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via Carlo Alberto 10, 10123 Torino, Italy

rancesco.malaspina@unito.it

Abstract. Let fs : Xs → P2 be the blowing-up of s distinct points and E a
vector bundle on Xs. Here we give a cohomological criterio which is equivalent
to E ∼= f ∗

s (A) with A a direct sum of line bundles. We also some cohomological
characterizations of very particular rank 2 vector bundles on P2.
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1. Introduction

Fix an integer s ≥ 1 and s distinct points P1, . . . , Ps ∈ P2. Let fs : Xs → P2

denote the blowing up of the points P1, . . . , Ps. Pic(Xs) ∼= Z
s+1 and we will

take the line bundles f ∗
s (OP2(1)) and Di := f−1

s (Pi), 1 ≤ i ≤ s, as free
generators of Pic(Xs). Set OXs(t; a1, . . . , as) := f ∗

s (OP2(t))(
∑s

i=1 aiDi). Hence
OXs(t; a1, . . . , as) · OXs(z; b1, . . . , bs) = tz − ∑s

i=1 aibi. For any coherent sheaf
A on Xs set A(t; a1, . . . , as) := A ⊗ OXs(t; a1, . . . , as). Set X0 := P2 and
f0 := IdP2 . In section 2 we will prove the following result.

Theorem 1. Let E be a rank r torsion free sheaf on Xs which is locally free
at each point of D1 ∪ · · · ∪ Ds. For every i ∈ {1, . . . , s} let bi,1 ≥ · · · ≥ bi,r

denote the splitting type of E|Di. The following conditions are equivalent:

(a) H1(Xs, E(t; 0, . . . , 0)) = 0 for all t ∈ Z.
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(b) bi,r ≥ 0 for all i ∈ {1, . . . , s} and fs∗(E) is isomorphic to a direct sum of
line bundles.

(c) There is a direct sum A of r line bundles on P2 such that E ∼= f ∗
s (A).

Remark 1. We will also check that every torsion free sheaf E on Xs such that
H1(Xs, E(t; 0, . . . , 0)) = 0 for all t 	 0 is locally free (see Remark 2). Hence
we may apply Theorem 1 to this sheaf, without imposing that E is locally free
at each point of D1 ∪ · · · ∪ Ds.

It is essential that we use all multiples (positive and negative) of a “ minimal
” line bundle OXs(1; 0, . . . , 0). In section 3 we will see in the rank 2 case and
for the plane X0 what happens if we take e.g. only twists by even degree line
bundles (see Propositions 1 and 2 and Remark 7).

We work over an algebraically closed field K.

2. Proof of Theorem 1

Remark 2. Let X be a smooth and connected projective surface and R ∈
Pic(X) such that |R| contains the sum of an effective divisor and of an ample
divisor. Let E be a torsion free sheaf on X such that h1(X, E ⊗ R⊗t) = 0 for
infinitely many negative integers t. Consider the exact sequence

0 → E → E∗∗ → E∗∗/E → 0

Since h0(X, E∗∗ ⊗ R⊗t) = 0 for t 	 0, E is locally free.

Remark 3. Notice that hi(Xs,OXs(t; 0, . . . , 0)) = hi(P2,OP2(t)) for all i =
0, 1, 2, and all t ∈ Z. Hence h1(X, s,OXs(t; 0, . . . , 0)) = 0 for all t ∈ Z. When
t ≥ 0 we have h0(Xs,OXs(t; a1, . . . , as)) = h0(P2,OP2(t)) if and only if ai ≥ 0
for all i.

Remark 4. Let U be a smooth and connected quasi-projective surface. Fix
P ∈ U . Let π : V → U denote the blowing up of P . Set Y := π−1(P ). Let
I denote the ideal sheaf of Y in V . Hence Y ∼= P1 and I/I2 is (as an OY -
sheaf) isomorphic to the degree 1 line bundle of Y . For every integer n ≥ 0
let Y (n) denote the n-th infinitesimal neighborhood of Y in V , i.e. the closed
subscheme of V with In as its indeal sheaf. Hence Y (0) = 0. Let Ŷ denote the
formal completion of Y in V , i.e. the formal scheme proj limn Y (n). Fix any

rank r vector bundle E on Ŷ . Let b1 ≥ · · · ≥ br be the splitting type of E|Y .
For every integer n ≥ 0 we have an exact sequence

0 → (I/I2)⊗n ⊗ E|Y → E|Y (n) → E|Y (n−1) → 0(1)

Since dim(Ŷ ) = 1, we get that for every integer n ≥ 1 the restriction map
H1(Y (n), E|Y (n)) → H1(Y (n), E|Y (n−1)) is surjective. Hence the restriction

map H1(Ŷ , E) → H1(Y, E|Y ) is surjective. Since h1(Y, E|Y ) = 0 if and only

if br ≥ −1, we get H1(Ŷ , E) 
= 0 if br ≤ −2. Now assume br ≥ −1. Since
(I/I2)⊗n is a degree n line bundle on Y ∼= P1, the tower of exact sequences
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(1) gives h1(Y (n), E|Y (n)) = 0 Hence H1(Ŷ , E) = 0 if and only if br ≥ −1.

