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Abstract
Selecting the appropriate basis for approximating the numerical solu-

tion of an integral equation has an important role in making the precise
solution. It can be selected to minimize the error of any unknown func-
tion of an integral equation. Fourier series approximation can be used
as a basis for determining the unknown coefficients of the series when
the unknown function is periodic. If the numerical solution of integral is
to be improved, then the numerical solution of integral equation will be
improved, This can be achieved by determining the appropriate weights
and nodes to minimize the error of integration. In application of dif-
ferent methods of numerical integration, using appropriate orthogonal
polynomials can improve the solution, Having some additional equations
in the procedure will increase the degree of precision. In this paper we
investigate these procedures for optimizing the methods, numerical ex-
amples and tables are finally presented for the comparison.
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1 Introduction

There are some family of Jacobi polynomials which give the best approx-
imation in economizing the polynomials from statistics point of view. Hence
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the appropriate polynomial should be taken to get the best distribution for
the actual value, which is the called the best approximation. The probability
of having the minimum error in comparison with the other polynomials is the
highest. according to this, a subset of polynomials can be chosen such that
in the specified subinterval of a given interval the corresponding appropriate
polynomials can be determined such that for each subinterval the probability
of having the minimum error is the highest.

System of integral equation, and system of integro-differential equations
have attracted much attention in a variety of applied science. These system
were formally derived to describe wave propagation [11, 12].

Many numerical method for approximate solution of integral equations are
based on Galerkin and Collocation methods [6, 13]. some modification in this
methods such as iterated Galerkin and iterated Collocation methods more
accurate approximation to the solution [14].

In this paper we consider the approximation solutions of Fredholm integral
equations of secund kind with periodic solution on the real line

f(t) = g(t) + λ
∫ b

a
k(t, s)f(s)ds. (1)

the main part of the first section consider two Lemma for reach the beat
approximation for the unknown function in Fredholm integral equation, by
Collocation methods, and the other section about Periodic solution of sys-
tem of integral equations on the real line, also the numerical solution support
theoretical approach.

2 Improving the Numerical Solution of Inte-

gral Equation and Integrals

2.1 Selecting Appropriate Orthogonal Polynomial for
Estimating and Approximation

The orthogonal polynomials have the necessary condition for minimizing
the error in the approximated value [2]. The main problem is detecting the
sufficient condition for minimizing the sum of squares of the errors. Chebychev
presented the minimax theorem to show that in economizing the polynomials
[3], the maximum error can be minimized by using the first kind Chebychev

polynomials T̄n(x) = cos(narccosx)
2n−1 , which are orthogonal in [-1,1] with respect

to a weight function w(x) = 1√
1−x2 , namely to find:

min{max |xn −
n−1∑
i=0

aix
i}, x ∈ [−1, 1]. (2)
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In the normed space, and for an arbitrary polynomial

Pn(x) =
n∑
k=0

ckx
kP̃n−1(x), (3)

the economized value of Pn(x) by using minimax property can be calculated
such that:

P̃n−1(x) = Pn(x)− cnT̄n(x). (4)

But the main point is that if the probabilistic feature of the problem to be
taken to the account such that, the probability of having the minimum error
by using a specified orthogonal polynomials to be the highest in a certain in-
terval, which is to be determined, then the first kind Chebyshev polynomials
will not have the minimax property in that subinterval anymore, so we will
have a better convergence in comparison with Chebyshev approximation. In
many practical situations polynomials are extensively applied to interpolate
the value of an unknown function in a given point or splines aries in interpola-
tion and curve fitting to improve some of the faults [5]. Hence one can produce
a spline corresponding in an interval [a,b] such that in each subinterval the best
part for the spline will be defined [4]. In the following lemma we consider the
economizing of the polynomials from statical point of view.

Lemma 2.1. (statistical aspect of economizing a polynomial) Let

An(x) =
n∑
k=0

akx
k, (5)

and

Bn(x) =
n∑
k=0

bkx
k, (6)

are two polynomials which both are orthogonal with respect to a weight func-

tions w1(x) and w2(x) respectively in the interval [a, b] and Rn(x) =
n∑
k=0

rkx
k

is an arbitrary polynomial. Consider the following approximation of degree
n− 1: {

Ãn−1 = Rn(x)− rn
an
An(x)

B̃n−1 = Rn(x)− rn
bn
An(x)

(7)

if and only if {
|Rn(x)− Ãn−1(x)| = |rnĀn(x)|
|Rn(x)− B̃n−1(x)| = |rnB̄n(x)| (8)

Obviously the approximated value Ãn−1(x) for Rn(x) will be better than ap-

proximated value B̃n−1(x) for Rn(x) iff |Ān(x)| < |B̄n(x)| where Ān(x) = An(x)
an
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in the interval [a, b] be In, then approximation B̃n−1(x), would be acted better
than approximation Ãn−1(x), for Rn(x), iff x ∈ [a, b] − In. Hence the proba-
bilistic aspect of economizing the polynomials for Rn(x) can be expressed in
the following form :

R̃n(x) =

{
Ãn−1 = Rn(x)− rnĀn(x) , x ∈ In
B̃n−1 = Rn(x)− rnB̄n(x) , x ∈ [a, b]− In

(9)

So from probabilistic point of view we will accept that optimum approximation
for Rn(x) which covers the largest subinterval of [a, b].

