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Abstract. Let F be a real uniformly convex Banach space whose norm is uni-
formly Gateaux differentiable, C' a nonempty closed convex subset of E which
is also a sunny nonexpansive retract of E with P a sunny nonexpansive retrac-
tion. Let T : C — FE be a nonexpansive nonself-mapping with F(T) # (. For
any x,xo,y,yo € C, let {x,} and {y,} be generated by the algorithm z,,; =
apr+ (1 — &")%H > i—o(PTYx, and ypy41 = n%rl > im0 Plany + (1 = an)(TP)y,)
for all n > 0 respectively, where {a,,} C [0,1] is a sequence satisfying certain con-
ditions. Then the strong convergence of both {z,} and {y,} to an element of fixed
points of T' is proved. The results presented in this paper generalize, extend and
improve the corresponding results of Matsushita and Kuroiwa [Strong convergence
of averaging iterations of nonexpansive nonself-mappings, J. Math. Anal. Appl. 294
(2004) 206-214] and many others .

Mathematics Subject Classification: 47H10, 47TH09

Keywords: Nonexpansive nonself-mapping, averaging iterations, uniformly Gateaux
differentiable, sunny nonexpansive retraction, uniformly convex Banach space

1. INTRODUCTION

Let C be a nonempty closed convex subset of a Hilbert space H and let = be an
element of C. Let T be a nonexpansive mapping from C' into itself such that the
set F'(T) of fixed points of T" is nonempty. For each ¢ with 0 < ¢ < 1, let z; be a
unique point of C' which satisfies

xp =t + (1 —t)Txy.

Browder [1] showed that {x;} converges strongly as ¢t — 0 to the element of F'(T)
which is nearest to x in F/(T'). This result was extended to a Banach space by Reich
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[8] and Takahashi and Ueda [13]. On the other hand, Wittmann [15] showed that
each sequence {z,} defined by

9 € C 21 = ap1t + (1 — o) T, forn=0,1,2, ...,

converges strongly to the element of F(T') which is nearest to x if {«,} satisfies
0<a, <la, — 0,27 a, =00 and >~ |a1 — a,] < oo. Using an
idea of Browder [1], Shimizu and Takahashi [11] studied the convergence of the
following approximated sequence for an asymptotically nonexpansive mapping in
the framework of a Hilbert space:

1~

1.1.1 Tp =T+ (1 —ay,)— Tz, forn=20,1,2,...,

(111) 1= end

where {a,} is a real sequence satisfying 0 < «,, < 1 and o, — 0 as n — o0.
Shimizu and Takahashi [10] also studied the convergence of another iteration process
for a family of nonexpansive mappings in the framework of a Hilbert space. The
iteration process is a mixed iteration process of Wittmann’s [15] and Shimizu and
Takahash’s [11]. For simplicity, we state their result for a nonexpansive mapping 7T
with F'(T) is nonempty. They show that each sequence {z,} defined by

1 .
(1.1.2) 2o € C, Tnyy = anz+ (1 — an)n—ﬂ ZOTJ% forn=0,1,2,...,
j:

converges strongly to the element of F(T') which is nearest to = in F(T) if {a,}
satisfies 0 < a,, < 1,04, — 0 and )~ o, = co. Then Shioji and Takahashi [9]
extended their result to that of a real uniformly convex Banach space whose norm is
uniformly Gateaux differentiable. Furthermore, Song and Chen [12] also extended
Shimizu and Takahashi’s result [10] to a uniformly convex Banach space which
admits a weakly sequentially continuous duality mapping. But this approximation
method is not suitable for some nonexpansive nonself-mappings. In the framework
of a real Hilbert space, Matsushita and Kuroiwa [5] studied the strong convergence
of the two sequences generated by

