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Abstract

Let S*(a) denote the class of functions f analytic in the open unit disc
D = {z € C;|z| < 1}, normalized and satisfying

SUON
% < a, z€D.
e Tl

Making use of the following integral operator, that is

/B
ettt = 222 [ poeial”

where 3, v € C, with 8 #0, 8> 0, v > 0, Re(f + ) > 0, we determine
d such that whenever f € S*(«) then F € S*(J). Also in this paper, a
similar problem for the class Rg(«) of all analytic functions satisfying

e
= —1
T

Rg(a) =

is investigated. Thus generalise some known results.
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1 Introduction

Let H(D) denotes the class of functions f analytic in the open unit disc D =
{z€C;lz| <1} and S={f € HD) : f(0) =0= f'(0) — 1}. Also, let a be a
given real number 0 < o < 1 and define that f € S*(«a) if

zf'(z) 1
% <a, zeD.
o T

S*(1) is the well-known class S* of starlike functions with respect to the origin,

that is
2f'(2)
Re{ ) } >0, (zeD).

1.1 The class of Caratheodory Functions

Let p(z) = 14+p1z+prz+... be a function regular and analytic in D and satisfies
the conditions p(0) = 1 and Re p(z) > 0. Then this type of function is known as
Caratheodory functions and denoted by P. If we use the subordination principle
we have

1+ =2
1—2

(1.1)

p(z) € p if and only if p(z) <

1.2 The class of Janowski Functions

Let p(z) = 1 4 b1z + bez + ... be regular and analytic in D and satisfies the
condition

1+ Az

—-1<A<l, —-1<B<A 1.2
1— Bz’ ' - (1.2)

p(0) =1 Rep(z) >0, p(z) <

then this function is known as Janowski functions and denoted by P(A, B).
Geometrically, p(z) is in P(A, B) if and only if p(0) = 1 and p(D) inside the open
disc centered on the real axis with diameter end points:

1-A

p-1)= 1= and p(1)

144
1+ B’

Special selections of A and B lead to familiar sets defined by inequalities under
the conditions p(0) =1, M > % and 0 < a < 1, we have

1. p(—=1,1) = p is the set defined by Rep(z) > 0 (Caratheodory’s Class)
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5. p(1,5; — 1) = p(M) is the set defined by [p(z) — M| < M

p(z)—1

() +1 < .

6. p(Oé, —Oé) = p**(@) I

1.3 The class of Janowski’s Starlike Functions

Let S*(A, B) be the class of functions f(z), f(0) =0, f(0) = 1 regular in D and
satisfying the condition

2f'(2)
f(2)

f(z) € S*(A,B) if and only if p(A, B). (1.3)

Special selections of A and B lead to familiar sets defined by the inequality under
the conditions M > %, 0 < a <1, we have

1. §*(—1,1) = S* is the class of starlike functions with respect to the origin

2. S*(1 —2a, —1) = S*(«) is the class of starlike functions of order «

3. S*p(1,0) = §*(1) is the class defined by [2& — 1] < 1

4. S*p(a,0) = S¥(«) is the class defined by |Zf B _Jl<a,0<a<l

5. S*(1, 45 — 1) = S*(M) is the class defined by [2£& — M| < M, M > §

Zf (Z)
Zf (Z)

6. S*(a, —a) = Sk, («) is the class defined by

’<04

Functions f in S* and S*(«) respectively are called the Janowski starlike functions

and Janowski starlike functions of order « [5]. Since the condition 583 < a,
z€D,w(z)= Z}ZS) implies that |w(z) —m| < M where M = %
For this latter class S*(«), Parvatham proved the following:
Theorem 1.1 [1]. Let v > 0,0 < a <1 and § be given by
bi=a 12: 20;11((11_—02)} ' (1.4)
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If f € S*(9), then the function F(z) given by Bernardi’s integral,

FeIf(z) =21 /0 £ f(8)dt. (1.5)

2z
is in S*(«).
Theorem 1.2 [1]. Let v > 0,0 < a <1 and § be given by

0=« (1.6)

2—a+7(1—a)}
I+v1—-a) |

If f € R(9), then the function F(z) given by Bernardi’s integral (1.5) is in R(«).

In this paper, we study the integral operator such that

z

F= 1t = |72 [ o " ()

where 3,7 € C, with 3 #0, 5>0,7>0, Re(6+v) >0and f €85.
Bulboaca [4] and Bernardi [2] showed that the classes: K of convex functions, S*
of starlike functions were closed under the transform (1.7) and (1.5), respectively.

