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Abstract

The notion of Radical classes is introduced in [4]. We prove here
some useful equivalent conditions for a subclass of a fixed universal
class U to be a radical class. We introduce the notion of lower radical
construction and prove £V = R(V), where V is any arbitrary class of
additively cancellative and semisubtractive semirings.
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1 Introduction

The paper is concerned with generalizing some results in ring theory. In cor-
respondence to the Kurosh-Amitsur radical theory for associative rings, an
abstract concept of radical classes and radicals for semirings has been intro-
duced and investigated in a series of publications [5]-[8] by D. M. Olson and
several coauthors. In this paper we discuss about lower radical construction
and prove £V = R(V), where V is any arbitrary class of additively cancellative
and semisubtractive semirings. Some of the statements in this paper are more
or less known from [4], but we organize and prove them in a somewhat different
way more appropriate for our purposes. There are many different definitions of
a semiring appearing in the literature. Throughout this paper, a semiring will
be defined as follows: A semiring is a set S together with two binary operations
called addition (4) and multiplication (.) such that (S,+) is a commutative
monoid with identity element Og; (.S,.) is a monoid with identity element 1;
multiplication distributes over addition from either side and 0 is multiplicative
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absorbing, that is, a.0 = 0.a = 0 for each a € S. A semiring is commutative
if (S,.) is a commutative semigroup. A subset I of a semiring S will be called
an ideal of S if I is an additive subsemigroup of (S,+), IS C I and ST C I.
An ideal I of a semiring S is called proper if and only if I # S and a proper
ideal I of S is called maximal if and only if there is no ideal J of S satisfying
I C JcCS. Anideal I of a semiring S will be called subtractive (k-ideal) if for
a€l,a+bel be Simply be I. A semiring S is said to be Semisubtractive
if for any arbitrary a # b in S there is always some z in S satisfying b+ = a
or some y in S satisfying @ + 3 = b . The k-closure I of an ideal I, defined
by I = {s € S/s+a € I forsome a € I} is an ideal of S as well. An ideal
I of a semiring S is called a k-ideal if T = I is true. We denote the set of all
ideals of S by Z(S) and the set of all k-ideals by IC(S). Note that the ideals
defined in this way should be called more precisely ”semiring ideals”. This is of
importance if (associative) rings occur in semiring-theoretical investigations,
since a ring R, considered as a semiring, may have semiring ideals which are
not "ring ideals” in the usual meaning. More precisely, a semiring ideal I of a
ring R is a ring ideal of R if and only if I = I holds, i.e. if and only if I is a
k-ideal of R.

Each homomorphism ¢: S — Tof semirings corresponds to a congruence
k of S and the homomorphic image ¢(.S) is isomorphic to the semiring S/k of
congruence classes. In this paper we mainly use congruences that are deter-
mined by an ideal I of S according to skis’ < there are

a; € I satisfying s + a1 = s’ + as.

In this case one usually denotes S/k; by S/I. Moreover, k; = ky and thus
S/I = S/T hold for all ideals I of S with the same k-closure I, S/I has always
an absorbing zero, namely the congruence class I = [a]; = [a]; determined
by each a € I. We also mention that a semiring has in general much more
congruences than those determined by its ideals. For a last concept of this kind,
let ¢: S — T be a surjective homomorphism for semirings which have a zero.
Then ¢ is called a semi-isomorphism and denoted by ¢: S = T if ¢(0g) =
Or and ¢~ '(0r) = Og are satisfied. We emphasize here that such a semi-
isomorphism, despite of misleading name, has in general very little in common
with an isomorphism. Here we denote a surjective semiring homomorphism
from S to T' by S —— T and a semiring ideal I of S by I > S.