(1.1.3) ry=x€C, Ty =+ (l—a,)PTz, forn=1,2 ...,
and
(1.1.4) n=y€C, ypp1=Plapyy+ (1 —a,)Ty,) forn=1,2,...,

where P is the metric projection from H onto C, and 7' is a nonexpansive nonself-
mapping from C into H. Then they proved that {x,} and {y,} converge strongly
to fixed points of 7" when F(T") is nonempty. Recently, Matsushita and Kuroiwa [6]
also studied the strong convergence of two type iteration processes which are mixed
iteration processes of (1.1.2), (1.1.3) and (1.1.4) in a real Hilbert space as follows:
for z,y € C,

(1.1.5)  x0€C, Ty = apx + (1 — &n)L i(PT)jxn forn=0,1,2,...

n + 1 j:0 7 J 7 9
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and

n

1 ,
(1.1.6) yo€C, Yny1 = ] Planyy + (1 —ay,)(TP)y,) forn=0,1,2,...,
n
=0

where {a,} is a real sequence satisfying 0 < «,, < 1, P is the metric projection
of H onto C, and T is a nonexpansive nonself-mapping of C' into H. Using the
nowhere normal outward condition on 7" and the appropriate assumptions imposed
upon the parameters sequences {«,}, they first proved that {z,} generated by
(1.1.5) converges strongly as n — oo to an element of fixed point of 7" when
F(T) is nonempty, further they proved that the sequence {y,} generated by (1.1.6)
converges strongly as n — oo to an element of fixed point of 7" when F(T) is
nonempty.

It is our purpose in this paper to extend Matsushita and Kuroiwa’s result [6]
to the framework of a Banach space. More precisely, we show that Matsushita
and Kuroiwa’s result [6] holds in a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable.

2. PRELIMINARIES

Throughout this paper, it is assumed that E is a real Banach space with norm
| - || and let J denote the normalized duality mapping from E into 2F" given by

J(@) ={f e £ (x, [) = |zl f]| = l=ll = 171}, Ve € E,

where E* denotes the dual space of E and (-,-) denotes the generalized duality
pairing and N denotes the set of all positive integers. In the sequel, we shall denote
the single-valued duality mapping by j, and denote F(T) = {z € C : Tz = z}.
When {z,} is a sequence in F, then z,, — x (respectively z, — =, 2, — z ) will
denote strong (respectively weak, weak*) convergence of the sequence {z,} to x. In
a Banach space F, the following result (the Subdifferential Inequality) is well known
(14, Theorem 4.2.1]: Vx,y € E,Vj(x +y) € J(x +y),Vj(z) € J(x),

(2.2.1) l]1* +2{y, j(2)) < [lz + yll* < ll=l* + {y, j (= + ).

A mapping 7" with domain D(7T') and range R(T) in E is called nonezpansive (re-
spectively, contractive) if for any x,y € D(T),

[Tz =Tyl < [lz -y
(respectively, ||Tz — Ty|| < (||l — y|| for some 0 < § < 1 ). A Banach space E is
said to strictly convex if
|l + yli
2

A Banach space E is said to be uniformly convex if for all ¢ € (0,2] there exits
0. > 0 such that

|zl = |lyll = 1,z # y imply < 1.

letoll g,

2] = llyll = 1 with [|lz — y|| > & implies
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Recall that the norm of E is said to be Gateauz differentiable (and E is said to be
smooth), if the limit

222 ety
t—0 t

exists for each x, y on the unit sphere S(E) of E. Moreover, if for each y in S(E) the
limit defined by (2.2.2) is uniformly attained for = in S(E), we say that the norm of
E is uniformly Gdteaux differentiable. It is well known that if £ is a Banach space
with a uniformly Géteaux differentiable norm, then the mapping J : E — FE is
single-valued and norm to weak star uniformly continuous on bounded sets of F [14,
Theorem 4.3.6]. If C' is a nonempty convex subset of a strictly convex Banach space
E and T : C' — (' is a nonexpansive mapping, then fixed point set F/(T') of T is a
closed convex subset of C' [14, Theorem 4.5.3].

