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Abstract

The properties of Riemannian spaces admitting a semi-symmetric
metric connection and semi-symmetric recurrent-metric connection were
studied in [1-9]. On the other hand, the notion of the recurrent Rieman-
nian space was introduced and studied in [7]. Furthermore, D-recurrent
spaces with semi-symmetric connection were investigated in [8].

In this work, we introduce D-recurrent spaces with semi-symmetric
recurrent-metric connection denoted by (Mn, g,D) and obtain some
properties of the curvature tensor Lmijk of (Mn, g,D). For such a space,
it is shown that DlLijkh = ρl Lijkh, (ρl �= 0), where Lijkh is the cur-
vature tensor corresponding to the D connection and ρl is a non-zero
covariant vector field. Also, an example of these spaces is given.
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1 Introduction

Let (Mn, g) (n > 2) be an n-dimensional differentiable manifold of class C∞

with metric tensor g, the Riemannian connection ∇ and, a smooth linear
connection D on Mn.
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If, for any smooth vector fields X and Y on Mn, the torsion tensor T of D
satisfies the relation

T (X, Y ) = π(Y )X − π(X)Y, (1.1)

where π is a smooth linear differential form, then the connection D is said to
be semi-symmetric [9].

If, in addition, the connection D satisfies the following condition

DXg = 2μ(X)g, (1.2)

where μ is a smooth linear differential form, then the connection D is said to
be semi-symmetric recurrent-metric ([5],[9]).

Let
{ m
ji

}
be the coefficients of the Riemannian connection ∇ and, D a semi-

symmetric recurrent-metric connection on Mn with coefficients

Γmji =
{ m
ji

}
+ δmj λi − μjδ

m
i − gjiλ

m, (1.3)

where we put πi = λi − μi and λm = λtg
tm [5].

The curvature tensor Lmkji of the connection D and the curvature tensor of the
Riemannian connection ∇, respectively, are defined by [5]

Lmkji = ∂kΓ
m
ji − ∂jΓ

m
ki + ΓmktΓ

t
ji − ΓmjtΓ

t
ki ,

(
∂k =

∂

∂xk

)
, (1.4)

Rm
kji = ∂k

{ m
ji

}
− ∂j

{ m
ki

}
+

{ m
kt

}{ t
ji

}
−

{ m
jt

}{ t
ki

}
. (1.5)

Let Lkjih = Lmkji gmh and Rkjih = Rm
kji gmh.

Substituting (1.3) in (1.4), we obtain the following equation for the curvature
tensor Lmkji of Mn with the semi-symmetric recurrent-metric connection, in
short (Mn, g, D) .

Lkjih = Rkjih + gjhλki − gkhλji + λjhgki − λkhgji + gih(μjk − μkj), (1.6)

where we put

λki = ∇kλi − λkλi +
1

2
gki λtλ

t, (1.7)

μjk = ∇jμk − μjμk +
1

2
gjk μtμ

t. (1.8)
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Proposition. For the curvature tensor Lkjih of the semi-symmetric recurrent-
metric connection, the following properties hold:

i) Lkjih = −Ljkih, (1.9)

ii) Lkkih = 0. (1.10)

Proof. i) Interchanging the indices k and j in (1.6), we get

Ljkih = Rjkih + gkhλji − gjhλki + λkhgji − λjhgki + gih(μkj − μjk) = −Lkjih.

ii) By taking k = j in (1.6), we obtain

Lkkih = Rkkih + gkhλki − gkhλki + λkhgki − λkhgki + gih(μkk − μkk) = 0.

Definition. The space (Mn, g, D) is called D-recurrent if there exists a non-
zero covariant vector field ρl such that

Dl L
m
ijk = (ρl − 2μl)L

m
ijk, (1.11)

where μl is the component of a covariant vector field satisfying the condition
of recurrent metric connection (1.2).

Lemma. If the space (Mn, g, D) is D-recurrent, then

Dl Lijkh = ρl Lijkh. (1.12)

Proof. Multiplying (1.11) by gmh we obtain

(Dl L
m
ijk) gmh = (ρl − 2μl)L

m
ijk gmh

= ρl L
m
ijk gmh − Lmijk (2μl gmh).

Using (1.2) we get

(Dl L
m
ijk) gmh + Lmijk (Dl gmh) = ρl L

m
ijk gmh,

from which Dl Lijkh = ρl Lijkh.

In the next section, we will present an example of a D-recurrent space with
semi-symmetric recurrent-metric connection that we have introduced.
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2 An Example of D-Recurrent Spaces

Let each Latin index run over 1, 2, ..., n and each Greek index 2, 3, ..., n− 1.
We define the metric g in (Mn, g, D), (n ≥ 4) by the formula [2,3]

ds2 = ϕ (dx1)2 + kαβdx
αdxβ + 2dx1dxn, (2.1)

where [kαβ] is a symmetric non-singular matrix with constant entries, ϕ is a
scalar function and independent of xn.

