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Abstract

We investigate the properties of projective semisymmetric connec-
tions of a Riemannian manifold. Some interesting results with respect
to the invariant of this semi-symmetric connection are given.
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1 Introduction

It is interesting to investigate the properties and invariants of semisymmetric
metric connections. As we know that Fridmann and Schouten [1] introduced,
in the early days of 1924, the concept of the semi-symmetric linear connection.
Afterwards, K. Yano [5] considered the semi-symmetric metric connection of
a Riemannican manifold. In the papers [6, 7, 8], the author studied semi-
symmetric projective transformation about the Riemannian connection. The
purpose of this article is to continue to discuss the invariant of the trans-
formation and the relationships between this invariant and the Weyl projec-
tive curvature tensor. Meanwhile, the invariance, which keeps the covariant
derivative of the projective invariant unchanged under the condition of the
transformation of the semi-symmetric projection, is studied again.

The organization of this paper is as follows. In Section 2, we will recall and
give some necessary notations and terminologies. Section 3 is devoted to the
proof of Theorem.
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2 Notations and Terminologies

Let M be a n-dimensional (n > 2) Riemannian manifold equipped with a
Riemannian metric g, and ∇ be a Levi-Civita connection associated with g.
Let χ(M) denote by the set of all the vector fields on M , and Vi ∈ χ(M)(i =
1, 2, · · · , n) be the local mutual orthogonal unit vector fields on M .

Let D be a linear connection on M . The torsion tensor of D is defined by

T (X, Y ) = DXY −DYX − [X, Y ] (2.1)

Suppose that T satisfies the following condition

T (X, Y ) = DXY −DYX− [X, Y ] = π(Y )X−π(X)Y, ∀ X, Y ∈ χ(M) (2.2)

Dg(X, Y ) = 0 (2.3)

where π is 1-form on M , thenD is called the semi-symmetric metric connection
on M [5].

If there exists the local coordinate system in M such that g,∇, D, π have
the local expressions by gji, {h

ji},Γh
ji, πi, respectively. Then we have [3]

Γh
ji = {h

ji} + δh
j Pi − gjiP

h (2.4)

where P k = gkiPi.
If the geodesics with respect to D are always consistent with those of ∇,

then D is called a connection being projective equivalent to ∇.
If D is the projective equivalent connection to ∇ as well as the semi-

symmetric, then D is called the projective semi-symmetric connection.
As is known to all, if a linear connection D shares the same geodesic curves

with ∇, then this connection D is called the projective transformation of ∇.
Analogously, if the semi-symmetric connection D shares the same geodesic
curves as ∇, then it is called the projective semi-symmetric transformation.

Now, let D be the semi-symmetric projective transformation of the Rie-
mannian connection ∇, and D have the local expression Γh

ji, then there holds

Γh
ji = {h

ji} + δh
j ψi + δh

i ψj + δh
j σi − δh

i σj (2.5)

where ψi, σi are the covariant vectors.
As a matter of fact, we have the following

Lemma 2.1[8] A linear connection D on M is the projective semi-symmetric
connection if and only if D satisfies:

DXY = ∇XY + Ψ(Y )X + Ψ(X)Y + Φ(Y )X − Φ(X)Y (2.6)

where Ψ,Φ(= (1/2)π) are of 1-forms, respectively.
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3 Main Theorem and Proof

From (2.5), we find that the curvature tensor, the Ricci curvature tensor of M
with respect to D are given, respectively, by

Rh
kji = Kh

kji + βkjδ
h
i + τkiδ

h
j − τjiδ

h
k (3.7)

Rji = Kji + βji − (n− 1)τji (3.8)

where Rh
jik, K

h
jik are the curvature tensor, the Ricci curvature tensor corre-

sponding to ∇, respectively. In addition, we have

βji ≡ Ψji − Ψij + σji − σij ,

τji ≡ Ψji + σji − Ψjσi − Ψiσj ,

Ψji ≡ ∇jΨi − ΨjΨi,

σji ≡ ∇jσi − σjσi.

Consequently, we have the following

Theorem 3.1[8] The tensor W kji
h keeps unchanged under the projective trans-

formation of semi-symmetric metric recurrent connections, where W kji
h can

be written as:

W kji
h = Rkji

h − 1

n2 − n+ 2
(Rkj − Rjk)δ

h
i

+
1

(n− 1)(n2 − n+ 2)
{[(n2 − n + 2)Rki +Rik]δ

h
j

− [(n2 − n + 1)Rji +Rij ]δ
h
k} (3.9)

Remark 3.1 For convenience we call W kji
h the WS projective semisymmetric

curvature tensor.
We now consider the following problem: what condition does make the

Weyl curvature tensor equal the curvature tensor of D?
From (3.3), we decompose it into the following

W hij
k = Whij

k + Chij
k,

where Chij
k,Whij

k are defined by

Chij
k=̂

1

n2 − n+ 2
{(Rih −Rhi)δ

k
j +

1

n− 1
[(Rhj −Rjh)δ

k
i − (Rji −Rji)δ

k
h]},

Whij
k=̂Rhij

k +
1

n− 1
(Rhjδ

k
i − Rijδ

k
h).
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We wish to study the condition of Chij
k being equal to zero. In fact, we

obtain

βji =
1

n+ 1
(∇ipj −∇jpi) (3.10)

τji =
1

n+ 1
∇jpi − (

n

n+ 1
)2pjpi (3.11)

By virtue of (3.4) and (3.5), we know that

βji + βij = 0 (3.12)

τji − τij = nβij (3.13)

W hij
k = Whij

k (3.14)

where Whij
k is the tensor of ∇, and Whij

k has a similar expression just as like
(3.3).