Let C' C FE be a closed convex and P a mapping of £ onto C. Then P is said
be sunny if P(Px 4 t(x — Pz)) = Pz for allz € E and t > 0. A mappig P of £
into F is said to be a retraction if P? = P. If a mapping P is a retraction, then
Pz = x for every z € R(P), where R(P) is the range of P. A subset C of E is
said to be a sunny nonexpansive retract of E if there exists a sunny nonexpansive
retraction of £ onto C' and it is said to be a nonexpansive retract of E if there
exists a nonexpansive retraction of £ onto C. If £ = H is a Hilbert space, each the
metric projection is a sunny nonexpansive retraction from H to any closed convex
subset of H. For more details, see ([3, 14]).

Let E be a smooth Banach space and let C' be a nonempty closed convex subset
of E. Let P be a sunny nonexpansive retraction of £ onto C. Then, P is unique
(see [7, 14]). For a nonself-mapping T of C' into E, Matsushita and Takahashi [7]
introduced the following condition:

(2.2.3) Ty e S, Vo e C,

where S, = {y € E : y # z, Py = 2} and P is a sunny nonexpansive retraction of
E onto C.

Remark 2.1. [7, Remark 2.1] If C' is a nonempty closed convex subset of a reflexive,
strictly convex and smooth Banach space E, then for any x € E, there exists a
unique point zy € C such that

o — o] = min ly - a].

The mapping P of E onto C defined by Px = xq is called the metric projection.
Using the metric projection P, Halpern and Bergman [4] studied the following con-
dition:

Tre{yeE:y+#ux Py=x}°
for all x € C. Such a condition is called the nowhere-normal outward condition.
Note that if F is a Hilbert space, then the condition (2.2.3) and the nowhere-normal
outward condition are equivalent.

It what follows, we shall make use of the following lemmas which can be found in
[7].



Averaging iterations 691

Lemma 2.2. [7, Lemma 3.1] Let C' be a closed convex subset of a smooth Banach
space E and let T be a mapping of C into E. Suppose that C' is a sunny nonexpansive
retract of E. If T satisfies the condition (2.2.3), then F(T) = F(PT), where P is a
sunny nonexpansive retraction from E onto C.

Lemma 2.3. [7, Lemma 3.3] Let C be a closed convex subset of a strictly convex
Banach space E and let T be a nonexpansive mapping of C into E. Suppose that
C' is a sunny nonexpansive retract of E. If F(T) # 0 then T satisfies the condition

The following theorem was proved by Reich [8] and Takahashi and Ueda [13].

Theorem 2.4. [8, 13| Let E be a uniformly conver Banach space whose norm is
uniformly Gateaur differentiable, C' a nonempty closed convex subset of E, and T
a nonexpansive mapping of C into itself with F(T) # (. Then F(T) is a sunny
nonexpansive retract of C'. Moreover, let y € C and let z; be a unique point of C
which satisfies zy = ty + (1 — )Tz for all t € (0,1). Then {z} converges strongly
ast — 0 to a fized point of T'.

On the other hand, shioji and Takahashi [9] studied the convergence of another
approximated sequence for a nonexpansive mapping in the framework of a Banach
space.

Theorem 2.5. [9, Theorem 2| Let E be a uniformly convexr Banach space whose
norm is uniformly Gateaux differentiable and C a nonempty closed convexr subset
of E. Let T : C — C be a nonexpansive mapping with F(T) # 0. If {a,} is a
sequence of real numbers satisfying 0 < oy, < 1, lim,, oo o, =0 and > v, = 00,
then the sequence {x,} defined by (1.1.2) converges strongly as n — oo to a fized
point of T.

In the sequel, we also need the following theorem which can be found in Bruck
[2].
Theorem 2.6. Let C' be a nonempty bounded closed convex subset of a uniformly

convex Banach space E and T : C — C be nonexpansive. Suppose that T,z =
%Z;:S Tix for allz € C. Then

lim sup||T,x — T(T,z)| = 0.