In the metric (2.1), the only non-vanishing components of the Christoffel sym-
bols, the Riemannian curvature tensor Rhijk and Ricci tensor Rij , respectively,
are the following, [6]

{ β
11

}
= −1

2
kβαϕ.α ,

{ n
11

}
=

1

2
ϕ.1 ,

{ n
1α

}
=

1

2
ϕ.α,

and R1αβ1 =
1

2
ϕ.αβ , R11 =

1

2
kαβ ϕ.αβ, (2.2)

where (.) denotes the partial differentiation with respect to coordinates and
[kαβ] is the inverse matrix of [kαβ].

Let’s define the vector components λh and μh, which are contained in the
formula of coefficients of the connection D by

λh =

{
ψ(x1), for h = 1

0, otherwise
, μh =

{
θ(x1), for h = 1

0, otherwise
,

(2.3)
where ψ(x1) and θ(x1) are continuous functions of x1 on the interval I = [a, b].

By using the formula (1.3), (2.2) and (2.3), we obtain the following non-zero
components of Γhij

Γ1
11 =

{ 1
11

}
+ δ1

1λ1 − μ1δ
1
1 − g11λ

1 = λ1 − μ1 ,

Γβ11 =
{ β

11

}
+ δβ1λ1 − μ1δ

β
1 − g11λ

β =
{ β

11

}
= −1

2
kβαϕ.α ,

Γα1α =
{ α

1α

}
+ δα1 λα − μ1δ

α
α − g1αλ

α = −μ1,

Γαα1 =
{ α
α1

}
+ δααλ1 − μαδ

α
1 − gα1λ

α = λ1,

Γβ1α =
{ β

1α

}
+ δβ1λα − μ1δ

β
α − g1αλ

β =

⎧⎪⎨
⎪⎩

−μ1, for α = β

0, α �= β
,
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Γβα1 =
{ β
α1

}
+ δβαλ1 − μαδ

β
1 − gα1λ

β =

⎧⎪⎨
⎪⎩
λ1, for α = β

0, α �= β
,

Γn11 =
{ n

11

}
+ δn1λ1 − μ1δ

n
1 − g11λ

n =
{ n

11

}
=

1

2
ϕ.1 − λ1ϕ,

Γn1α =
{ n

1α

}
+ δn1λα − μ1δ

n
α − g1αλ

n =
{ n

1α

}
=

1

2
ϕ.α,

Γnα1 =
{ n
α1

}
+ δnαλ1 − μαδ

n
1 − gα1λ

n =
{ n
α1

}
=

1

2
ϕ.α,

Γn1n =
{ n

1n

}
+ δn1λn − μ1δ

n
n − g1nλ

n = −μ1 − λ1,

Γnαα =
{ n
αα

}
+ δnαλα − μαδ

n
α − gααλ

n = −λ1. (2.4)

Substituting (2.3) in the formula of λjk and μjk and using (2.2) we see that
the only non-zero components are

λ11 = ∇1λ1 − λ1λ1 =
∂λ1

∂x1
− λa

{ a
11

}
− λ2

1 = ψ′(x1) − ψ2(x1), (2.5)

μ11 = ∇1μ1 − μ1μ1 =
∂μ1

∂x1
− μa

{ a
11

}
− μ2

1 = θ′(x1) − θ2(x1). (2.6)

Recall that the covariant derivatives of the tensors λij and μij with respect to
the connection D are given

Dkλij =
∂λij
∂xk

− λaj Γaik − λia Γajk , Dkμij =
∂μij
∂xk

− μaj Γaik − μia Γajk .

One can easily show that the only non-zero components Dl λ11 and Dl μ11 are

D1λ11 = (ψ′′ − 2ψ ψ′) − 2(ψ′ − ψ2)(ψ − θ),

D1μ11 = (θ′′ − 2θ θ′) − 2(θ′ − θ2)(ψ − θ). (2.7)

For the metric (2.1),

if we consider kαβ as δαβ and ϕ = kαβx
αxβ(x1)4 e

∫ x1

a
(4ψ(t)−2θ(t))dt, x1 ∈ I =

[a, b],
then we obtain

ϕ =
n−1∑
α=2

xαxα(x1)4 e
∫ x1

a
(4ψ(t)−2θ(t))dt, x1 ∈ I. (2.8)
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Hence,

ϕ.αα = 2 (x1)4 e
∫ x1

a
(4ψ(t)−2θ(t))dt, and ϕ.αβ = 0 for α �= β. (2.9)

It follows from (2.2) and (2.8) that the only non-zero components of Rhijk

are

R1αα1 = (x1)4 e
∫ x1

a
(4ψ(t)−2θ(t))dt. (2.10)

On the other hand, by using the covariant derivative of the curvature tensor
with respect to the connection D, we find

DlLhijk =
∂Lhijk
∂xl

− Laijk Γahl − Lhajk Γail − Lhaik Γajl − Lhija Γakl.