Furthermore, in this paper we determine § so that whenever f € S*(«) we have
F € S*(9), and also, we consider a similar problem for

f'z)
Gy !

e
e T

Rs(a) = < a, z € D. (1.8)

Setting p(z) = (f(le)%, we can rewrite the condition of (1.8) in the form of the
condition given by item number 6 in sections 1.2 and 1.3, or equivalent to

1+«
R )

(p()} > o
Here R;(1) is the class of f € S such that f’ belongs to the Caratheodory class
w(z) of functions and by Parvatham [1], Ry(«) is the class of f € S such that f
belongs to R(«).

Lemma 1.3 [3] Suppose that the functions w(z) is regular in D with w(0) = 0.
Then if |w(z)| attains its mazimum value on a circle |z2| = r < 1 at a point
Zo, € D, we have

1. zow'(2,) = k2,

2. Re{l + ZOwN(zO)} > k where k > 1 is a real number.

w’(z0)
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2 Main Results

Theorem 2.1 Let F be given by (1.7) and f € S*(5), where

2038+ -1)+B8-1-27)a*+3—-1
2038 —y—-1)+(B-1)a2+ (38 —1+2y)

Then F € S*(«) for all B, v € C, with 5 #0, 3>0,7v>0,0 < a < 1.

Proof. First, we define a function w(z) by

I
w(z) = Ve (- for 0 < a < 1. (2.9)
7o T

and w(z) # 1 for z € D. Then w(z) is analytic in D and w(0) = 0. It is suffices
to show that |w(z)| < 1in D.

From (2.9) we have

2F'(2) 14 aw(z)
F(z) 1—aw(z)’

by taking the logarithmic derivative we obtain

2F'(z)  20zw'(2) 1+ aw(z)

YF ) T T 1 awe) (2.10)
From (1.7) with simple differentiation, we have
G401 = F0) |55 4.
By logarithmic differentiation yields
) 2F() |8 (7)) - 5 ,
e - e EZE0
_ 1touw(z) { foiﬂ(z? + (B -1+ aw(z)) N 1}
T aw(z) | B0+ aw(@) 170 —aw@) [
such that
() 2B8azw (=) + (8 — 1)(1 + aw(2))? 1+ aw()

fz) (= oaw(2) B+ aw(2) +7(1 - aw(z)] 1 —oaw(z)
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According to lemma 1.3, we assume that there exist a point z, € D, and

20w’ (2,) = k2o, kE>1.

Then we get

{% - 1}  aw(2)[(28k + 48 =24 29) + (38 — 1 — 29)aw(z,)] + B — 1

SIGT1 [T awl(z)[(20k+ 45— 2 - 29) + (3 — Dawlz)] + (36 — 1+ 27)
and
2eflo) _ 1 ozei"[(Qﬁk+4ﬁ—2+27)+(3ﬁ—1—2y)aei9]+ﬁ—1)
2 1 |ae"[(20k+46 — 2 29) + (8- Dae¥] + (35— 1+ 29)|
= 0o(0), (2.11)
where o(6)

1/2

{[(ﬁk+26—1+7)2a cos 0-4(38—1-27)a cos 20+(8—1)]* +[(Bk-+26—1+47)2arsin 0+ (36—1-27)0? sin 20]2}
 {I(BR+28-1-7)2a cos 6+ (8—1)a? cos 20-+(38—1-427)]*+[(Bk-+25—1—7)2a sin 6+ (8—1)a? sin 26] }

Let o(t)

40’ (Bk+2B—147)*+a* (38—1-27)*+(8—-1)*+2a a(2t2*1)(3671727)(ﬁfl)+(5k+2ﬁfl+v)[(3ﬁ7172v)a2+(571)]44

- [
|

)

40? (BE+2B—1-7)>+a* (B—1)>+(3—1+27)*+2a 0((2152—1)(33—1+2’7)(5—1)+(5k+25—1—’Y)[(35—1+2’Y)042+([3—1)]4t:|

we can show that o(t) is a decreasing function of ¢ = cos in [—1,1] for v > 0,
B =>0.

Hence from (2.11), we obtain

Zof/(zo)
{T(» —1} L 20(3647 1)+ (30 —1-27)a>+ 51

2lzo) L [ T 2038 -y — 1)+ (B—1a+ (30 —1+27)

(
f(z0)
which contradicts the hypothesis that f € S*(d). Hence we have

Zié(;) -1
lw(z)| = — f,zi <1
2F'(2) ’
or F € S*(«) which completes the proof of the theorem. O

For 0 < aw < 1, we have a < ¢ in Theorem 2.1 and obtain the following corollaries:
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Corollary 2.2 [f f € S*(0) then F € S*(9).

Corollary 2.3 If 6 = 1 and = 1, then « reduces to one for all 5 > 0 and
v > 0 which is a result of Bernardi [2].

