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Abstract

In this paper, the Bayesian prediction intervals (BPI ′s) for a fu-
ture observation from generalized exponential distribution are computed
based on one- and two-sample schemes using the MCMC algorithm.
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1 INTRODUCTION

Gupta and Kundu [5] introduced a new distribution, called Generalized Expo-
nential (GE) distribution. This distribution is very important when a skewed
distribution is needed. It has been studied extensively by Gupta and Kundu
[6-12], Raqab [19], Raqab and Ahsanullah [20], Raqab and Madi [21], Jaheen
[13], Kundu and Gupta [15], Kundu et al [14], Sarhan [22] and Zheng [25].
Singh et al. [23] studied the estimation problem of the parameters of this dis-
tribution under some symmetric and asymmetric loss functions using Lindley’s
method. Yarmohammadi [24]studied the classical and Bayesian estimations on
the generalized exponential distribution using censored data.
We can see that the generalized exponential distribution is a sub-model of the
exponentiated Weibull distribution introduced by Mudholkar and Srivastava
[17] and later studied by Mudholkar et al [18] and Mudholkar and Hutson [16].
A random variable X is said to have a GE distribution with vector of param-
eters θ = (α, τ) if its probability density function (pdf) is given by
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f(x; θ) = α τ exp(−τ x)

(
1 − exp(−τ x)

)α−1

,

x ≥ 0, (τ > 0, α > 0).

(1.1)

The reliability function (rf) and the hazard rate function (hrf) of this distri-
bution can be written, respectively as

R(x) = 1 − wα, (1.2)

h(x) =
α τ (1 − w) wα−1

(1 − wα)
, (1.3)

where w = 1 − e−τ x, x ≥ 0.
For a value xi of the random variable X, let

⎧⎪⎨
⎪⎩

wi = 1 − e−τ xi,

εi(α, τ) = 1 − wα
i ,

ηi(α, τ) =
wα−1

i (1−wi)

εi(α,τ)
.

(1.4)

So, (1.1), (1.2) and (1.3) can be written in the forms

f(xi; α, τ) = α τ εi(α, τ) ηi(α, τ), xi > 0, (τ, α > 0), (1.5)

R(xi) = εi(α, τ), (1.6)

h(xi) = α τ ηi(α, τ). (1.7)

In the next sections we will write εi, ηi instead of εi(α, τ), ηi(α, τ).

2 BAYES PREDICTION INTERVALS IN CASE OF
ONE-SAMPLE SCHEME

Suppose that X1 < X2 < ... < Xr is the informative sample, representing the
first r ordered lifetimes of a random sample of size n drawn from a population
with probability density function (pdf) fX(x), cumulative distribution function
(cdf) FX(x) and reliability function (rf) RX(x). In one-sample scheme the
(BPI ′s) for the remaining unobserved future (n−r) lifetimes are sought based
on the first r observed ordered lifetimes. For more details, see Geisser [4].
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For the remaining (n − r) components, let X∗
s = Xr+s denote the future

lifetime of the sth component to fail, 1 ≤ s ≤ (n− r). The conditional density
function of X∗

s given that the r components had already failed is

g1(x
∗
s| θ, x) ∝ [RX(xr) − RX(x∗

s)]
(s−1)[RX(x∗

s)]
n−r−s[RX(xr)]

−(n−r)fX(x∗
s| θ), x∗

s > xr,
(2.1)

θ is the vector of parameters.
The predictive density function is given by

g∗
1(x

∗
s|x) =

∫
Θ

g1(x
∗
s| θ)π∗(θ|x)dθ, x∗

s > xr, (2.2)

π∗(θ|x) is the posterior density function of θ given x and x = (x1, ..., xr).
Suppose that the prior belief of the experimenter is measured by a function

π(α, τ) given by

π(α, τ) = π1(τ | α) π2(α). (2.3)

Suppose that π1(τ | α) is Gamma (c1, α), π2(α) is Gamma (c2, c3) with
respective densities

π1(τ | α) ∝ α c1 τ c1−1 exp(−τ α), α, τ > 0, (c1 > 0), (2.4)

π2(α) ∝ α c2−1 exp(−c3 α), α > 0, (c2, c3 > 0). (2.5)

