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Abstract

The properties of Riemannian spaces admitting a semi-symmetric
metric connection and semi-symmetric recurrent-metric connection were
studied in [1-9]. On the other hand, the notion of the recurrent Rieman-
nian space was introduced and studied in [7]. Furthermore, D-recurrent
spaces with semi-symmetric connection were investigated in [8].

In this work, we introduce D-recurrent spaces with semi-symmetric
recurrent-metric connection denoted by (M,,g,D) and obtain some
properties of the curvature tensor L?}k of (My,g,D). For such a space,
it is shown that DiLijkn = p1 Lijkh, (p # 0), where Lijkp is the cur-
vature tensor corresponding to the D connection and p; is a non-zero
covariant vector field. Also, an example of these spaces is given.
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1 Introduction

Let (M,,g) (n > 2) be an n-dimensional differentiable manifold of class C*
with metric tensor g, the Riemannian connection V and, a smooth linear
connection D on M,,.
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If, for any smooth vector fields X and Y on M, the torsion tensor 1" of D
satisfies the relation

TX,)Y)=7n(Y)X — n(X)Y, (1.1)
where 7 is a smooth linear differential form, then the connection D is said to
be semi-symmetric [9].

If, in addition, the connection D satisfies the following condition

Dxg =2u(X)g, (1.2)
where 1 is a smooth linear differential form, then the connection D is said to
be semi-symmetric recurrent-metric ([5,[9]).

Let { ;TZL } be the coefficients of the Riemannian connection V and, D a semi-
symmetric recurrent-metric connection on M, with coefficients

m m m m m
| :{ jZ }+5J Ai_Mjai _gji/\ ) (13>

Jt

where we put m; = \; — p; and A™ = A\ g™ [5].
The curvature tensor Ly, of the connection D and the curvature tensor of the

Riemannian connection V, respectively, are defined by [5]

m m m m m a
rji = OklG; — O3 + Fktrzi - thriia (@e = %) , (1.4)

s=al ) -al g b L Ho - (R HG Y o)

Let Lijin = Liji Gmn and Ryjin = Ry Gmn-

Substituting (1.3) in (1.4), we obtain the following equation for the curvature
tensor L%, of M, with the semi-symmetric recurrent-metric connection, in
short (M,, g, D) .

Lijin = Rijin + 9in i — GrnNji + NjnGki — Men8ji + Gin(fje — pwg)s  (1.6)

where we put

1
Aki = VA — e + 5 Jki AN, (1.7)

1

pk = Vit = Pt + 5 Gk put’ (1.8)
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Proposition. For the curvature tensor Lyj;;, of the semi-symmetric recurrent-
metric connection, the following properties hold:

i) Lijin = —Ljin, (1.9)
i) Liwn = 0. (1.10)

Proof. i) Interchanging the indices k& and j in (1.6), we get
Likin = Rjkin + genji — 9inAki + Nendii — NjnGri + Gin(fwj — k) = —Lijin-
ii) By taking & = j in (1.6), we obtain
Likin = Rikin + GrenAki — Grn ki + Mengri — AknGri + Gin (ke — prk) = 0.

Definition. The space (M,, g, D) is called D-recurrent if there exists a non-
zero covariant vector field p; such that

Dy Ly, = (po — 2pu) Lijy, (1.11)

where p; is the component of a covariant vector field satisfying the condition
of recurrent metric connection (1.2).

Lemma. If the space (M,, g, D) is D-recurrent, then
Dy Lijen = pt Lijn- (1.12)

Proof. Multiplying (1.11) by g,,» we obtain
(D L?}k) g = (P — 2mu) L5 Gmn
= o Lij gmn — Lij, (2100 Gmn)-
Using (1.2) we get
(D1 L) gmn + Ly, (D1 Gmn) = pu Ly, Gmn,

from which Dl Lijkh = P Lijkh-

In the next section, we will present an example of a D-recurrent space with
semi-symmetric recurrent-metric connection that we have introduced.
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2 An Example of D-Recurrent Spaces

Let each Latin index run over 1,2,...,n and each Greek index 2,3, ...,n — 1.
We define the metric g in (M, g, D), (n > 4) by the formula [2,3]

ds? = ¢ (da')? + kepda®da® + 2dx'dax", (2.1)
where [k,s] is a symmetric non-singular matrix with constant entries, ¢ is a

scalar function and independent of z".

In the metric (2.1), the only non-vanishing components of the Christoffel sym-
bols, the Riemannian curvature tensor Ry, and Ricci tensor R;;, respectively,
are the following, [6]

1 1 1
()= {1 }=370 {1 =50

1 1
and Rlam = iw.aﬁ ) Ry = ika’g P.ab) (2-2)

where (.) denotes the partial differentiation with respect to coordinates and
[£2F] is the inverse matrix of [kags).

Let’s define the vector components A, and uj,, which are contained in the
formula of coefficients of the connection D by

e — P(xt), for h=1 e, for h=1
h— 0, otherwise ’ Hn = 0, otherwise
(2.3)

where ¥ (z') and 6(x') are continuous functions of 2! on the interval I = [a, b].