Now assume that E is the restriction to Ŷ of a vector bundle F on V . The
formal function theorem ([2], III.11.1) gives that R1π∗(F ) = 0 if and only if
br ≥ −1. Since every fiber of the proper map π has dimension at most 1,
Rjπ∗(F ) = 0 for all j ≥ 2 (e.g. by the formulal function theorem ([2], III.11.1,
and Nakayama’s lemma). For any splitting type b1 ≥ · · · ≥ br the sheaf π∗(F )
is torsion free and its restriction to U\{P} is locally free. The natural map
τF : π∗π∗(F ) → F is an isomorphism outside Y . It easy to check that if br < 0,
then π∗(F ) is not locally free. We have b1 = · · · = br = 0 if and only if the
natural map τF : π∗π∗(F ) → F is an isomorphism.

Lemma 1. Take the set-up of Remark 4. Let F be a rank r vector bundle on
V and let b1 ≥ · · · ≥ br be the splitting type of F |Y . Assume br ≥ 0. π∗(F ) is
locally free if and only if b1 = · · · br = 0.

Proof. We claimed the “ if ” part at the end of Remark 4. Assume b1 > 0.
Since br ≥ 0, h1(Y, (F |Y )⊗(I/I2)⊗n) = 0 for all n ≥ 0. Hence (1) implies that
the restriction map H0(Y (n), F |Y (n)) → H0(Y (n−1), F |Y (n−1)) is surjective for
every n > 0. The formal function theorem ([2], III.11.1) implies that the fiber
of π∗(F ) over P has dimension at least h0(Y, F |Y ) = r + b1 + · · · + br > r.
Since π∗(F ) has rank r, it is not locally free.

Remark 5. Let F be any vector bundle on U . Since dim(U) = dim(V ) = 2,
H i(U,F) = 0 (resp. H i(V,F) = 0) for all integers i ≥ 3 and all coherent
sheaves F on U (resp. V ). Since each fiber of the proper map π has dimension
at most 1, Rjπ∗(F ) = 0 for all j ≥ 2. Hence the Leray spectral sequence of π
gives an exact sequence

0 → H1(U, π∗(F )) → H1(V, F ) → H0(U, R1π∗(F )) → H2(U, π∗(F ))(2)

([1], p. 31). Hence if H1(V, F ) = 0 and H2(U, π∗(F )) = 0, then H0(U, R1π∗(F )) =
0. Since R1π∗(F ) is supported by P , H0(U, R1π∗(F )) = 0 if and only if
R1π∗(F ) = 0. The same relation is true if we blow up more than one point.
Hence we get the following observation. Let A be a rank r vector bundle on
Xs. Assume h1(Xs, A(t; 0, . . . , 0)) for all t � 0. Notice that for fixed A we
have H1(P2, fs∗(A)(t)) = H2(P2, fs∗(A)(t)) = 0 for t � 0, while the integer
h0(P2, R1fs∗(A)(t)) does not depend from t, because the sheaf R1fs∗(A) is sup-
ported by the finite set {P1, . . . , Ps}. We get R1fs∗(A) = 0. Let bi,1 ≥ · · · ≥ bi,r

be the splitting type of A|Di. Since R1fs∗(A) = 0, bi,r ≥ 0 for all i (Remark
4).

Proofs of Theorem 1 and of Remark 1. Obviously, (c) implies (a)
(Remark 3). The projection formula gives that (c) implies (b). Assume
that (a) holds, but only assuming that E is torsion free. The line bundle
OXs(2s;−1, . . . ,−1) is ample. Hence OXs(2s; 0, . . . , 0) is the tensor prod-
uct of an ample line bundle and of a line bundle with a non-zero section.
Remark 2 gives that E is locally free. Remark 5 gives R1fs∗(E) = 0 and
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bi,r ≥ 0 for all i. Fix a line D ⊂ P2 such that {P1, . . . , Ps} ∩ D = ∅. Hence
D ∼= f−1(D) of Xs. Let t1 ≥ · · · ≥ tr be the splitting type of E|f−1(D). Let
ε : H0(Xs, E(−t1; 0, . . . , 0)) ⊗ OXs → E(−t1; 0, . . . , 0) denote the evaluation
map. Let b the maximal integer such that 1 ≤ b ≤ r and tb = t1. Hence
h0(f−1(D), E(−t1)|f−1(D)) = b. Since f−1(D) ∈ |OXs(1; 0, . . . , 0)|, we have
an exact sequence

