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Abstract
In the present paper, we deal with the union M of all trinomial arcs

M(p, k, r, n). It will be shown that the fractal dimension of M is 3/2.
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1 Introduction

We consider the subset M of the unit disk that is the union of all trinomial
arcs M(p, k, r, n). These continuous arcs introduced and studied in [5] are the
trajectories of roots of the trinomial equation zn = αzk + (1−α), where z is a
complex variable, n and k are two integers such that k = 1, 2, ..., n− 1, p and
r are two integers verifying some conditions and α is a real number greater
than one. The main goal of this work is to compute the fractal dimension of
M , which is the number :

Δ(M) = lim supε−→0(2 − log |M(ε)|2 / log ε),

where M(ε) is the set of points whose distance to M is smaller than ε and
|M(ε)|2 is the plane Lebesgue measure of M(ε).

The present paper is organized as follows. The second section gives the
definition of the trinomial arcs M(p, k, r, n) while the third section contains
some basic definitions and properties which will be used in the rest of this
work. In Section 4, we prove some auxiliary results. The main result stating
that the fractal dimension of M is equal to 3/2 is given in the last section.
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2 Preliminaries

Consider the trinomial equation

zn = αzk + (1 − α). (1)

In equation (1), we set z = ρeiθ. Dividing (1) by zn and taking the imagi-
nary part, we obtain when θ �= lπ/(n − k), l ∈ N, that

ρk = (1 − 1/α) sin nθ / sin(n − k)θ. (2)

On the other hand, from (1) stems that ρneinθ = αρkeikθ+1−α. Separating
real and imaginary parts, one has

ρn−k sinnθ − ρn sin(n − k)θ = sin kθ. (3)

Since α > 1, we are interested in those θ for which :

sign(sinnθ) = sign(sin kθ) = sign(sin(n − k)θ). (4)

Definition 2.1 An angle θ which fulfills (4) will be called a feasible angle
for the trinomial equation (1) with 1 < α < +∞.

The arcs M(p, k, r, n) illustrated in Figure 1 are defined in [5] as follows :

Definition 2.2 If n is an integer greater than or equal to 5, so M(p, k, r, n)
is the set of roots of (1) with α > 1 and the feasible angles belong to the interval
[(2r + 1)π/n, 2πp/k], such that the nonzero integers p and r are nonnegative
and verify r ≥ p and the integer k is such that pn/(r + 1) < k < 2pn/(2r + 1).

Figure 1: Trinomial arcs M(p, k, r, n) inside the upper half unit disk.
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Lemma 3.2 and Remark 3.3 of [5] prove the existence of the trinomial arcs
M(p, k, r, n) in the following manner :

Lemma 2.3 If n is an integer greater than or equal to 5, k is an integer
such that 1 ≤ k ≤ n − 1 and α > 1, then in the trinomial equation (1) with
pn/(r + 1) < k < 2pn/(2r + 1) such that the nonzero integers p and r are
nonnegative and verify r ≥ p, any angle of the interval [(2r + 1)π/n, 2πp/k] is
feasible. In particular, for each trinomial arc M(p, k, r, n), we have sinnθ < 0,
sin kθ < 0 and sin(n − k)θ < 0 for any θ in ](2r + 1)π/n, 2πp/k[.

3 Basic definitions and properties

Let A be a bounded subset of the plane R
2 and D the unit disk of R

2. For
ε > 0, the Minkowski sausage of A means the set A(ε) = A + εD = {z + w :
z ∈ A, |w| < ε}. The area of this sausage, namely its Lebesgue measure, will
be denoted by |A(ε)|2. Figure 2 illustrates an example of a Minkowski sausage.
According to [3], we have the next definition.

Figure 2: The Minkowski sausage of a curve in the plane.

Definition 3.1 Let F be a bounded subset of R
2, F (ε) the Minkowski sausage

of F and |F (ε)|2 the area of F (ε). The upper fractal dimension of F denoted
by Δ(F ) is the number:

Δ(F ) = lim supε−→0(2 − log |F (ε)|2 / log ε).

From [3], the upper dimension Δ possess the next important property.

Proposition 3.2 The upper dimension is finitely stable, i.e.
Δ(E ∪ F ) = max{Δ(E), Δ(F )}.

Remark 3.3 In [3], Falconer introduce also the lower fractal dimension of
F denoted by δ(F ) which is the number δ(F ) = lim infε−→0(2−log |F (ε)|2 / log ε).
If Δ(F ) = δ(F ), then the dimension of F is this common number. However,
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the lower dimension δ is not stable. An example of this is given in [7], pp. 32
- 33. For this reason, we will use only the upper fractal dimension Δ, called
in this paper fractal dimension.