It then follows, by substituting (2.4) and (2.5) in (2.3), that the prior pdf of
α and τ is given by

π(α, τ) ∝ αc1+c2−1 τ c1−1 exp[−α (τ + c3)],

α, τ > 0, (c1, c2, c3 > 0),
(2.6)

where c1, c2 and c3 are the prior parameters ( also known as hyperparameters).
In case of type-II censored sample, the likelihood function can be written in
the form

L(α, τ |x1, ..., xr) ∝ [RX(xr)]
n−r

r∏
i=1

fX(xi). (2.7)

Substituting from (1.5) and (1.6) in (2.7), the likelihood function will be in
the form

L(α, τ |x1, ..., xr) ∝ εn−r
r αr τ r

r∏
i=1

εi ηi. (2.8)
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Using the likelihood function (2.8) and the prior density function (2.6), the
posterior density function will be in the form

π∗(α, τ |x1, ..., xr) ∝ αc1+c2+r−1 τ c1+r−1 exp[−α (τ + c3)]ε
n−r
r

r∏
i=1

εi ηi,

(2.9)

and the conditional density function will be in the form

g1(x
∗
s| θ, x) ∝ α τ ηs

s−1∑
i=0

(−1)i

(
s − 1

i

)
[εs/εr]

n−r−s+i+1. (2.10)

From (2.9) and (2.10), the predictive density function of the future observation
x∗

s given the past observation x1, ..., xr can be written in the form

g∗
1(x

∗
s| x) ∝

∫ ∞

0

∫ ∞

0

g1(x
∗
s|α, τ, x) π∗(α, τ |x) dα dτ, (2.11)

which can be approximated using the MCMC algorithm (see Ahmad et al [1])
by the form

g∗
1(x

∗
s| x) ∼=

∑N
j=1 g1(x

∗
s|αj, τj , x)

N
∑N

j=1

∫ ∞
xr

g1(x∗
s|αj , τj, x)dx∗

s

, (2.12)

where αj , τj , j = 1, 2, 3, ..., N are generated from the posterior density function
(2.9).
On the other hand, Eberaly and Casella [3] were interested in the problem of
estimating the posterior Bayesian credible region by the Markov chain Monte
Carlo MCMC algorithm. Bayarri et al. [2] proposed MCMC algorithms to
simulate from conditional predictive distributions.
A (1− τ)× 100% Bayesian prediction interval (L, U) of the future observation
x∗

s is given by solving the following two nonlinear equations

∑N
j=1

∫ ∞
L

g1(x
∗
s|αj, τj, x)dx∗

s

N
∑N

j=1

∫ ∞
xr

g1(x∗
s|αj, τj , x)dx∗

s

= 1 − τ

2
, (2.13)

∑N
j=1

∫ ∞
U

g1(x
∗
s|αj, τj, x)dx∗

s

N
∑N

j=1

∫ ∞
xr

g1(x∗
s|αj, τj , x)dx∗

s

=
τ

2
. (2.14)

Numerical methods are generally necessary to solve the above two equations
to obtain L and U for a given τ .
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3 BAYES PREDICTION INTERVAL OF FUTURE
OBSERVATION BASED ON TWO-SAMPLE SCHEME

Let X1 < X2 < ... < Xr and Z1 < Z2 < ... < Zm represent informative (type II
censored) sample from a random sample of size n and a future ordered sample
of size m, respectively. It is assumed that the two samples are independent
and drawn from a population with (pdf)fX(x), (cdf)FX(x) and (rf)RX(x).

Our aim is to obtain the BPI ′s for Zs, s = 1, 2, ..., m. The conditional
density function of Zs, given the vector of parameters θ, is

g2(zs| θ) ∝ [1 − RX(zs)]
(s−1)[RX(zs)]

m−sfX(zs| θ), zs > 0, (3.1)

θ is the vector of parameters.
Substituting from (1.5) and (1.6) in (3.1), we get the conditional density func-
tion of zs in the form

g2(zs|α, τ) = α τ ηs

s−1∑
i=0

(−1)i

(
s − 1

i

)
εm−i
s , zs > 0, (3.2)

and the predictive density function of Zs is given by

g∗
2(zs|x) =

∫ ∞

0

∫ ∞

0

g2(zs|α, τ)π∗(α, τ |x)dα dτ, zs > 0, (3.3)

which can be approximated using the MCMC algorithm (see Ahmad et al [1])
by the form

g∗
2(zs| x) ∼=

∑N
j=1 g2(zs|αj, τj , x)