Theorem 1.1. [4] Let S be a semiring, T a semiring with an absorbing
zero Op, and ¢: S — T a surjective homomorphism. Then K = ¢~1(07) is
a k-ideal of S (also called the kernel of ¢ ) and ¢([s]k) = ¢(s) for all s € S
defines a semi-isomorphism ¢: S/K = T which satisfies ¢ o kfé = ¢, where
k¥ denotes the natural homomorphism of S onto S/K = S/ky.
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Theorem 1.2. [4] For a semiring S with an absorbing zero 0 let A be a
subsemiring which contains 0 and B an ideal of S. Then ¢([a] s~5) = [a]s for
alla € A C A+ B defines a semi-isomorphism

¢: AJANB = A+ B/B.

Theorem 1.3. [4] Let A, B be ideals of a semiring S with the additional
condition A C B. Then ¢([s]p) = [[slalga for all s € S defines an isomor-
phism

¢: S/B — (S/A)/(B/A).

In [9], we have introduced R® = {[a,b]/a,b € R}, the ring of differences of
any cancellative semiring R with respect to the following well defined opera-
tions

[a,b] + [¢,d] = [a+ ¢,b+ d] and
la,b][c,d] = [ac + bd, ad + bc].

Let R be any cancellative semiring. If [ is a [left, right]| ideal of R, then
I¢ = {[a,b]/a,b € I} is a [left, right] ideal of R¢. Conversely, if J is a [left,
right] ideal of R¢, then J¢ = {a € R/[a,0] € J} is a [left, right] ideal of R.

Proposition 1.4. [9]
(a) Let R be a cancellative semiring. Then for any k-ideal I of R, I = (I¢)°
(b) Let R be a cancellative semiring and I be a proper k-ideal of R then I¢ is
a proper ideal of R.
(c) If I, I' are any two k-ideals of a cancellative semiring R and I C I', then
Iecre.
(d) Let R be a cancellative semiring. Then for any two ideals J and J' of R®,
JcJ =JcJ*

Note 1. It should be noted that J¢ is a k-ideal.

Proposition 1.5. [1] A homomorphism f from any cancellative and semisub-
tractive semiring S to any cancellative semiring T is always a steady homo-
morphism.

Remark 1.6. [1] If S is cancellative and semisubtractive, then S/I is can-
cellative and semisubtractive for any k-ideal I of S. From Proposition 1.5 [1],
the semi-isomorphism theorems for semirings (semimodules) are the isomor-
phism theorems for cancellative and semisubtractive semirings (semimodules).
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2 Radical Classes

Definition 2.1. A non-empty sub-class R of a fired Universal class U is
called a radical class of U if R satisfy the following two conditions;
(Ry) R is homomorphically closed.
(Ry) for each S € U—%R there is a k-ideal K € KC(S)—{S} such that Z(S/K)N

R={(0)}.
Theorem 2.2. Fach radical class R of U is closed under extension i.e. for

all S € U and I € Z(S) the following condition holds true
(R.)I €% and S/I € R = S € R.

Theorem 2.3. A subclass (which is non-empty) R of U is a radical class
if and only if R satisfies (R1), (Re) and the following inductive property
(R;) i.e. each ascending chain I, C I, C--- C I, C ... of R-ideals ( k-ideals
) I, of any semiring S € U satisfies B = U, € *R.

Theorem 2.4. A class R of semirings is radical class if and only if
(a) R is homomorphically closed.
(b) R has the inductive property.
(c) R is closed under extensions.

Theorem 2.5. For any class R of semirings, the following conditions are
equivalent.

1. R is a radical class.

II. (Ri) If A € R, then for any A —— B # 0 there is a C' > A such that
0# C €.

(Rii) If A is a semiring of the universal class U and for any A —— B # 0
there is a C'> B such that 0 # C € ‘R, then A € R

III. R satisfies condition (Ri), has the inductive property and is closed under
extensions.

Proof. (I = 1II) Since every homomorphically closed class clearly satisfies (Ri).
Moreover, by Theorem 2.4, R has the inductive property and fR is closed under
extension.

