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Abstract

In this work, evidently, for the first time there is built multiparame-
ter spectral theory of operators collections, acting in different complex
Banach spaces. There is introduced and essentially used a number of
new concepts: the left and right pseudoresolvents and there is built the
left and right Banach algebras. At that there is used the technique
of commutative Banach algebras and group representations. The ob-
tained results give answers to a number of common questions of multi-
parameter spectral theory of linear operators.
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1. Introduction

The graceful statement of multi-parameter spectral theory is given in works
of F.B. Atkinson [5], P.J. Browne [6-10], H.Volkmer [11], V.D.Sleeman [12-14],
M.Fairman [15], G.F. Roach [16], P.Binding [17]. In work [18] of the author
there is given the full analysis of multi-parameter spectral theory.

Developed in the paper spectral theory of ordered pairs of linear operators,
acting in different Banach spaces, in certain sense, is equivalent to the theory
of linear operator bundles.

Note, that the spectral questions of the bundles theory are usually devel-
oped for quadratic bundles and it is connected with the fact that they appear
in studying of the solutions of the second order differential equations [1]. How-
ever, there are standard methods, allowing to reduce their studying to the
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linear bundles. Though the bibliography on the bundles theory is wide (see
[2]), many general questions of the spectral theory of bundles are not investi-
gated and most of them are the objects for studying in this paper.

As a rule, the analytical technique, based on holomorphic functions theory
use, is used for studying of bundles. However, the number of problems, con-
sidered by us, required the new approaches and, particularly, Banach algebras
theory use.Let be Rn − n dimensional vector space.

Note, that the spectral theory of this paper is connected with studying of
solutions of the systems of differential equations of the form

Bk
∂ϕ

∂Xk
−Akϕ = f, k = 1, ..., m, where Bk, Ak : X → Y are linear operators,

acting in suitable functional spaces and f : Rn → Y . The spectral theory of
pairs of ordered collections of linear operators, in a certain sense, is constructed
in this paper for the first time. Technique of commutative Banach algebras
is used for this. The pairs (A,B) of the ordered collections of linear bounded
operators A = (A1, ..., An), B = (B1, ..., Bn), Ai, Bi ∈ L(X, Y ), i = 1, ..., n
are studied. The researches are carried out of the condition of one of the
regular sets p(Ak, Bk), k = 1, 2, ..., n, emptiness and rearrange abty of the left
and right pseudoresolvent of the pairs (Ak, Bk), k = 1, 2, ..., n. The problems
with the resolvent technique, appeared here, are solved with using of Banach
algebras technique. It allows to determine with its theory use the notions
of the spectrum σ(A, B), extended spectrum σ̃(A, B), left σl(A, B) and right
σr(A, B) joint spectrums for the pairs of the ordered collections as subsets
from. The projective property of the spectrum is determined in theorem 2.1.
As distinct from the spectrum of bounded operator (acting in one space ),
in this case the spectrum of the pair (A, B) ∈ L(X; Y ) can be, for example,
unbounded set. Besides, it can be empty. The necessary and sufficient condi-
tions of absence of the point in the extended spectrum σ̃(A, B) are obtained
in theorem 2.2. The conditions of coincidence of joint spectrum σ(A, B) , left
joint σl(A, B) and right joint spectrum σr(A, B) of the collection of operators
(A, B) = (A1, ..., An; B1, ..., Bn) are obtained in theorem 2.3.

Let X and Y be complex Banach spaces and A1, ..., An; B1, ..., Bn - op-
erators from space L(X; Y ) of linear bounded operators, defined on X with
values in Y. Let’s consider an ordered pair (A,B) of two ordered collections of
operators A = (A1, ..., An), B = (B1, ..., Bn) from space L(X; Y ) .

Function RAk,Bk
(·) = R(·, Ak, Bk) : ρ(Ak, Bk) → L(Y ; X), defined by the

equality

RAk,Bk
(λ) = (Ak − λkBk)

−1, λk ∈ ρ(Ak, Bk), (1)

let’s call as the resolvent of pair of operators (Ak, Bk) from L(Y ; X) for
all k = 1, 2, .., n.