Lemma 2.2. (Generalizing the lemma 2.1.) Let P̄n,i, (i = 1, 2, ...k),
consider of k polynomial of degree n which are orthogonal with respect to a
weight function wi(x) in [a, b] , and

|P̄n,i(x)| < |P̄n,j(x)|, x ∈ In,i,j, i 6= j (10)

∩kj=1 = In,i, i 6= j (11)

relation (10) composes the interval [a, b] to set with k members In,1, In,2, ..., In,k,

consequently for economizing the polynomial Rn(x) =
n∑
k=0

rkx
k, from proba-

bilistic aspect we will have

R̃n(x) =


P̃n−1,1 = Rn(x)− rnP̄n,1, x ∈ In,1
P̃n−1,2 = Rn(x)− rnP̄n,2, x ∈ In,2

...

P̃n−1,k = Rn(x)− rnP̄n,k, x ∈ In,k

(12)

Example 2.1. (Applying the lemma for economizing the polynomials
using the Jacobi orthogonal polynomials)

The Jacobi orthogonal polynomials in the interval [−1, 1] are:

Pα,β
n =

(−1)n

2nn!
(1− x)−α(1 + x)−β

dn[(1− x)n+α(1 + x)n+β]

dxn
, (13)

if and only if α and β greater of −1. Also satisfy in the following differential
equation:

(1− x2)y′′ − [(α + β + 2)x+ (α− β)]y′ + n(n+ α + β + 1)y = 0 (14)

their weight function is w(x) = (1− x)α(1 + β)β in the interval [−1, 1]. Most
common case which are used in polynomials approximation are for α = β =
−1
2

, the Chebyshev first kind polynomials, and for α = β = 1
2
, the second
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Chebyshev polynomials, and for α = β = 0 the Legendre polynomials [1]
which produce the following results:

R̃n(x) =

{
Rn(x)− rnŪn(x) , x ∈ I1 = {x : |Ūn(x)| < |T̄n(x)|} = αn
Rn(x)− rnT̄n(x) , x ∈ I2 = {x : |T̄n(x)| < |Ūn(x)|} = [−1, 1]− αn

R̃n(x) =

{
Rn(x)− rnŪn(x) , x ∈ I3 = {x : |Ūn(x)| < |P̄n(x)|} = βn
Rn(x)− rnP̄n(x) , x ∈ I4 = {x : |P̄n(x)| < |Ūn(x)|} = [−1, 1]− βn

R̃n(x) =

{
Rn(x)− rnP̄n(x) , x ∈ I5 = {x : |P̄n(x)| < |T̄n(x)|} = γn
Rn(x)− rnT̄n(x) , x ∈ I6 = {x : |T̄n(x)| < |P̄n(x)|} = [−1, 1]− γn

we of three up equation have:

Rn(x) =


Rn(x)− rnŪn(x) , x ∈ In,1
Rn(x)− rnP̄n(x) , x ∈ In,2
Rn(x)− rnT̄n(x) , x ∈ In,3

(15)

where:
In,1 = I1 ∩ I3,

In,2 = I4 ∩ I5,

In,3 = I2 ∩ I6,

The most important problem is to determined αn, βn and γn for different value
of n. and using the results produce the following table for the probability of
the above approximation in (15):

Probability of the subset for being optimum :
P (I2,1) = 0.54 P (I3,1) = 0.74 P (I4,1) = 0.65
P (I2,2) = 0.11 P (I3,2) = 0.9 P (I4,2) = 0.12
P (I2,3) = 0.35 P (I3,3) = 0.17 P (I4,3) = 0.23

P (I5,1) = 0.67 P (I6,1) = 066 P (I7,1) = 0.66
P (I5,2) = 0.12 P (I6,2) = 0.12 P (I7,2) = 0.13
P (I5,3) = 0.21 P (I6,3) = 0.0.22 P (I7,3) = 0.0.21

The optimized approximation corresponds to the highest probability, which
mean the longest distance in the interval for which using the appropriate poly-
nomials produces the minimum error. For instance the probability of success
in economizing the polynomials for Chebyshev second kind polynomial is 0.71
while this probability for the first kind is 0.29 which shows that if 200 point
to be taken in the interval [−1, 1] , then in 142 point the second kind in econ-
omizing the polynomials.
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2.2 Approximating The Integral Equation by Statisti-
cal Weights

Now, we use the results of the previous section for improving the numerical
solutions of integral equation. Consider three kind of orthogonal polynomials,
the first and secund kind Chebyshev polynomials and Legendre polynomials
of order n such that the n is arbitrary, the value of n is varied correspond to
the procedure.