Sometimes, it is convenient to compute the fractal dimension by using the
following result of [2].

Proposition 3.4 Let (εn) be a sequence of positive real numbers that con-
verges to 0. If the sequence log εn/ log εn+1 converges to 1, then

Δ(F ) = lim supn−→+∞(2 − log |F (εn)|2 / log εn).

Remark 3.5 Examples of sequences that might be used with the previous
proposition are (1/qn2) or (1/nq) where q > 0.

In what follows, we need the two following theorems of [2]. The first theo-
rem gives a bound for the area of the Minkowski sausage of a curve while the
second gives a bound for a curve length.

Theorem 3.6 Let C be a curve of finite length L(C). Then, for any ε > 0,
|C(ε)|2 ≤ 2 εL (C) + πε2.

Theorem 3.7 Let C be a curve defined by: x(θ) = ρ(θ) cos θ, y(θ) =
ρ(θ) sin θ where θ1 ≤ θ ≤ θ2 and ρ(θ1) = R1 and ρ(θ2) = R2. If ρ(θ) is mono-
tonic, then C has a finite length L(C) such that L(C) ≤ max(R2, R1) |θ2 − θ1|+
|R2 − R1|.

A possible situation of Theorem 3.7 is sketched in Figure 3.

Figure 3: A monotonic curve C.
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4 Auxiliary results

In this section, we prove some auxiliary results. Consider an arc M(p, k, r, n).
In view of Lemma 2.3, the interval of feasible angles θ is ](2r + 1)π/n, 2πp/k[,
where n is an integer greater than or equal to 5, k is an integer satisfying
pn/(r + 1) < k < 2pn/(2r + 1), such that the nonzero integers p and r are
nonnegative and verify r ≥ p. From equation (3), one can extract a function
ρ(θ) defined on the interval [(2r + 1)π/n, 2πp/k]. The next main result of [5]
proves the monotonicity of ρ(θ).

Theorem 4.1 Let M(p, k, r, n) be a trinomial arc. For any integer k such
that pn/(r + 1) < k < 2pn/(2r + 1), ρ(θ) is an increasing function on the
interval [(2r + 1)π/n, 2πp/k].

Now, in order to give an upper bound for the length of a trinomial arc
M(p, k, r, n), we need the following lemma.

Lemma 4.2 Any trinomial arc M(p, k, r, n) joins the two points of polar
coordinates (0, (2r + 1)π/n) and (1, 2πp/k).

Proof. Let M(p, k, r, n) be a trinomial arc. Estimate the function ρ(θ)
respectively at the angles (2r + 1)π/n and 2πp/k. In the equation ρk(θ) =
(1 − 1/α) sin nθ/ sin(n − k)θ given by (2), we put θ = (2r + 1)π/n. As (2p −
1)π < (2r + 1)πk/n < 2πp, it follows that sin [(2r + 1)πk/n] �= 0 and because
α > 1, we deduce that ρ [(2r + 1)π/n] = 0. On the other hand, putting
θ = 2πp/k in the equation ρn−k sin nθ − ρn sin(n − k)θ = sin kθ given by (3),
we obtain that ρn−k(1 − ρk) sin(2πpn/k) = 0. Because (2r + 1)π < 2πpn/k <
2(r + 1)π, so sin(2πpn/k) �= 0. Moreover, by Theorem 4.1, the function ρ(θ)
is monotonic. Hence, as ρ [(2r + 1)π/n] = 0, it yields that ρ(2πp/k) �= 0 and
that ρ(2πp/k) = 1. Thus, the proof is achieved.

Proposition 4.3 For any integer n greater than or equal to 5, the length
of the trinomial arc M(p, k, r, n) is smaller than 1 + π/5.

Proof. In view of Theorem 4.1, ρ(θ) is an increasing function on the
interval [(2r + 1)π/n, 2πp/k]. Therefore, by using Theorem 3.7 and Lemma
4.2, we obtain that

L(M(p, k, r, n)) ≤ 2πp
k

− (2r+1)π
n

+ 1.

From the fact that k > pn/(r + 1) stems easily that

L(M(p, k, r, n)) < π
n

+ 1 ≤ π
5

+ 1.