(III = II) Assume that R satisfies (Ri), has the inductive property and R is
closed under extension. We must prove (Rii). Assume that A is a semiring such
that for every A —— B # 0, there exists a C'> A such that 0 #£ C' € R and that
A ¢ R. Since R has inductive property, by Zorn’s lemma obtain a k-ideal I of
A, which is maximal with respect to being k-ideals in R. Since A ¢ R, A/I # 0
holds. Now A ¢ 9 and A — A/I is a surjective homomorphism . Therefore
A® ¢ R® with A° — A°/I° is a surjective homomorphism. So there exists an
ideal J/I¢ in A°/I°¢ such that J/I¢ € Re. Thus I¢ € R®, J/I¢ € R® implies
that I¢¢ € R and J¢/I¢¢ € R
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=1 €Rand J°/I € R,

a contraction to the fact that I is a maximal k-ideal. Therefore A € R, and
hence (II). Finally (III < 1) by [4]. O

Definition 2.6. A mapping p: U — U is called a radical operator in U if
each semiring S € U has an image p(S) € K(S) C U such that the following
conditions are satisfied for all S, T € U.

(pa): ¢(p(S)) C p(¢(S)), for each ¢: S —T.
(pb): p(S/p(S)) = 0.

(pc): p(T) =T S =T C p(9).

(pd): p(p(S)) = p(S).

Theorem 2.7. Let p: U — U be a radical operator. Then
A={AecU/ p(A) = A}
15 a radical class of U.

Proof. Claim that A is homomorphically closed. Let A € A and ¢: A — B be
a surjective homomorphism. Then B = ¢(A) = ¢(p(A)) C p(¢(A)) = p(B).
Shows that p(B) = B. Therefore B € p. Hence p is homomorphically closed.
Now for any semiring A € U — p, we have p(A) C A. Then clearly p(A) is a
k-ideal which satisfies (Rs). O

3 Radical Construction

Let U be an universal class of (not necessarily associative) semirings and let
V C U. We give here a construction for £V, the lower radical class determined
by V in U. Using this construction, we establish that if V is hereditary class
(if A€V and I is an ideal of A, then I € V), then £V is also hereditary.

Let V be any arbitrary class of semirings. However there is always the
smallest radical class containing V. Using Theorem 2.4 and take the intersec-
tion of all radical classes that contains V. This intersection £V is a radical
class and is clearly the smallest radical class containing V. £V is called lower
radical determined by the class V.

Starting with V, an arbitrary class of semisubtractive and additively can-
cellative semirings. Vy; = {A/A is a homomrophic image of a semiring B
in V} called homomorphic closure of V. Proceeding inductively, if V,, has
been defined for all ordinals p < A, we define V) = {A/ there exists a k —
ideal I of A such that I € Vy_y and A/l € Vy_1} where X\ — 1 exists. When
A is a limit ordinal, we define
Vi = {A/Ais the union of an ascending chain of ideals, each one isin'V,
for p < A}. Finally we define (V) = |JV,, where the union is taken over
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all ordinals A. Using this characterization, analogous to rings, we prove that
R(V) = V,.

Lemma 3.1. If X and p are ordinals with p < A, then V,, C V.

Proof. First we want to show that if u < A, then V,, C V,. Clearly V C V;.
Also it is obvious that V,, C V,, for any limit ordinal A\. To see V, CV, ;.
As ¢(0) = 0, the semiring 0 is in V; and by induction also in every V, for
A>1. Thusfor AeV, wetake I =0€V,and A=A/Ie€V,. SoAeV,
by definition and the construction is monotonically increasing. O

Lemma 3.2. For every ordinal A > 1, V 1s homomorphically closed. Hence
R(V) is homomorphically closed.