N
∑N

j=1

∫ ∞
0

g2(zs|αj, τj , x)dzs

, (3.4)

where αj , τj , j = 1, 2, 3, ..., N are generated from the posterior density function
(2.9).
A (1− τ)× 100% Bayesian prediction interval (L, U) of the future observation
zs is given by solving the following two nonlinear equations

∑N
j=1

∫ ∞
L

g2(zs|αj, τj , x)dzs

N
∑N

j=1

∫ ∞
0

g2(zs|αj, τj , x)dzs

= 1 − τ

2
, (3.5)

∑N
j=1

∫ ∞
U

g2(zs|αj, τj , x)dzs

N
∑N

j=1

∫ ∞
0

g2(zs|αj, τj , x)dzs

=
τ

2
. (3.6)

Solving the two nonlinear equations (3.5) and (3.6) using numerical methods
such as Newton-Raphson, we get L and U for a given τ .
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4 SIMULATION STUDY

In this section, we will show the steps which followed to obtain the BPI ′s of
the future observation in case of one- and two-sample schemes.

1. For given set of prior parameters (c1 = 0.5, c2 = 1.5, c3 = 2.0), we
generated the parameters α = 1.5 and τ = 3.0,

2. Using the generated α and τ we generated a sample of size 50 of upper
order statistics and we will take the censoring values r = 10, 20, 45,

3. Generate (αj, τj), j = 1, 2, ..., N, N = 1000 from the posterior pdf (2.9)
using MCMC algorithm.

4. A 95% Bayesian prediction interval for the x∗
s, s = 1, 2, 3 are obtained by

substituting (αj , τj) in equations (2.13) and (2.14) and then solving the
system of nonlinear equations (2.13) and (2.14),

5. A 95% Bayesian prediction interval for the zs, s = 1, 2, 3 are obtained
by substituting (αj, τj) in equations (3.5) and (3.6) and then solving the
system of nonlinear equations (3.5) and (3.6).

In Tables (1) and (2) 95% BPI ′s are computed in case of the one- and two-
sample predictions, respectively, using informative samples of different sizes,
r.

Table(1):One-Sample prediction- 95 % BPI for X∗
s , s = 1, 2, 3.

1- Number of samples which cover the BPI from 10000 samples.
2- BPI for x∗

s, s = 1, 2, 3.
3- Length of the BPI.

r x∗
1 x∗

2 x∗
3

1 9690 9785 9907
10 2 (1.7859,3.4617) (3.3671,5.1614) (4.4959,6.8969)

3 1.6758 1.7943 2.4010
1 9606 9799 9806

20 2 (2.1725,3.9459) (3.4280,5.5884) (3.7467,5.8288)
3 1.7734 2.1604 2.0821
1 9577 9645 9704

45 2 (2.9762,3.9806) (3.4981,5.1581) (4.1514,6.0676)
3 1.0044 1.6600 1.9162
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Table(2):Two-Sample prediction- 95 % BPI for Zs, s = 1, 2, 3.
1- Number of samples which cover the BPI from 10000 samples.
2- BPI for zs, s = 1, 2, 3.
3- Length of the BPI.

r z1 z2 z3

1 9683 9711 9768
10 2 (0.7941,1.1941) (1.2930,1.8812) (2.0906,2.8716)

3 0.4000 0.5882 0.7810
1 9625 9678 9755

20 2 (0.7922,1.1852) (1.1237,1.5896) (1.9954,2.6955)
3 0.3930 0.4659 0.7001
1 9543 9622 9753

45 2 (1.0883,1.3689) (1.2271,1.5813) (2.0735,2.4965)
3 0.2806 0.3542 0.4230

Concluding Remarks

In our study, observe the following:

1. the length of the BPI ′s and the number of samples which cover these
intervals increase by increasing s and decrease by increasing the infor-
mative sample size r, which means that the results become better as the
informative sample size r gets larger.

2. In all cases, the simulated percentage coverages are at least 95%.
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