0 → E(−t − 1; 0, . . . , 0) → E(−t; 0, . . . , 0) → E(−t; 0, . . . , 0)|f−1(D) → 0

(3)

Look at the cases t = t1 and t = t1 + 1 of (3). Our cohomological assumption
on E gives h0(Xs, E(−t1; 0, . . . , 0) = b and that ε has rank b at each point of
f−1(D). Hence Im(ε) is a rank b torsion free sheaf spanned by a b-dimensional
linear space of global sections. Hence Im(ε) ∼= O⊕b

Xs
. We also get that the

restriction of the inclusion u : Im(ε) → E(−t1; 0, . . . , 0) to the fiber over every
P ∈ Xs\D1 ∪ · · · ∪ Ds has rank b. If s = 0 we also get that OP2(t1)

⊕b is
a subbundle E ′ of E such that E/E ′|D has splitting type tb+1 ≥ · · · ≥ tr.
After finitely many steps we get (unfortunately, with the classical proof) the
case s = 0, i.e. that an ACM torsion free sheaf on P2 is a direct sum of line
bundles. Hence we may assume s > 0. Since R1fs∗(E) = 0, the projection
formula and the Leray spectral sequence of fs give h1(P2, fs∗(E)(t)) = 0 for
all t ∈ Z. Hence the torsion free sheaf fs∗(E) is ACM. We saw in the proof of
the case s = 0 that fs∗(E) is a direct sum of line bundles and in particular it
is locally free. Thus bi,j = 0 for all i ∈ {1, . . . , s} and j ∈ {1, . . . , r} (Lemma
1). Since E is locally free, these equalities are equivalent to the existence of
a vector bundle A on P2 such that E ∼= f ∗

s (A). Since A ∼= fs∗(f ∗
s (A)), we

get that (a) implies (c) and (b). Assume (b). Lemma 1 gives bi,j = 0 for all
i ∈ {1, . . . , s} and j ∈ {1, . . . , r}. Hence E ∼= f ∗

s (fs∗(E)). Thus (b) implies
(c).
Alternatively, one can use descent to get E ∼= f ∗

s (M) for some torsion free
sheaf M on P2, then show that M is locally free using Remark 2 and then
show that M is isomorphic to a direct sum of line bundles.

3. Rank 2 vector bundles on P2

Proposition 1. Let E be a rank 2 torsion free sheaf on P2 such that h1(P2, E(t)) =
0 for every even integer t. Then either E ∼= ΩP2(z) for some odd integer z or
E is a direct sum of two line bundles.

Proof. The Euler’s sequence gives h1(P2, ΩP2(t)) = 0 for t 
= 0 and h1(P2, ΩP2) =
1. Hence the “ if ” part is obvious. Now assume h1(P2, E(t)) = 0 for every
even integer t. Remark 2 gives that E is locally free. Let w be the first integer
t such that h0(P2, E(t)) 
= 0. Fix any σ ∈ H0(P2, E(w))\{0}. The minimality
of w shows that σ induces an exact sequence

0 → OP2(t) → E(w + t) → IZ(c1 + 2w + t) → 0(4)
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where c1 := c1(E) and Z is a zero-dimensional subscheme of P2. The minimaly
of w is equivalent to h0(P2, IZ(c1+2w−1)) = 0. Hence either c1+2w−1 < 0 or
z := length(Z) ≥ (c1+2w+1)(c1+2w)/2. First assume w even. Taking t = −2
in (4) and use h2(P2,OP2(−2)) = 0 we get h1(P2, IZ(c1+2w−2)) = 0. E splits
if and only if z = 0. Assume z > 0. If c1 + 2w − 1 < 0, then h1(P2, IZ(c1 +
2w − 2)) = z > 0. If c1 + 2w − 1 ≥ 0 we get h1(P2, IZ(c1 + 2w − 2)) ≥
(c1+2w+1)(c1+2w)/2−(c1+2w)(c1+2w−1)/2 = c1+2w > 0, contradiction.
Now assume w odd. Take t = −3 in (4). Since h2(P2,OP2(−3)) = 1, we get
that either z = 1 or c1 + 2w = 1. If c1 + 2w = 1, then the minimality of w
and (4) gives z = 1. Since z ≥ (c1 + 2w + 1)(c1 + 2w)/2, in both cases we get
c1 + 2w = 1. If z = 1 and c1 + 2w = 0, then (4) gives that E(w) is a stable
rank two reflexive sheaf with c1(E(w)) = 1 and c2(E(w)) = 1. It is well-known
and easy to check that ΩP2(2) is the only such vector bundle.