Remark 2.4 [f we take =1 in Theorem 2.1, we obtain the results (1.4) given
by Parvatham [1].

Theorem 2.5 Let F be given by (1.7) and f € Rg(n), where

_ 201+ B8+7)— (B+2y+1)a*> - (B—1)
T 2a(l—@B+))+B-Da2+(B+2y+1)

Then F € Rg(a) for all B, v € C, with 3 #0, 5>0,v7v>0and 0 < a < 1.

Proof.

Let us define a function w(z) by

O
w(z):_{%}, for 0 <a < 1. (2.12)
Fayrr 1

and w(z) # 1 for z € D, such that w(z) is analytic in D and w(0) = 0. It is
suffices to show that |w(z)| < 1in D.

From (2.12) we have

F'(2) _ 1+ oaw(z)
(F()F 1—aw(z)’

and by taking the logarithmic derivative, we obtain

2Fl(z)  2F"(2)  20zw'(2)

(B=1) F(z) F(z)  1—a2uw?(z)

(2.13)

Differentiate (1.7), we obtain

e }"’(zf {@ﬁ(@ﬂ)+(1+zf~(z)_z;r'(z))} 1

O EARGOEAEE 7l 7o) ) B
B F'(z 2F'(z)  2F"(2) 1
- <f<z>>1ﬂ{(ﬁ “VFEE T Ee +1)}6+7'
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Thus
1 (2) F'(2) 1\ 2F(2) 2F"(2) } 1
Gopr 1w {(5 V% + e +(r+ D) g — 1
f£12) P 2FI(2) | 2F(z) 1
s+ FE) 7 {(5 V7 +Fe 0+ 1)} Gy T1
1+aw(z) 2azw’ (z) 1
B <17aw(z)) {lfcﬂw?(z) +(r+ 1)} e 1
o 1+aw(z) 20:zw’(2) 1
<l—aw(z)> {1—a2w2(z) + (’Y + 1)} B+y +1
_ 2020/(2) + 20(8 + () — (B+27 + Da*ui(z) - (- 1)
202w’ (2) = 2a(B + y)w(z) + (8 — 1)a2w?(2) + (B + 2y + 1)

According to Lemma 1.3, assume that there exist a point z, € D such that

Jnax [w(z)] = Jw(z)| =1, and

20w (20) = k2, k> 1.

Then we obtain

{ué'%—l}_2azw'<zo>+2a<ﬁ+v>w<> (B4 27+ 1)a2w(z,) — (8 — 1)

LG | Bazl(z,) — 2a(B+ )wlz,) + (B DatuP(z) + (3 + 27+ 1)
and
A )2a(k+ﬁ +)el? — (B + 2y + 1)a2e® — (3 — 1)‘
Gl H 1 [2alk— (B4 7)e? + (8- Da2e® + (3427 + 1)
= 7(0), (2.14)
where 7(0)

 {[20(k4) cos 0—(B+2941)a? cos 20— (8- 1)]* +[2a(k+5+7) sin 0~ (F+274+1)a? sin 29]2}1/ ’

{12a(k—(8+7)) cos 6+ (8—1)a? cos 20+(B+2y+1)]*+[2a(k—(B+7)) sin 6+(—1)a? sin 20] } />

Let W(t)

402 (k+6+7)*+a* (B+27+1)*+(8-1)* —da(k+0+7) [aQ(ﬁ+27+1)*(ﬁfl)]t*2a2(ﬁ+27+1)(ﬂ D(2t2-1)
402 (k—(B+7))?+a (B—1)?+(8+2y+1)* +4a(k—(8+7)) [aQ(ﬁfl)HﬁHvH)} t4+202(B+29+1)(6-1)(2t2 1)

we can show that W(¢) is a decreasing function of ¢t = cos@ in [—1,1] for v > 0,
B=0.
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Hence from (2.14) we obtain

g+ 1) 221 =(F 7))+ (B -1)a? + (6 +27+1)

which contradicts the hypothesis that f € Rg(n). Hence we have

{g{;fff?a - 1} L 20(1+8+9) — (B+2y+ o>~ (8- 1)

f'(2)
1 | Fioyi=-3 — 1
)l =2 | — | <
GEn7
or F € Rg(a) which completes the proof of the theorem. O

For 0 < a <1, we have aw < 1 in Theorem 2.5 and obtain the following corollaries:

Corollary 2.6 If f € Rz(n) then F € Rs(n).

Corollary 2.7 Ifn = 1 and 3 = 1, then «a reduces to one for all 3 > 0 and
v > 0 which is a result of Bernardi [2].

Remark 2.8 If we take 5 =1 in Theorem 2.5, we obtain the results (1.6) given
by Parvatham [1].
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