It is clear, that

R(λk; Ak, Bk) − R(μk; Ak, Bk) =



Multiparameter spectral theory 1769

= (μk − λk)R(λk; Ak, Bk)BkR(μk; Ak, Bk), k = 1, 2, ..., n. (2)

From this equality, particularly, we obtain the following identities for any
λk ∈ ρ(Ak, Bk) :

Rl(λk) − Rl(μk) = (μk − λk)Rl(λk)Rl(μk)

,
Rr(λk) − Rr(μk) = (μk − λk)Rr(λk)Rr(μk), for all k = 1, 2, .., n,

where functions

Rl(λk) = BkR(λk; Ak, Bk); Rr(μk) = R(μk; Ak, Bk)Bk, k = 1, 2, .., n. (3)

are called the left and right pseudoresolvents for pair (Ak, Bk) ∈ L(X, Y )
for all k = 1, 2, ..., n.

Let’s mark, that functions Rl : ρ(Ak, Bk) −→ L(Y ), Rr : ρ(Ak, Bk) →
L(X) are pseudoresolvents in sense [3] and the introduced terminology is
connected with this.

The possible emptiness of spectrum σ(Ak, Bk) creates certain difficulties
and in connection with it we are going to give the concept of expanded spec-
trum of pair (Ak, Bk) : X → Y (k = 1, 2, ..., n).

Definition 1.1. The expanded spector σ̃(Ak, Bk) of pair (Ak, Bk) ∈
L(X; Y )

(k = 1, 2, ...n) is a subset from the expanded complex plane C̃ = C ∪
{∞},which coincides with σ(Ak, Bk), if both of functions λ �−→ Bk(Ak −
λkBk)

−1 : C̃ → L(Y ), λ �−→ (Ak − λkBk)
−1Bk : C̃ → L(X) are holomor-

phic at point ∞ and coincide with σ(Ak, Bk) ∪ {∞} otherwise. Let’s suppose

σ̃(Ak, Bk) = σ(Ak, Bk) ∪ {∞}, ρ̃(Ak, Bk)

= C̃\σ̃(Ak, Bk).

In item 2 there are given definitions of a spectrum, a regular set of vector
collection of operators (A, B) = (A1, ..., An; B1, ..., Bn) acting from X to Y.

Before we introduce the concept of spectrum (of singular set) of pairs of
ordered collections (A, B) = (A1, ..., An; B1, ..., Bn) , let’s do some restrictions.

1. For each 1 ≤ k ≤ n there exists the number λ0
k ∈ C such that operator

Ak − λ0
kBk is continuously reversible, i.e. the regular set ρ(Ak, Bk) ⊂ C is not

empty;
2. Operators Rr(λk; Ak, Bk), λk ∈ ρ(Ak, Bk), k = 1, ..., n, from L(X) and

Rl(μk; Ak, Bk) from L(Y ), μk ∈ ρ(Ak, Bk), k = 1, ..., n, are mutually per-
mutable.

On holding condition 2) we’ll be speaking that ordered pairs (Ak, Bk), k =
1, ..., n, are mutually permutable.
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By symbols 	r and 	l let’s denote the least closed subalgebras of operators
from L(X) and L(Y ) , containing all operators Rr(λk; Ak, Bk), λk ∈ ρ(Ak, Bk),
k = 1, ..., n, Rl(μk; Ak, Bk), μk ∈ ρ(Ak, Bk), k = 1, ..., n, are identity operators
IX and IY correspondingly.

It is clear that 	r and 	l are commutative Banach algebras.
By 	∗

r and 	∗
l let’s denote the least completed subalgebras from L(X) and

L(Y ), containing correspondingly 	r and 	l (so that 	∗
r ⊃ 	r and 	∗

l ⊃ 	l).
By M(U) let’s denote the space of maximal ideals of arbitrary commutative

Banach algebra U , containing a unit.
As it is well known, M(U) is a compact topological space (see [4]), later

on there are used some results from this monograph. By a(M) let’s denote
complex valued function, defined on U , built by element a from U and called
Gelfand transformation of element a (it is important to note that spectrum
σ(a) of element a coincides with the set of values a(M(U)) of this function).