Proposition 1 immediately implies the following result, which also follows
from Beilinson spectral sequence.

Corollary 1. Fix an integer m. Let E be a rank 2 torsion free sheaf on P2

such that h1(P2, E(t)) = 0 for all t ∈ Z\{m}. Then either E ∼= ΩP2(−m) or
E is a direct sum of two line bundles.

Proposition 2. Let E be a rank 2 torsion free sheaf on P2 such that h1(P2, E(t)) =
0 for every integer t such that t ≡ 0 (mod 3). Let w be the first integer x such
that h0(P2, E(x)) > 0. Set c1 := c1(E). Then E is isomorphic to one of the
following vector bundles:

(i) a direct sum of two line bundles.
(ii) ΩP2(2 − w).
(iii) c1 + 2w = 2, E is stable and it fits in an exact sequence

0 → OP2 → E(w) → IZ(2) → 0(5)

in which Z is a curvilinear zero-dimensional scheme of length 3 not con-
tained in a line..

Conversely, any vector bundle E as in (i), (ii) or (iii) has the property that
h1(P2, E(t)) = 0 for every integer t such that t ≡ 0 (mod 3). In case (iii) we
have h1(P2, E(z)) = 0 for all z /∈ {w − 3, w − 2}, h1(P2, E(w − 2)) = 2 and
h1(P2, E(w − 3)) = 2.

Proof. Remark 2 gives that E is locally free. Let b denote the only integer
such that 1 ≤ b ≤ 3 and w ≡ −b (mod 3). Fix any σ ∈ H0(P2, E(w))\{0}.
The minimality of w shows that σ induces an exact sequence

0 → OP2(t) → E(w + t) → IZ(c1 + 2w + t) → 0(6)

where c1 := c1(E) and Z is a locally complete intersection zero-dimensional
subscheme of P2. The minimalityy of w is equivalent to h0(P2, IZ(c1 + 2w −
1)) = 0. Hence either c1 + 2w − 1 < 0 or z := length(Z) ≥ (c1 + 2w +
1)(c1 + 2w)/2. If z = 0, then E is a direct sum of two line bundles. Hence
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we may assume z > 0. First assume b = 1. Taking t = −1 in (6) and
using h2(P2,OP2(−1)) = 0 we get h1(P2, IZ(c1 + 2w − 1)) = 0. Since z > 0,
we get c1 + 2w − 1 ≥ 0 and z ≤ (c1 + 2w + 1)(c1 + 2w)/2. Hence z =
(c1 + 2w + 1)(c1 + 2w)/2. Take t = −4 in (6) and using h2(P2,OP2(−4)) = 3
we get h1(P2, IZ(c1 + 2w − 4)) ≤ 3. Since c1 + 2w − 1 ≥ 0 and z = (c1 +
2w + 1)(c1 + 2w)/2, we get 1 ≤ c1 + 2w ≤ 2. First assume c1 + 2w = 1 and
hence z = 1. Thus c2(E(w)) = 1 and c1(E(w)) = 1. The exact sequence
(6) gives the stability of E(w). Hence we are in case (ii). If c1 + 2w = 2,
then we are in case (iii); here we use h0(P2, IZ(c1 + 2w − 1)) = 0 to see
that Z is contained in no line. Now assume b = 2. Taking t = −2 in (6)
and using h2(P2,OP2(−2)) = 0 we get h1(P2, IZ(c1 + 2w − 2)) = 0. Hence
c1 +2w− 2 ≥ 0 and z ≤ (c1 +2w)(c1 +2w− 1)/2, contradicting the inequality
z ≥ (c1 + 2w + 1)(c1 + 2w)/2. Now assume b = 3. Taking t = −3 in (6)
and using h2(P2,OP2(−3)) = 1 we get h1(P2, IZ(c1 + 2w − 3)) ≤ 1. Hence
c1 + 2w − 2 ≥ 0 and z ≤ (c1 + 2w − 1)(c1 + 2w − 2)/2 + 1, contradicting the
inequality z ≥ (c1 + 2w + 1)(c1 + 2w)/2. The “ converse ” part is obvious for
cases (i) and (ii). Take E as in case (iii) (i.e. as in (6) with c1 + 2w = 2,
w ≡ −1 (mod 2), length(Z) = 3 and Z not contained in a line), without
assuming the local freeness of E. Since Z is not contained in a line, from (6)
we get h1(P2, E(z)) = 0 for all z ≥ w − 1. Now assume E locally free. Serre
duality gives h1(P2, E∗(y)) = 0 for all y ≤ −2 − w. Since rank(E) = 2 and
E locally free, E∗ ∼= E(−c1). Since c1 + 2w = 2, we get h1(P2, E(z)) = 0
for all z /∈ {w − 2, w − 3}. From (6) we get h1(P2, E(w − 2)) = 2 and
2 ≤ h1(P2, E(w − 3)) ≤ 3. By (6) we have h1(P2, E(w − 3)) = 2 if and only if
h2(P2, E(w − 3)) = 0. Since c1(E(w − 3)) = −4, (E(w − 3))∗ ∼= E(w − 3)(4).
Thus h2(P2, E(w − 3)) = h0(P2, E(w − 2)) = 0. Hence h1(P2, E(w − 3)) = 2.
Now assume that the length 3 scheme Z is curvilinenar, i.e. it is not the first
infinitesimal neighborhood of a point of P2. Since h0(P2,OP2(−1)) = 0, the
Cayley-Bacharach condition is trivially satisfied and hence a general extension
(6) with c1 + 2w = 0 and this curvilinear scheme Z has locally free middle
term.