Suppose now that Chij
k = 0. Contracting the indices k and h, then we find

Rji = Rij (3.15)

From (3.6) and (3.6), we have

(n2 − n+ 2)βji = 0,

that is
βji = 0.

According to (3.4), we see that 1-form π is of closed.
Conversely, it is clear that βji = 0 if 1-form π is of closed. From (3.7),

there holds
τji = τij .

By using (3.2), we obtain Rji = Rij , that is, Chij
k = 0. This implies that

W hij
k ≡Whij

k=̂Rhij
k +

1

n− 1
(Rhjδ

k
i − Rijδ

k
h).

where the tensor Whij
k is said to be the Weyl projective curvature tensor

corresponding to D.
On the other hand, if the 1-form π is of closed, the transformation (2.5) is

said to be a special projective semi-symmetric connection transformation.
Consequently, we have the following

Theorem 3.2 The Weyl projective curvature tensor Whij
k is equivalent to the

Weyl curvature tensor W hij
k of semi-symmetric connections if and only if 1-

form is of closed.
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From Theorem 3.2 one can also give the following

Theorem 3.3 The tensor W hij
k is degenerated into the Weyl projective cur-

vature tensor if and only if 1-form π is of closed. In other words, the curvature
tensor W hij

k is the Weyl curvature tensor related to D under the special pro-
jective semi-symmetric connection transformation.

It is obvious that Theorem 3.2 (or Theorem 3.3) implies that two kinds of
transformations: the special semi-symmetric connection transformation and
the ordinary projective transformation are provided with the same invariant-
the Weyl projective curvature tensor.

We now assume that “ | ” and “ , ” denote the covariant derivatives of D
and ∇, respectively, then we have the following

Theorem 3.4[5] The transformation (2.5) keeps unchanged the covariant deriva-
tives of the tensor W hij

k (that is, W hij|rk = Whij,r
k) if and only if M is of a

constant curvature manifold.

It is well known that if M is of a constant curvature manifold, and then M
is also of an Einstein manifold. Thus, one can study the conformal properties
and the projective properties [4] of a manifold for detailed.

On the other hand, one can obtain the analogous results about the curva-
ture tensor offered by authors in this paper by using the same methods posed
here. we now give the analogous results by using the properties of tensors,
which are just as those offered in [4]. In other words, we have the following

Theorem 3.5 The tensor W hij
k satisfies the following formula

∇lW hij
k + ∇hW ilj

k + ∇iW lhj
k = − 1

n2 − n + 2
(W lih +W hil +W ilh)δ

k
j

+
1

n− 1
(W lhjδ

k
i +W iljδ

k
h +W hijδ

k
l ),

where W jik=̂∇jRik −∇iRjk.

Proof. In fact, we have

∇lW hji
k = ∇lRhji

k − 1

n2 − n + 2
(∇lRhj −∇lRjh)δ

k
i

+
1

(n− 1)(n2 − n+ 2)
{[(n2 − n + 1)∇lRhi + ∇lRih]δ

k
j

− [(n2 − n+ 1)∇lRji + ∇lRij]δ
k
h} (3.16)
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Contracting indices l and k, one arrives at

∇sW hji
s = ∇sRhji

s − 1

n2 − n+ 2
(∇iRhj −∇iRjh)

+
1

(n− 1)(n2 − n+ 2)
{[(n2 − n+ 1)∇jRhi + ∇jRih]

− [(n2 − n + 1)∇hRji + ∇hRij ]} (3.17)

By virtue of Bianchi identity, there holds

∇sRhji
s = ∇hRji −∇jRhi, ∇hR = 2∇sR

s
h.

Substituting these facts into (3.11), one arrives at Theorem 3.5 is tenable.
This completes the proof of Theorem 3.5.

Remark 3.2 By the proof of Theorem 3.5, we can give some other analogous
results about the special semi-symmetric projective curvature tensor, which
are just those offered in [4]. In fact, if the scalar curvature is constant, then
one can obtain the relationship between Weyl projective curvature tensor and
conformal curvature tensor, and that between the Weyl projective curvature
tensor and the special semi-symmetric projective curvature tensor. Moreover,
one can study the characteristics of manifolds with Einstein condition or Quasi-
Einstein condition and of sub-Rimannian manifolds, and give some interesting
results which are analogous ones just offered as in [4,9,10,11,12].
Remark 3.3 if the projective semi-symmetric connection is symmetric, then
Theorem 3.5 is just the corresponding result in [4].

As the conclusion of this paper, we give the following

Theorem 3.6 The tensors W hji
k and Whji satisfy the following formulae

∇sW hji
s =

n− 2

n− 1
W hji +

1

n2 − n+ 2
(

1

n− 1
Δ̄jhi −∇iSjh) (3.18)

∇sW hji
s =

n− 2

n− 1
W hji (3.19)

where Sji is defined by Sji = Rij − Rji, the tensor Δ̄jhi is defined by Δ̄jhi =
∇jShi −∇hSji.

Proof. From the proof of Theorem 3.5, it is not hard to see that Theorem
3.6 is tenable.

Remark 3.4 From the previous papers [2, 6], one can get the similar curvature
tensor expression. In fact, one should obtain this result as long as Bianchi
identity is tenable. At the same time, one can arrive at the characteristics of
the transform group by virtue of Definition of WS-projective semi-symmetric
transform group posed in [4].
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