computational procedure

In this section we will use the HAM approach to consider nonlinear integral
equations of the type:

y(x) = g(x) +

∫
a

K(x, t)[y(t)]pdt, (12)

where the upper limit may be either variable or fixed, p is a positive integer,
the kernel k(x, t) and g(x) are known functions, whereas y is to be determined.
Let

N [y] = y(x) − g(x) −
∫
a

K(x, t)[y(t)]pdt,

The corresponding mth-order deformation equation (10) reads

L[ym(x) − χmym−1(x)] = hH(x)�m−1(−→y m−1(x)), (13)

ym(0) = 0,

where

�m−1(−→y m−1(x)) = ym−1 − (1 − χm)g −
∫
a

K(x, t)�m−1(φ
p)dt

and

�m(φp) =
m∑

r1=0

ym−r1

r1∑
r2=0

yr1−r2

r2∑
r3=0

yr2−r3 . . .

rp−3∑
rp−2=0

yrp−3−rp−2

rp−2∑
rp−1=0

yrp−2−rp−1yrp−1.

To obtain a simple iteration formula for ym(x), choose Ly = y as an aux-
iliary linear operator, as a zero-order approximation to the desired function
y(x), the solution y0(x) = g(x), is taken, the nonzero auxiliary parameter h
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and the auxiliary function H(x), can be taken as h = −1 and H(x) = 1. This
is substituted into (13) to obtain

y0(x) = g(x),

ym(x) =

∫
a

K(x, t)�m−1(φ
p)dt, m = 1, 2, 3, . . . .

The corresponding homotopy-series solution is given by

y(x) =

∞∑
m=0

ym(x) (14)

4 Convergence Analysis

Theorem 2 The Integral equation

y(x) = g(x) +

b∫
a

K(x, t)f(y(t))dt, (15)

with the kernel K(x, t) satisfies |K(x, t)| < M for all (x, t) ∈ [a, b]× [a, b], g(x)
is a given continuous function defined on [a, b] and f(y) is Lipschitz continuous
with |f(y)−f(z)| ≤ L|y−z|, has a unique solution whenever 0 < α < 1, where,
α = LM(b − a).

Proof. Consider the space C[a, b] of all continuous functions defined on the
interval [a, b] with metric d given by d(x, y) = max

t∈[a,b]
|x(t) − y(t)|. Obviously,

(15) can be written y = Ty where

Ty(x) = g(x) +

b∫
a

K(x, t)f(y(t))dt.

Let y1 and y2 be two different solutions to (15) then

|Ty1(x) − Ty2(x)| =

∣∣∣∣∣∣
b∫

a

K(x, t)[f(y1) − f(y2)]dt

∣∣∣∣∣∣
≤

b∫
a

|K(x, t)| |f(y1) − f(y2)| dt

≤ LMd(y1, y2)

b∫
a

dt

≤ αd(y1, y2).
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Since 0 < α < 1, T becomes a contraction and the Banach’s fixed point
theorem completes the proof.

As the function f(x) = xp is Lipschitz continuous, the integral equation
(12) has a unique solution.

Theorem 3 Let S(x) =
∞∑

n=0

yn(x). Then for k ≥ 2, where k is an integer,

∞∑
m=0

�m(φk) = Sk(x).

Proof. The proof by induction on the k. From Theorem 1, for k = 2, we have

∞∑
m=0

�m(φ2) =

∞∑
m=0

(
m∑

j=0

ym−jyj

)
.

Thus

∞∑
m=0

�m(φ2) =
∞∑

m=0

(
m∑

j=0

ym−jyj

)

=
∞∑

j=0

( ∞∑
m=j

ym−jyj

)

=

∞∑
j=0

yj

m∑
m=j

ym−j

= S2.

Put φk+1 = φkφ1, with the help of Theorem 1, we obtain

∞∑
m=0

�m(φk+1) =

∞∑
m=0

(
m∑

j=0

ym−j�j(φ
k)

)

=
∞∑

j=0

( ∞∑
m=j

ym−j�j(φ
k)

)

=

∞∑
j=0

�j(φ
k)

m∑
m=j

ym−j

= SkS = Sk+1.