2. Joint spectrums of vector collection of operators

Now let’s introduce the concept of spectrum for ordered vector collection

(A, B) = (A1, ..., An; B1, ..., Bn)fromL(X; Y ).

Definition 2.1. As the right joint spectrum of collection (A, B) let’s call a
subset from Cn of such vectors (λ0

1, ..., λ
0
n), for which there exists the maximal

ideal M0 ∈ M(	∗
r) such that there holds the equality

((Ak − λkBk)
−1Bk)(M0) =

1

λ0
k − λk

, k = 1, 2, .., n,

for any λk ∈ ρ(Ak, Bk).
Let’s denote this set as σr(A, B).
Quite similarly (attracting the algebra 	∗

l ) there is given a definition of
the left joint spectrum σl(A, B) of collection (A, B).

It is naturally to call the sets

ρr(A, B) = Cn\σr(A, B); ρl(A, B) = Cn\σl(A, B)

correspondingly as the right and the left regular set of the pair (A, B).

Definition 2.2. Let’s call the set σ(A, B) = σr(A, B) ∪ σl(A, B) as the
joint spectrum of the collection (A, B), and the set

ρ(A,B) = Cn\σ(A, B) = ρl(A, B) ∩ ρr(A, B)

as a regular set.



Multiparameter spectral theory 1771

As in the case of one ordered pair (A, B), it is useful to introduce the
concept of expanded spectrum and expanded regular set for the collection

(A, B) = (A1, ..., An; B1, ..., Bn).

At first let’s adjust some information on the spaces of maximal ideals of
considered algebras.

As each of algebras 	∗
r and 	∗

l has n generators then unrestricted we can
consider that M(	∗

r) and M(	∗
l ) are closed subsets from expanded complex

plain (C̃)n, the homeomorphism of the corresponding spaces is built by the
following way: let’s put the point (λ0

1, ..., λ
0
n)∈ Cn into correspondence to

maximal ideal M0 ∈ M(	∗
r) if there hold the equalities:

Rr(λk; Ak, Bk)(M0) =
1

λ0
k − λk

, λ = (λ1, ..., λn) ∈ ρ(A,B), k = 1, 2, ..., n.

It is evident that according to definition 2.1 the obtained subset from Cn

coincides with the right spectrum σr(A, B). Let’s relate the point
(λ0

1, ..., λ
0
k−1,∞, λk+1, .., λn) (the point ∞ on the k-th place ) to the chosen

from (C̃)n subset, if there exists the maximal ideal. M∞,k ∈ M(	∗
r) such that

Rr(λk; Ak, Bk)(M∞) = 0, λk ∈ ρ(Ak, Bk), k = 1, 2, ..., n.

Definition 2.3. The space of maximal ideals of algebra 	∗
r, (just) identified

with the subset from C̃n, is called the right expanded spectrum of the collection
(A, B) = (A1, ..., An; B1, ..., Bn) and is denoted by symbol σ̃r(A, B). The set

ρ̃r(A, B) = C̃n\σ̃r(A, B) is called an expanded regular set of the collection
(A, B) = (A1, ..., An; B1, ..., Bn).

Remark 2.1. From the given definition there follows that σ̃r(A, B) con-
tains σr(A, B) and can differ from σr(A, B) by the points
(λ0

1, ..., λ
0
k−1,∞, λ0

k+1, .., λ
0
n) which enter σ̃r(A, B) then and only then when

there exists the maximal ideal M∞,k ∈ M(	∗
r) with the property

Rr(λk; Ak, Bk)(M∞) = 0, λk ∈ ρ(Ak, Bk), k = 1, 2, ...n.

If n = 1, then directly from the definitions it follows that σr(A1, B1)=σ(A1, B1)
(the coincidence of spectrums in the sense of definition 1.1).

Theorem 2.1. The point ∞ belongs to σ̃r(A1, B1) then and only then
when ∞ ∈ σ̃(A1, B1).