)

By using the formula (1.3), (2.2) and (2.3), we obtain the following non-zero
components of T'};

+ O = mdt — gnA =M —
1
+ 51ﬁ/\1 - Mlélﬁ — 911/\ﬁ = { 151 } — —Qk’@‘”‘s@.a,

+ 07 A — 105 — GraA” = —pu1,

(6]
Pgl = al + 5SA1 - ,uaétll - galAa = Aly
—p, fora=p
P/lga = { 1% } + 5?/\(1 - M15g - gloc/\ﬁ -

0,  a#f
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= { ’ b4 08N = 1a0] — gar A ey ,
“ 0, a#f
o= { ]} 0 = mdl — g —{1"1}—%@.1—&90,
ry, = {0} o - s —glaA"—{f;}:%@a,
rno= { o =g ={ [} = %%,
Uho= {0 00 =) — g1 =~ = Ay,
Tho = { 0} 400 = 120 = gaa" = =M. (2.4)

Substituting (2.3) in the formula of \j; and pj; and using (2.2) we see that
the only non-zero components are

A a ,

A= Vid — M\ = a—; —df " P =y Eh) -, (25)
-V O _ {1 =@ =00 -2 (2.6)

H11 1M1 — M = Dl Ha 11 My . .

Recall that the covariant derivatives of the tensors \;; and p;; with respect to
the connection D are given

8)\ 8/%»

Dk)\ij O k )\aj F?k Aia F]k ) Dk:ulj = W ~ Haj F?k ~ Hia F(Jlk )

One can easily show that the only non-zero components D; A\;; and D, u1; are

Didi = (" =209 = 2(¢" = 4*) (¥ - 0),
Dipyy = (0" —200") —2(60 —6*)(x» — 0). (2.7)

For the metric (2.1),

ml
if we consider k,p as 0,5 and ¢ = kogz®z®(z!)* ela @pO=260)dt 1 1 =
[a, 0],
then we obtain

p= Zx ef (o200 z't el (2.8)
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Hence,

1
Do =2 (x1)4 efa (4¢(t)—29(t))dt’ and Do = 0 for a # 3. (29)

It follows from (2.2) and (2.8) that the only non-zero components of Rp;jx
are

Rian ::(x1)4elfg(4¢“>—29“”dt. (2.10)

On the other hand, by using the covariant derivative of the curvature tensor
with respect to the connection D, we find

OLnijk
oz!

a a a a
Dy Ly, = — Laiji Uy — Lnajk Uiy — Lnaie 1§ — Lnija Ty

Also, by means of (2.4) and (2.9), it can be easily shown that the only non-zero
components of D; Ry;j;, are

7)1
Dy Rigar = 4(z")? s (100200t (2.11)

Substituting (2.5), (2.6), (2.9), and (2.10) in (1.11), we obtain the non-zero
components of the curvature tensor Ly;j; and their covariant derivatives with
respect to the connection D as follows

Llala - R1a1a+gaa)\117

Lalla = _Llala = Ralla — gaa)\lla
Llaal = Rlaal - gaa/\lly
Lotor = —Liaa1r = Rata1 + JaaAin,
Lipii = —Ai,
Lpiii = —Linin = A, (2.12)
DiRigia + Di(gaarin), k=1
Dilicia = DrRisia + Di(gaarin) = { 10 lal 1(GaaAin) P21
D Ra a D ozoz)\ 5 k=1
%%m:=m&m—mamm:{511 1(gn)lm«él,
D Raa - D aa/\ ; ]{} = ]_
DkLlaal = Dleaal — Dk(gaa)\11> — { 10 1 1(9 11) . 7£ -
D1 Roio1 + D1(gaari1), k=1
DiLatar = DiRata1 + Di(gaadin) = { 10 - e k#1 7
“Didg, k=1
DypLinin = —DiAp = { 01 11 EA1
Did, k=1
Dibnn = i = { 10,11 k#1. (2.13)
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Since D;Ripa1 = 0 and DyA; =0 for [ # 1, we observe that
Dl Lhijk =0 for | 7é 1.

Moreover, using the metric recurrency condition we obtain

Digin = 291, (2-14)
Dy gin = 2p1 gin, (2.15)
from which we get
01 —2p0 =0, (2.16)
0 = —1. (2.17)

If we suppose that p = (—4/x',0,0,...,0), (z' # 0) then D-recurrency condi-
tion (1.12) reduces to Dy Lpijx = p1 Lpij, which gives the following equations

D1 (GaaA11) = p1 Gaarit, (2.18)
Dy Riaa1r = p1 Riaar- (2.19)

Substituting (2.5), (2.6) and (2.17) in (2.18) we obtain the following differential
equation

" — A + 293 =0, (2.20)

where (') denotes the derivative with respect to z!.

Let us consider the transformations

¥ o= (2.21)
Vo= ¢ (2.22)

then the differential equation (2.20) takes the form
06— 4o+ 20" =0, (2.23)

where ¢ = d¢/dy.

When we compare (2.23) with Abel’s equation of the 2nd kind it is seen that
[10]

vo = P() o+ Q)
= 4, Q = —2v3. (2.24)
After transformations

¢=v"k(v), (=Y (2.25)
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and by using the derivative of k with respect to (

dk Ky o 20
—z—z@/}[———] 2.26
£ Ve (2:20)
we have the separable differential equation
drk 2 2
R B b (R (227)

We can solve the above differential equation for ( as

g:%{ﬁil—ln(/@—l)}ﬂLCu K71 (2.28)

and by replacing k = ¢/1¢? and ¢ = In) we find the following first order ODE
V-1 Y2

with an arbitrary integration constant Cf.

In g — % l _ 1)] e (2.29)

After arranging the above equation according to ¢ and v/, the solution takes
the form e

o In[C) (¢ — 4?)] (2.30)
and this equation needs to be integrated once more to find the general solution.
However, it is not possible to solve it explicitly for ¢)'. So, we take a particular
solution for the choice, kK = 1 in (2.27) and this leads to the solution

Yzt = Lo —0, at # —c, (2.31)

4+ ¢

where ¢ is a constant.

Finally, we have determined the functions v and 6, therefore, the connection
coefficients are determined such that the metric recurrency condition (1.2) and
D-recurrency condition (1.12) are satisfied for the space (M,,, g, D), having the
metric (2.1).
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