This ends the proof.

Theorem 4 As long as the series (14) converges, it must be the exact solution
of the integral equation (12).
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Proof. If the series (14) converges, we can write

S(x) =

∞∑
m=0

ym(x),

and it holds that

lim
m→∞

ym(x) = 0. (16)

We can verify that

n∑
m=1

[ym(x) − χmym−1(x)] = y1 + (y2 − y1) + · · · + (yn − yn−1)

= yn(x),

which gives us, according to (16),

∞∑
m=1

[ym(x) − χmym−1(x)] = lim
n→∞

yn(x) = 0. (17)

Furthermore, using (17) and the definition of the linear operator L, we have

∞∑
m=1

L[ym(x) − χmym−1(x)] = L[

∞∑
m=1

[ym(x) − χmym−1(x)]] = 0.

In this line, we can obtain that

∞∑
m=1

L[ym(x) − χmym−1(x)] = hH(x)
∞∑

m=1

�m−1(−→y m−1(x)) = 0,

which gives, since h �= 0 and H(x) �= 0, that

∞∑
m=1

�m−1(−→y m−1(x)) = 0. (18)

Substituting �m−1(−→y m−1(x)) into the above expression, recall Theorem 3, and
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simplifying it, we have

∞∑
m=1

�m−1(−→y m−1(x)) =
∞∑

m=1

[ym−1 − (1 − χm)g −
b∫

a

K(x, t)�m−1(φ
p)dt]

=
∞∑

m=0

ym(x) − g(x) −
b∫

a

K(x, t)
∞∑

m=1

�m−1(φ
p)dt

=

∞∑
m=0

ym(x) − g(x) −
b∫

a

K(x, t)[

∞∑
m=0

ym(t)]pdt

= S(x) − g(x) −
b∫

a

K(x, t)[S(t)]pdt (19)

From (18) and (19), we have

S(x) = g(x) +

b∫
a

K(x, t)[S(t)]pdt,

and so, S(x) must be the exact solution of Eq. (12).

5 Numerical Results and Discussion

The HAM provides an analytical solution in terms of an infinite power series.
However, there is a practical need to evaluate this solution. The consequent
series truncation, and the practical procedure conducted to accomplish this
task, together transforms the analytical results into an exact solution, which
is evaluated to a finite degree of accuracy. In order to investigate the accuracy
of the HAM solution with a finite number of terms, two examples were solved.
To show the efficiency of the present method for our problem in comparison
with the exact solution we report absolute error which is defined by

|Eym
HAM | = |yexact − ym

HAM |

where ym
HAM =

m∑
i=0

yi(x). MATLAB 7 is used to carry out the computations.

Example 1. Consider the nonlinear Fredholm integral equation

y(x) = ln(x+ 1) + 2 ln 2(1 − x ln 2 + x) − 2x− 5

4
+

1∫
0

(x− t) y2(t) dt.
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For which the exact solution is y(x) = ln(x+ 1). We begin with
y0(x) = ln(x + 1) + 2 ln 2(1 − x ln 2 + x) − 2x − 5

4
. Its iteration formulation

reads

ym(x) =

1∫
0

[(x− t)
m−1∑
j=0

yj(t)ym−j−1(t)]dt, m = 1, 2, . . . .

Some numerical results of these solutions are presented in Table 1.

Example 2. The presented HAM iterative scheme is applied for solving
the nonlinear integral equation

y(x) = sin(πx) +
1

5

1∫
0

cos(πx) sin(πt) y3(t) dt.

The exact solution to this equation is y(x) = sin(πx) + 20−√
391

3
cos(πx). The

formulas corresponding to this problem are

y0(x) = sin(πx)

ym(x) =
1

5

1∫
0

[cos(πx) sin(πt)
m−1∑
i=0

ym−i−1

i∑
j=0

yjyi−j]dt, m = 1, 2, . . . .

Table 2. shows absolute errors of numerical results calculated according the
presented method.