Proof. If ∞ ∈ σ̃(A1, B1) then by definition 1.1 the right pseudoresolvent
Rr(λ; A1, B1) is holomorphic at point ∞, i.e. it is defined everywhere outside
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some circle |z| ≤ r from C and Rr(λ; A1, B1) → B0 at |λ| → ∞. From Hilbert
identity we obtain

Rr(λ; A1, B1) − Rr(μ; A1, B1) = (μ − λ)Rr(λ; A1, B1)Rr(μ; A1, B1)

at λ, μ → ∞, i.e. the left part of the equality tends to the null operator , and
the right one tends to B2

0 at μ, λ → ∞, μ−λ = 1. So B2
0 , i.e. B0 is a nilpotent

operator and that’s why the subalgebra, generated by operators Rr(λ; A1, B1),
λ ∈ ρ(A1, B1), is the maximal ideal from 	∗

r , which we’ll denote as M∞. It is
clear that

Rr(λ; A1, B1)(M∞) = 0, λ ∈ ρ(A1, B1),

i.e. σ̃r(A1, B1) = σr(A1, B1).
If ∞ ∈ σ̃r(A1, B1), then the least subalgebra, generated by operators

Rr(λ; A1, B1), coincides with 	∗
r . This condition, in its turn, means the com-

pactness σr(A1, B1) = σ(A1, B1) and therefore the operator B1 is reversible.
Hence it already follows, that Rr(λ; A1, B1) is a resolvent of bounded operator
B−1

1 A1 and therefore Rr(λ; A1, B1) is holomorphic at point ∞. Theorem 2.1 is
proved.

We can formulate the analogic statement for the left expanded spectrum
σ̃l(A, B) of the collection (A, B), that can be also considered as the subset

from C̃n.

Theorem 2.2. For any 1 ≤ k ≤ n there hold the equalities

σ(Ak, Bk) = {λk ∈ C̃ : ∃λ = (λ1, ...λk, ..., λn) ∈ σ̃r(A, B)} =

= {λk ∈ C : ∃λ = (λ1, ...λk, ..., λn) ∈ σ̃l(A, B)} =

= {λk ∈ C : ∃λ = (λ1, ...λk, ..., λn) ∈ σ̃(A, B)}.

Proof. Let’s prove the equality for the right spectrum (for the left one the
reasoning are drawn analogically).

As 	rk
let’s denote the least subalgebra containing operator IX and op-

erators Rr(λ; Ak, Bk). Then 	rk
⊂ 	∗ and by definition of these algebras we

obtain that σ(Ak, Bk) coincides with the set of such λ0
k ∈ C̃ , for which there

exists the maximal ideal M0 ∈ M(	∗) that

Rr(λk; Ak, Bk)(M0) =
1

λk − λ0
k

, λk ∈ ρ(Ak, Bk), k = 1, 2, ..., n.

As 	kr ⊂ 	∗, then there exists the maximal ideal M̃0 ∈ 	∗
r such that

Rr(λk; Ak, Bk)(M̃0) =
1

λk − λ0
k

(= 0, ifλ0
k = ∞).
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Let’s consider the function

ϕj(λ) = Rr(λ; Aj, Bj)(M̃0), λ ∈ ρ(Aj , Bj).

As Rr(λ; Aj , Bj) satisfies the Hilbert identity, then function ϕj satisfies the
equation

ϕj(λ) − ϕj(μ) = (μ − λ)ϕj(λ)ϕj(μ), λ, μ ∈ ρ(Aj , Bj).

Every such function, particularly, satisfies the differential equation

ϕ
′
j(λ) = −ϕ2

j(λ).

So there exists such λ0
j ∈ C̃, that the function takes the form

ϕj(λ) =
1

λ0
j − λ

.

Therefore there holds the equality

Rr(λj; Aj, Bj)(M̃0) =
1

λ0
j − λj

, λj ∈ ρ(Aj , Bj), j = 1, 2, ..., n.

Hence it follows (by definition of the right spectrum) that the points
(λ0

1, ...λ
0
k, ..., λn) belong to σ̃r(A, B). Theorem 2.2 is proved.