Remark 6. Let M(P2, c1, c2) denote the moduli space of rank 2 wector bundle
on P2 with Chern classes c1, c2. M(P2, 0, 2) is non-empty, irreducible and 5-
dimensional. Take E as in case (iii) of Proposition 2. We have c1(E) = 0
and c2(E) = c2(E(1)) − c1(E(1)) + 1 = 2 ([3]). We saw that E is stable,
i.e. E ∈ M(P2, 0, 2). Take any F ∈ M(P2, 0, 2). Since c1(F (1)) = 2 and
c2(F (1)) = 3, Riemann-Roch gives χ(F (1)) = (2 +3)2/2 +2− 3 = 4 > 0. The
stability of F gives h0(P2, F ) = 0. Hence F fits in the extension (5), i.e. F is
described by case (iii) of Proposition 2.

Remark 7. Fix an integer a ≥ 4 and a rank 2 torsion free sheaf E on P2

such that h1(P2, E(t)) = 0 for all integers t such that t ≡ 0 (mod a). Here we
will see that this assumption is very restrictive, but that it seems hopeless to
try to classify all such sheaves E. Remark 2 gives that E is locally free. Set
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c1 := c1(E). Let w be the first integer such that h0(P2, E(w)) > 0. Hence
we have an exact sequence (6) with Z a zero-dimensional locally complete
intersection subscheme. The minimality of w gives h0(P2, IZ(c1+2w−1)) = 0.
Hence either c1 + 2w − 1 < 0 or z := length(Z) ≥ (c1 + 2w + 1)(c1 + 2w)/2. If
z = 0, then E splits. Hence we assume z > 0. First assume c1 +2w < 0. Look
at (5). We get h1(P2, E(t)) > 0 for all t < w such that either t + w ≤ −2 or
z > (−t−w− 1)(−t−w − 2)/2. Given any locally complete intersection Z in
the case c1+2w < 0 we get an extension (6) with locally free middle term. Now
assume c1 + 2w ≥ 0. Let b denote the only integer such that w ≡ −b (mod a)
and 1 ≤ b ≤ a. First assume b = 1 as in the cases a = 2 and a = 3 we get
z = (c1 +2w +1)(c1 +2w)/2 and hi(P2, IZ(c1 +2w− 1)) = 0, i = 1, 2. Taking
t = −1−a and using h2(P2,OP2(−1−a)) = a(a−1)/2 we get z ≤ ε+a(a−1)/2,
where ε = (c1 + 2w − a + 1)(c1 + 2w − a)/2 if c1 + 2w ≥ a + 1 and ε = 0 if
c1 + 2w ≤ a. We first get c1 + 2w ≤ a and then we get c1 + 2w ≤ a − 1. Now
assume 2 ≤ b ≤ a. Taking t = w − b we get z ≤ η + (b − 1)(b − 2)/2, where
η = 0 if c1 +2w < b and η = (c1 +2w− b+2)(c1 +2w− b+1)/2 if c1 +2w ≥ b.

We raise the following question.

Question 1. Fix an integer a ≥ 4 and a rank 2 torsion free sheaf E on P2

such that h1(P2, E(t)) = 0 for all integers t such that t ≡ 0 (mod a). Is it true
that h1(P2, E(t)) 
= 0 for at most a − 1 consecutive integers?
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