Table1.
Numerical results of Example 1
xi yexact y15

HAM |yexact − y15
HAM |

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

0
0.095310179804
0.182321556793
0.262364264467
0.336472236621
0.405465108108
0.470003629245
0.530628251062
0.587786664902
0.641853886172
0.693147180559

0.000000026768
0.095310206285
0.182321579887
0.262364280170
0.336472248418
0.405465120209
0.470003629794
0.530628259053
0.587786677053
0.641853890141
0.693147181293

2.56186467595E − 8
2.53309949127E − 8
2.19432191028E − 8
1.45529119865E − 8
1.06476171213E − 8
1.84023705163E − 8
6.84976264597E − 9
6.0872384910E − 10
3.5510718809E − 9
2.8196508461E − 9
4.163761557E − 10
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Table2.
Numerical results of Example 2
xi yexact y15

HAM |yexact − y15
HAM |

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

0.0754266889
0.3807520383
0.6488067254
0.8533516897
0.9743646449
1.00000000000
0.9277483875
0.7646822990
0.5267637791
0.2372819503
−0.0754266889

0.0754266889
0.3807520383
0.6488067254
0.8533516897
0.9743646449
1.0000000000
0.9277483875
0.7646822990
0.5267637791
0.2372819503
−0.0754266889

5.53723733531E − 15
5.21804821573E − 15
4.55191440096E − 15
3.21964677141E − 15
1.77635683940E − 15

0
1.77635683940E − 15
3.21964677141E − 15
4.55191440096E − 15
0.52735593669E − 15
0.55372373353E − 15

6 Conclusion

The proposed method is a powerful procedure for solving integral equations.
The examples analyzed illustrate the ability and reliability of the method pre-
sented in this paper and reveals that this one is very simple and effective. The
obtained solutions, in comparison with exact solutions admit a remarkable
accuracy. Results indicate that the convergence rate is very fast, and lower
approximations can achieve high accuracy.

References

[1] S. Abbasbandy, Numerical solution of integral equation: Homotopy per-
turbation method and Adomian’s decomposition method, Appl. Math.
Comput. 173 (2006) 493–500.

[2] H. Brunner, M.R. Crisci, E. Russo, A. Recchio, A family of methods for
Abel integral equations of the second kind, J. Comput. Appl. Math. 34
(1991) 211–219.

[3] N. Bildik, A. Konuralp, The use of variational iteration method, differ-
ential transform method and Adomian decomposition method for solving
different types of nonlinear partial differential equations, International
Journal of Nonlinear Sciences and Numerical Simulation. 7 (1) (2006)
65–70.

[4] Dariusz Bugajewski, On BV-Solutions of some nonlinear integral equa-
tions, Integral Equations and Operator Theory 46 (2003) 387–398.



Nonlinear integral equations 817

[5] M. El-Shahed, Application of He’s homotopy perturbation method to
Volterra’s integro-differential equation, International Journal of Nonlin-
ear Sciences and Numerical Simulation. 6 (2005) 163–168.

[6] A. Golbabai, B. Keramati, Modified homotopy perturbation method for
solving Fredholm integral equations, Chaos Solitons & Fractals (2006),
doi:10.1016/j.chaos.2006.10.037.

[7] J.P. Kauthen, A survey of singular perturbed Volterra equations, Appl.
Num. Math. 24 (1997) 95–114.

[8] A.A. Kilbas, M. Saigo, On solution of nonlinear Abel–Volterra integral
equation, J. Math. Anal. Appl. 229 (1999) 41–60.

[9] S.J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis
Method, Chapman & Hall/CRC Press, Boca Raton, 2003.

[10] S.J. Liao, On the homotopy analysis method for nonlinear problems, Appl.
Math. Comput. 147 (2004) 499-513.

[11] S.J. Liao, Notes on the homotopy analysis method: some definitions and
theorems, Communications in Nonlinear Science and Numerical Simula-
tion (2008), doi: 10.1016/j.cnsns.2008.04.013.

[12] S.J. Liao and Y. Tan, A general approach to obtain series solutions of non-
linear differential equations. Studies in Applied Mathematics, 119 (2007)
297-355.

[13] X. Lan, Variational iteration method for solving integral equations, Com-
puters and Mathematics with Applications 54 (2007) 1071–1078.

Received: August, 2008