Proof. To prove R(V) is homomorphically closed. Of course V; is homomor-
phically closed. Assume that the result is true for V,, for p < A. We take
A € V, and for some k-ideal I consider the image A/I of A. When A is a
limit ordinal, there is a chain {K;} of ideals of A such that |JK; = A and
each K; € V,, for p < A. Then {I + K;/I} is a chain of ideals of A/
such that A/l is the union of this chain. Since I + K;/I = K,;/I()K; by
Remark 1.6 [1]. So we have K;/I(K; € V, for p < A. This means that
Therefore A/I € V,. If A — 1 exists, then there exists a k-ideal J of A
such that J and A/J are in V,_;. Again by hypothesis on V,_; and by Re-
mark 1.6 [1], we have J + I/I = J/J(I € V,_; and by Theorem-1.3 [4]
(A/)/(J+1)/I = A/]+J e V,_q, implies that A/I € V. Thus by transfi-
nite induction any V, is homomorphically closed and so is R(V). U

We now show that (V) satisfies condition (b) and (c) of Theorem-2.4.

Lemma 3.3. Let A € U and let {I,} be a chain of R(V)-ideals of A. Then
U I is an R(V)-ideals of A.

Proof. Let I; C I, C --- C I, C ... be a strictly ascending chain of k-ideals
of A such that I, € |JV,. Since A is a set and the construction is monotonic,
there is an ordinal p such that I, € V,, for each p. If we take any limit
ordinal v bigger than p, we have (JI, € V., C [V, this gives us inductive
property. [

Lemma 3.4. If a k-ideal I and A/I are in R(V), then A € R(V).

Proof. To prove R(V) is closed under extension. Let I be a k-ideal and assume
that I, A/I € R(V). Then there exists an ordinal A which is not a limit ordinal
such that both I and A/I are in V). Therefore A € V,,; by definition and
thus A € R(V). Hence the extension property. O
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Theorem 3.5. R(V) = £V.

Proof. By Theorem-2.4 Lemma 3.1, 3.2, 3.3 and 3.4 R(V) is a radical class
in U. By the minimality of £V among radical classes in U which contains V,
£V C R(V). Now it is enough to prove that R(V) C £V. This accomplished
by proving V) C £V for any ordinal A. Clearly V; C £V. Let A be an ordinal
exceeding one, and assume that V,, C £V for ordinals it < X\. Let A € V. If A
is limit ordinal, A is the union of a chain of ideals from the classes V,,, pn < A.
Thus by the induction hypothesis A is the union of £V-ideals, so A € £V
by Theorem-2.4. If X is not a limit ordinal, then there exists a k-ideal I and
A/I of A both belongs to Vy_; C £V. Again A € £V by Theorem-2.4. Thus
V, C £V for all A. Hence R(V) C £V. O

Theorem 3.6. Let V C U, where U is some universal class. If V is hered-
itary, so 15 LV.

Proof. We prove V), is hereditary for each A > 1, then clearly V; is homomor-
phic closure and it is hereditary. Assume A > 1 and V, is hereditary class for
each u < A. Let A € V) and suppose [ is an k-ideal of A. If \ is a limit ordinal,
A =J1,, where {I,} is a chain of ideals belonging to one of the (hereditary)
classes V,,, p < A. But then I = (Ul,) I =U(I.I)so I € V,. If Xis
not a limit ordinal, there is an k-ideal J of A so that J, A/J € V)\_;. Since
V1 is hereditary, I (| J and I +.J/J = I/1()J both belonging to V,_;. This
implies that I € V. O

Lemma 3.7. IfR is a radical class in U and for some K' € U, a subsemir-
ing K C K’ is the set-theoretic union of R-ideals of K', then K € fR.

Proof. It K = |JI, ¢ R, Then by definition of radical class R, there exists
a k-ideal I of K such that Z(K/I) (R = {(0)}, for some I # K. Therefore
there is some « such that I, ¢ I, so I, + I = I,/I()1, is a nonzero R-ideal
of K/I. This contradiction proves that K € fR. O

Theorem 3.8. For alternative semirings, if Ay, As are homomorphically
closed, hereditary classes of U-semirings, then £(A; () Az) = LA [ L£A,.
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