Remark 2.2. The proved theorem can be considered as a statement on
the projective properties of spectrum. If we denote as Prk

the operator

Prk
: C̃n → C, defined by the equality

Prk
(λ1, ...λk, ..., λn) = λk

and Prk
(∞) = ∞, then the obtained in theorem 2.2 equality can be rewrit-

ten in the form

σ̃k(Ak, Bk) = Prk
σ̃r(A, B) = Prk

σ̃l(A, B) =

= Prk
σ̃(A, B) = Prk

(σ̃r(A, B) ∪ σ̃l(A, B)).

Theorem 2.3. For Prk
σ̃(A, B) ⊂ C̃ (1 ≤ k ≤ n) not to contain the point

∞, it is necessary and sufficient that the operator Bk, k = 1, 2, ..., n, was
continuously reversible.

Proof. If ∞ ∈ Prk
σ̃(A, B) , then ∞ ∈ σ̃(Ak, Bk) = Prk

(σ̃(A, B)) and
therefore operator Bk is continuously reversible



1774 Misir B. Ragimov

Inversely, if the operator Bk is continuously reversible then ∞ ∈ σ̃(Ak, Bk)
i.e. ∞ ∈ Prk

(σ̃(A, B)). Theorem 2.3 is proved.

Consequence. For the set σ̃(A, B) to belong to Cn (and, therefore, to
be compact in Cn) it is necessary and sufficient that all the operators Bk,
k = 1, ..., n, were continuously reversible.

Remark 2.3. We are not familiar in general case with examples of opera-
tors when the right and the left spectrums differ. As it was proved earlier, for
one ordered pair the left and the right spectrums coincide.

The possible difference of the sets σr(A, B) and σl(A, B) raises the number
of problems. So later on there will be necessary the additional condition: for
all 1 ≤ m, k ≤ n there hold the equalities:

AmRr(Ak, Bk) = Rl(Ak, Bk)Am,

BmRr(Ak, Bk) = Rl(Ak, Bk)Bm. (2.1)

As we know, this condition (2.1) holds if there is considered one pair (A1, B1)(n =
1).

Theorem 2.4. If there hold conditions (2.1), then

σr(A, B) = σl(A, B) = σ(A, B)

.
Proof. From equality (2.1) we obtain that there hold the equalities

(Am − λmBm)Rr(Ak, Bk) = Rl(Ak, Bk)(Am − λmBm).

Let λm ∈ ρ(Am, Bm). Then we obtain

Rr(Ak, Bk) = (Am − λmBm)−1Rl(Ak, Bk)(Am − λmBm), k = 1, ..., n,

i.e. we obtain the similarity of the left and the right pseudoresolvent of all
pairs (Ak, Bk). Hence, particularly, it follows that the algebras 	∗

r and 	∗
l are

isomorphic:

	r = (Am − λmBm)−1	l(Am − λmBm).

Hence there follows the coincidence of their spaces of maximal ideals and there-
fore σr(A, B) = σl(A, B) = σ(A, B). Theorem 2.4 is proved.

Theorem 2.5.Let the set σ(A, B) can be presented in the form of union
σ1

⋃
σ2 of two non-intersecting closed sets σ1 and σ2,where σ1 is compact set
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from Cn. Then the spaces X and Y allow the presentations in the form of
direct sum

X = X1

⊕
X2; Y = Y1

⊕
Y2,

where X1, X2, Y1, Y2 are closed invariant relatively the operators Ak, Bk k =
1, ..., n subspaces (i.e. AkXj ⊂Yj , BkXj ⊂Yj k = 1, ..., nj = 1, 2) moreover it
takes place the equalities:

σ(A1,B1) = σ̃1 ; σ̃(A2, B2) = σ̃2 = σ̃(A, B)\σ1;

where A1 = (A1 | X1, ..., An | X1) ; B1 = (B1 | X1, ..., Bn | X1) are narrowing
of the collection A and B on X1 correspondingly.

Because of the longest proof of this theorem it wasn’t given.
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