=00 gz’

3. MAIN RESULTS

In this section, we prove two strong convergence theorems for a nonexpansive
nonself-mapping in a uniformly convex Banach space.

Theorem 3.1. Let E be a uniformly convexr Banach space whose norm is uniformly
Gateaux differentiable and C' a nonempty closed convex subset of E. Suppose that
C' is sunny nonexpansive retract of E with P a sunny nonexpansive retraction. Let
T be a nonexpansive nonself-mapping of C into E such that F(T) is nonempty.
If lim, o, =0 and Y 7 a, = oo, then the sequence {z,} defined by (1.1.5)
converges strongly as n — oo to q € F(T).
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Proof. Applying the Theorem 2.5 with the nonexpansive mapping P71, we obtain
that {z,} converges strongly as n — oo to ¢ € F(PT). Since F(T) # 0, using
Lemma 2.2 and 2.3, we obtain F/(T') = F(PT'). The proof is complete. O

If in Theorem 3.1, £ = H is a real Hilbert space, then the requirement that C' is
a sunny nonexpansive retract of E is not necessary. In fact, we have the following
corollary

Corollary 3.2. [6, Theorem 1| Let H be a real Hilbert space, C' a closed con-
vex subset of H, P the metric projection of H onto C, and T a nonexpansive
nonself-mapping of C into H such that F(T) is nonempty. If lim, ., a, = 0
and Y7, an, = 00, then {x,} defined by (1.1.5) converges strongly as n — oo to
qe F(T).

Theorem 3.3. Let E be a uniformly convexr Banach space whose norm is uniformly
Gateaux differentiable and C' a nonempty closed convex subset of E. Suppose that
C is a sunny nonexpansive retract of B with P a sunny nonexpansive retraction.
Let T be a nonexpansive nonself-mapping of C into E such that F(T') is nonempty.
If lim, o, = 0 and Y 7 a, = 0o, then the sequence {y,}defined by (1.1.6)
converges strongly as — oo to g € F(T).

Proof. We first show that {y, } is bounded. Let y € C,z € F(T) and M = max{|ly—
2|, llyo — z||}. Then we have
lyr = 2l = 1P (woy + (1 = ao)yo) — 2| < olly — 2]l + (1 = o) flyo — 2] < M.

Thus, one easily shows by induction that |y, — z|| < M, for all integers n > 0, and
hence {y,} is bounded. Suppose that T, := #1 > i—o(PT) for all n € N. Using
the boundedness of {y,}, we obtain that

1 i ) 1 n .
[Yns1 — Tiin H”ﬂ”% (ny + (1 — ) (TP)y,) n+1;( )yl
1 — , ,
< Playy + (1 — a,)(TPYy,) — (PT)y,
< n+1%;H(@y+( ) (TP)yn) — (PT) yu||
1 < , ,
< > Moy + (1= a)(TP)y, = (TP 'y,
7=0
1 n )
3.3.1 = o,—— — (PT)y, 0 '
(3.3.1) an+1;!|y (PT)y,|| — 0 asn —s oo

Next we shall show that lim,, . ||y, — PTy,| = 0. Take w € F(T) and define a
subset D of Cby D = {z € C: ||z—w|| < r} where r = max{||ly—w||, |[yo—w]|}. Itis
easily to see that D is a nonempty closed bounded convex subset of C, PT'(D) C D
and {y,} C D. Applying Theorem 2.6 with the nonexpansive mapping PT, we
obtain that

lim sup||T,x — PT(T,z)| = 0.

=0 zeD
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Furthermore,

hm |\ Toyn — PT(Toyn)|| < hm sup || T,z — PT(T,x)|| = 0.

© zeD
It follows from (3.3.1) and the last inequality that

[Yns1 = PTyYnsall < Mynsr = Totall + 1T — PT(Toya) | + 1 PT(Tayn) — PTyn|
< 2Hyn+1 - TnynH + HTnyn - PT(Tnyn)H
(3.3.2) — 0 as n — o0.
Let {2z} be the net defined by
2z =ty + (1 —t)PTz where 0 <t < 1.