Also, by means of (2.4) and (2.9), it can be easily shown that the only non-zero
components of DlRhijk are

D1R1αα1 = 4(x1)3 e
∫ x1

a
(4ψ(t)−2θ(t))dt. (2.11)

Substituting (2.5), (2.6), (2.9), and (2.10) in (1.11), we obtain the non-zero
components of the curvature tensor Lhijk and their covariant derivatives with
respect to the connection D as follows

L1α1α = R1α1α + gααλ11,

Lα11α = −L1α1α = Rα11α − gααλ11,

L1αα1 = R1αα1 − gααλ11,

Lα1α1 = −L1αα1 = Rα1α1 + gααλ11,

L1n11 = −λ11,

Ln111 = −L1n11 = λ11, (2.12)

DkL1α1α = DkR1α1α +Dk(gααλ11) =

{
D1R1α1α +D1(gααλ11), k = 1

0, k �= 1
,

DkLα11α = DkRα11α −Dk(gααλ11) =

{
D1Rα11α −D1(gααλ11), k = 1

0, k �= 1
,

DkL1αα1 = DkR1αα1 −Dk(gααλ11) =

{
D1Rαα1 −D1(gααλ11), k = 1

0, k �= 1
,

DkLα1α1 = DkRα1α1 +Dk(gααλ11) =

{
D1Rα1α1 +D1(gααλ11), k = 1

0, k �= 1
,

DkL1n11 = −Dkλ11 =

{ −D1λ11, k = 1
0, k �= 1

,

DkLn111 = Dkλ11 =

{
D1λ11, k = 1

0, k �= 1.
(2.13)
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Since DlR1αα1 = 0 and Dl λ11 = 0 for l �= 1 , we observe that
Dl Lhijk = 0 for l �= 1.

Moreover, using the metric recurrency condition we obtain

D1 g11 = 2μ1 g11, (2.14)

D1 g1n = 2μ1 g1n, (2.15)

from which we get

ϕ.1 − 2ϕψ = 0, (2.16)

θ = −ψ. (2.17)

If we suppose that ρ = (−4/x1, 0, 0, ..., 0), (x1 �= 0) then D-recurrency condi-
tion (1.12) reduces to D1 Lhijk = ρ1 Lhijk which gives the following equations

D1 (gααλ11) = ρ1 gααλ11, (2.18)

D1R1αα1 = ρ1 R1αα1. (2.19)

Substituting (2.5), (2.6) and (2.17) in (2.18) we obtain the following differential
equation

ψ′′ − 4ψψ′ + 2ψ3 = 0, (2.20)

where (′) denotes the derivative with respect to x1.

Let us consider the transformations

ψ′ = φ (2.21)

ψ′′ = φ̇ φ (2.22)

then the differential equation (2.20) takes the form

φ̇ φ− 4ψ φ+ 2ψ3 = 0, (2.23)

where φ̇ = dφ/dψ.

When we compare (2.23) with Abel’s equation of the 2nd kind it is seen that
[10]

φ φ̇ = P (ψ)φ+Q(ψ),

P = 4ψ, Q = −2ψ3. (2.24)

After transformations

φ = ψ2 κ(ψ), ζ = lnψ (2.25)
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and by using the derivative of κ with respect to ζ

dκ

dζ
=
κψ
ζψ

= ψ

[
φ̇

ψ2
− 2φ

ψ3

]
(2.26)

we have the separable differential equation

dκ

dζ
= 4 − 2

κ
− 2κ = −2

κ
(κ− 1)2. (2.27)

We can solve the above differential equation for ζ as

ζ =
1

2

[
1

κ− 1
− ln(κ− 1)

]
+ C1, κ �= 1 (2.28)

and by replacing κ = φ/ψ2 and ζ = lnψ we find the following first order ODE

lnψ =
1

2

[
1

ψ′/ψ2 − 1
− ln(

ψ′

ψ2
− 1)

]
+ C1 (2.29)

with an arbitrary integration constant C1.

After arranging the above equation according to ψ and ψ′, the solution takes
the form

ψ2

ψ′ − ψ2
= ln[C1(ψ

′ − ψ2)] (2.30)

and this equation needs to be integrated once more to find the general solution.
However, it is not possible to solve it explicitly for ψ′. So, we take a particular
solution for the choice, κ = 1 in (2.27) and this leads to the solution

ψ(x1) = − 1

x1 + c
= −θ, x1 �= −c, (2.31)

where c is a constant.

Finally, we have determined the functions ψ and θ, therefore, the connection
coefficients are determined such that the metric recurrency condition (1.2) and
D-recurrency condition (1.12) are satisfied for the space (Mn, g, D), having the
metric (2.1).
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