Thus, we achieve the proof.
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5 Main result

Now, consider the subset M of the unit disk that is the union of all trinomial
curves M(p, k, r, n). The main purpose of this work is to compute the fractal
dimension Δ(M). According to [5], M is symmetric with respect the real
axis. Hence, in view of Proposition 3.2, we will compute the dimension Δ(M)
only for the trinomial arcs M(p, k, r, n) on the upper half unit disk. Thus,
let us remark that it is possible to divide the union M of the trinomial arcs
M(p, k, r, n) (see Figure 1) into the two following families of arcs :

1. The trinomial arcs M(p, k, r, n) located in the first quadrant of the plane.
M1 denotes the union of these arcs.

2. The trinomial arcs M(p, k, r, n) located in the second quadrant of the
plane. M2 denotes the union of these arcs.

Applying Proposition 3.2, it follows that

Δ(M) = Δ(M1 ∪ M2) = max{Δ(M1), Δ(M2)}.

Then, in order to compute Δ(M), we will estimate Δ(M1). Δ(M2) can be
determined in the same way.

Remark 5.1 Theorem 4.1 provides a very important property for the tri-
nomial arcs M(p, k, r, n), namely, ρ(θ) is an increasing function for these arcs.
This property will be used for estimating the fractal dimension of M .

Now, we are able to state the main result.

Theorem 5.2 The fractal dimension Δ(M) of the union M of all trinomial
arcs M(p, k, r, n) is equal to 3/2.

Proof. The first part of the proof will show that Δ(M) ≤ 3/2 and the
second part Δ(M) ≥ 3/2. In both cases, Proposition 3.4 will be used with
two distinct sequences (εn). Using the notations above in the beginning of this
section, we start by proving that Δ(M1) ≤ 3/2. Let n be an integer greater
than 5 and (n−4) the number of the n first arcs M(p, k, r, i), i ≥ 5. Let us set
εn = 1/2n2. The area of the Minkowski sausage of M1 is smaller than or equal
to the sum of the areas of the sausages of the (n − 4) first arcs M(p, k, r, i)
and the area of the sausage of the curvilinear triangle T with radius 1 and
delimited by the angles 0 and 4π/(n + 1). Therefore,

|M1(εn)|2 ≤ |T (εn)|2 +
n∑

i=5

|M(p, k, r, i)(εn)|2.
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For the curvilinear triangle T , we have

|T (εn)|2 ≤ 2π
(n+1)

+ (2εn + πε2
n) + 1

2
(2εn

4π
(n+1)

+ πε2
n)

≤ 2π
n

+ 2εn(1 + 2π
n

) + 3
2
πε2

n

≤ 4π
√

εn

[
1 +

√
εn

2π
(1 + 4π

√
εn) + 3

8
ε
3/2
n

]

= O(
√

εn).

Now, consider a trinomial arc M(p, k, r, i), where i ≥ 5. From Theorem 3.6
and Proposition 4.3 stems that

|M(p, k, r, i)(εn)|2 ≤ 2εnL(M(p, k, r, i)) + πε2
n

≤ 2εn (1 + π/5) + πε2
n

≤ 4εn (1 + εn).
Then, it follows that

n∑
i=5

|M(p, k, r, i)(εn)|2 ≤ 4(n − 4)εn(1 + εn)

≤ 2(1 + εn)/n

≤ 4
√

εn(1 + εn)

= O(
√

εn).

Thus, we deduce that

Δ(M1) = lim supn−→+∞(2 − log |M1(εn)|2 / log εn)

≤ lim supn−→+∞(2 − logO(
√

εn)/ log εn) = 3/2.

Proceeding with a similar way, we find that

Δ(M2) = lim supn−→+∞(2 − log |M2(εn)|2 / log εn) ≤ 3/2.

Consequently, we conclude that

Δ(M) = max{Δ(M1), Δ(M2)} ≤ 3/2.
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The first part of the proof is completed, we will show that Δ(M1) ≥ 3/2.
Let us set εi = π/9i2, where i > 5. Observing that the Minkowski sausage
M1(εi) contains the curvilinear triangle Tc with radius 1/3 and delimited by
the angles 0 and 4π/i, the area |M1(εi)|2 is larger than |Tc|2 = 2π/9i. Then,
it follows that |M1(εi)|2 ≥ 2π/9i ≥ √

εi. Therefore,

Δ(M1) = lim supi−→+∞(2 − log |M1(εi)|2 / log εi)

≥ lim supi−→+∞(2 − log(
√

εi)/ log εi) = 3/2.

With a similar reasoning, we obtain that Δ(M2) ≥ 3/2. Then

Δ(M) = max{Δ(M1), Δ(M2)} ≥ 3/2.
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