Since PT' is a nonexpansive mapping of C into itself, using Theorem 2.4 and Lemma
2.2, 2.3, we have that {z;} converges strongly to g € F(PT) = F(T) ast — 0.
Next we shall show that

limsup(y — ¢, j(yn — q)) < 0.

From z; — y, = t(y — yn) + (1 — )(PT2 — y»), we get that
1zt —ynll®> = (L= t)(PTz — Yn, 5 (2t — Yn)) + LY — Yo 5 (20 — Yn))
(1 —t)(PTz — PTyn, j(z — yn)) + (PTYn — Yns (2t — Yn))]
+t<y - Ztaj(zt - yn)> + tHZt - yn”2

<y = vl + 1PTyn — yullll2e = yall +t{y — 26, 5 (2 — ),
and hence
. PTyn — Yn
(3.3.3) =il 20) < Pl
From (3.3.2) and the boundedness of {z} and {y,} we get that
(3.3.4) limsup(y — 24, 7 (yn — 2)) < 0.

n—:aoQ

On the other hand, since {z;} converges strongly to ¢, as t — 0 and the set
{2t — yn} is bounded, together with the fact that the duality map J is single-valued
and norm-weak™® uniformly continuous on bounded sets of a real Banach space F
with uniformly Gateaux differentiable norm, we have that for each n,

(3.3.5) (2t = ¢, (Wn — 2)) <zt — qllllyn — 2|l — O ast — 0
and
(3.3.6) (V—aq,j(Yn —q) — j(Yyn — 21)) — 0 as t — 0.

Using (3.3.5) and (3.3.6), we get that
Y — ¢ 5(Yn — @) — Y — 26,5 (Yn — 21))|
= W—=07—0) = W =070 —2)) = Y — 2, ] (Yn — 2))
(= ¢, 7 (yn — 2))|
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= y—a.7n—a) —Jn — 2)) + (2t — ¢, J(yn — 2))| — O as t — 0.

Therefore for any € > 0, there exists § > 0 such that for all t € (0,0) and all n > 0,
we have that

(= a.0(m =) =y — 2,5 (yn — 2))| <&
Hence noting (3.3.4), we get that

limsup(y — ¢,5(yn — q)) < limsup[(y — 2, j(yn — 21)) + €] < e.

n—-auoQo n—-—auoQo

Since ¢ is arbitrary, we get that

(3.3.7) limsup(y — ¢, j(yn — q)) < 0.

n—:ao

Then for any € > 0, there exists m € N such that

(3.3.8) (V=a,j(yn—q)) < ¢
for all n > m. On the other hand, from

Yus1 —q+ anlg—y) = — D Plagy + (1= an)(TPYy,) — Plany + (1 - a,)q),

n—+1*%

and the inequality (2.2.1) we have

[Ynt1 —all> = lynt1 —a+anlag—y) — anlg — )|
< yntr — g+ an(g = 9)I* = 20 (g — ¥, 5 (Yns1 — @)
< =5 Y Plany + (1= @) (TPYya) = Plawy + (1 - an)o)|?
=0
—200(q = Y, J(Ynt1 — q))
= {n_l’_ 1 Z [P(any + (1 = an)(TPYyn) — Plany + (1 — an)q)”}
=0
=200 (q = Y, J(Ynt1 — Q)
S {(1 - an)%_'_l Z ”(T‘P)jyn - Q|} - 2an<q - yvj(ynJrl - (J)>
=0
< (=) llyn — all® + 20y — 4, 5 (Yns1 — @)
< (1_an)Hyn_Q||2+20ln5
= 2(1-(1—an)+ 1 —an)lyn —al?
< 2e(1—(1—an))+ (1 —an)(2e(1 = (1= an_1)) + (1 — 1) llyn-1 — ql?

2¢(1 = (1= an)(1 = an-1)) + (1 = o) (1 = an—1) [yn—1 — ql®

for all n > m. By induction, we obtain that

n n

lyner —all* < 261 = T (1 =) + [T = cw)llym — all®

k=m k=m
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Therefore, from ) 7 o, = 00, we get that

limsup [|yn1 — gl < 2e.

n—-auo0o

By arbitrarity of €, we conclude that {y,} converges strongly as n — oo to ¢ €
F(T'). This completes the proof. O

If in Theorem 3.3, £ = H is a real Hilbert space, then the requirement that C' is
a sunny nonexpansive retract of F can be omitted. In fact, we have the following
corollary.

Corollary 3.4. [6, Theorem 2| Let H be a real Hilbert space, C' a closed con-
vex subset of H, P the metric projection of H onto C. Let T be a nonexpansive
nonself-mapping of C into H such that F(T) is nonempty. If lim, ., a, = 0
and > 07 o, = 00, then {y,} defined by (1.1.6) converges strongly as n — oo to
qe F(T).

Acknowledgements. The author would like to thank The Thailand Research
Fund, Grant MRG5080375/2550 for financial support.

REFERENCES

[1] F. K. Browder, Convergence of approximants to fixed points of nonexpansive non-linear map-
pings in Banach spaces, Arch. Rational mech. Anal. 24, 82-90 (1967).

[2] R.E. Bruck, A simple proof of the mean ergodic theorem for nonlinear contractions in Banach
spaces, Israel J. Math. 32 (1979) 107-116.

[3] J.P. Gossez, E. Lami Dozo, Some geometric properties related to the fixed point theory for
nonexpansive mappings, Pacific J. Math. 40 (1972) 565-573.

[4] B. R. Halpern and G. M. Bergman, A fixed-point theorem for inward and outward maps,
Trans. Amer. Math. Soc. 130 (1968) 353-358.

[5] S. Matsushita, D. Kuroiwa, Approximation of fixed points of nonexpansive nonself-mappings,
Sci. Math. Jpn. 57 (2003) 171-176.

[6] S. Matsushita and D. Kuroiwa, Strong convergence of averaging iterations of nonexpansive
nonself-mappings, J. Math. Anal. Appl. 294 (2004) 206-214.

[7] S. Matsushita and W. Takahashi, Strong convergence theorem for mnonexpan-
sive nonself-mappings without boundary conditions, Nonlinear Analysis (2006),
d0i:10.1016/j.na.2006.11.007.

[8] S. Reich, Strong convergence theorems for resolvents of accretive operators in Banach spaces,
J. Math. Anal. 75 (1980), 278-292

[9] N. Shioji and W. Takahashi, A Strong convergence theorem for asymptotically nonexpansive
mappings in Banach spaces, Arch. Math. 72 (1999) 354-359.

[10] T. Shimizu, W. Takahashi, Strong convergence to common fixed points of families of nonex-
pansive mappings, J. Math. Anal. Appl. 211 (1997) 71-83.

[11] T. Shimizu and W. Takahashi, Strong convergence theorem for asymptotically nonexpansive
mappings, Nonlinear Analysis 26,265 - 272 (1996).

[12] Y. Song and R. Chen, Viscosity approximation methods to Cesaro means for nonexpansive
mappings, Applied Mathematics and Computation (2006), doi:10.1016/j.amc.2006.08.054.

[13] W. Takahashi and Y. Ueda, On Reich’s strong convergence theorems for resolvents of accretive
operators, J. Math. Anal. Appl., 104 (1984) 546-553.

[14] W. Takahashi, Nonlinear Functional Analysis Fixed Point Theory and its Applications, Yoko-
hama Publishers Inc., Yokohama, 2000.



696 R. Wangkeeree

[15] R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch. Math. 58, 486
- 491 (1992).

Received: August, 2008