Consider the linear Fredholm integral equation

f(t) = g(t) + λ
∫ b

a
k(t, s)f(s)ds, a ≤ t ≤ b, (16)

where g(t) is an unknown function. Written (16) as the operator equation:

(I +K)f = g, (17)

where f ∈ C[a, b] is unknown function, g ∈ C[a, b], I is the identity operator
and the K is the linear operator defined on a subset of C[a, b] by

Kf =
∫ b

a
k(., s)f(s)ds, (18)

we seek to find an approximation to f by collocation method such that the
orthogonal polynomial, that used for the collocation method has longest dis-
tance in the interval and so it has greatest probability weight among the other
polynomials.

For introduce the collocation method we choose a sequence of finite dimen-
sional subset Bn ⊂ L2(R), for n ≥ 1, with Xn having dimension dn. Here this
basis has orthogonal polynomials that it has the greatest probability weight
among the other polynomials.

Assume that Xn has a basis of form φ1, φ2, · · · , φd with d ∼ dn for notational
simplicity and fn is a function belongs to Xn, so that we can write it as

fn(s) =
d∑
j=0

cjφj(t). By substitution into Eq. (16) we have

rn(t) = g(t)+λ
∫ b

a
k(t, s)f(s)ds−f(t) = g(t)+λ

∫ b

a
k(t, s)

d∑
j=0

cjφj(s)ds−
d∑
j=0

cjφj(t),

(19)
where rn is called the residual in the approximation of the equation when using
f ∼ fn. In the operator form we have

rn = (I +K)fn − g, (20)
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Now, to determined unknown coefficients we impose the following require-
ments:

rn(si) = 0, i = 1, 2, · · · , (21)

where sis are the collocation node points. these coefficients are determined
uniquely if and only if φjs are being independent [6]. In this paper we use

the classical orthogonal polynomials, so that fn(s) =
d∑
j=0

cjφj(t) is uniquely

determined.

3 Fourier Series Approximation for Periodic

Solutions of System of Integral Equations

In this paper we consider the approximate solutions of a system of linear
Fredholm integral equations on the real line having periodic solutions. The
system of integral equations has following form:

F(x) = G(x) + λ
∫
R

K(x, t)F(t)dt, (22)

where
F(x) = [f1(x), f2(x), ..., fn(x)]T ,

G(x) = [g1(x), g2(x), ..., gn(x)]T ,

λ = [λij], i, j = 1, 2, ..., n,

K(x, t) = [Kij(x, t)], i, j = 1, 2, ..., n,

In system (22) the known kernel K(x, t) is continuous, the function G(x) and
λ are given and F(x) is the solution to be determined [6, 7].

Milovanovic and et al [8] show to reduce the integral that used in the Eq. 22
to an integral on the finite interval. By [9, 10] we reach the numerical solution of
this system of integral equations. Using the Fourier series approximation have
almost an exact approximation for the solution of the integral even by taking
few number of the elements in the Fourier series expansion of the solution, the
numerical examples indicates the high accuracy of the approximation.

4 Numerical examples

In order to illustrate the performance of the presented transformation method,
in solving system of linear Fredholm integral equations and justify the accuracy
and efficiency of the method, we consider the following examples. All compu-
tations were done by Maple 11, and the runtime for this calculation is too short.
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Example 4.2. We consider the following system of Fredholm integral
equations of the second kind

 f1(x) = sin3(x)
1+cos2(x)

+ λ11γ
11(x)

∫
R

f1(t)
(1+t2)

dt+ λ12γ
12(x)

∫
R

f2(t)
(1+t2)

dt

f2(x) = sin(x) + λ21γ
21(x)

∫
R

f1(t)
(1+t2)

dt+ λ22γ
22(x)

∫
R

f2(t)
(1+t2)

dt

with exact solution (f1(x), f2(x)) = ( sin3(x)
1+cos2(x)

, sin(x)). where λij, and γij(x), i, j =

1, 2 are arbitrary and fi(x), i = 1, 2, are 2π−periodic functions on R and so
νr = 1.
Applying Gaussian quadrature with the SBw for this system of integral equa-
tions by m2 = 5 we getting a almost exact solution for f2(x) = sin(x) and also
for m1 = 5, 6, 7, 8, 9. We get the approximate Fourier expansion of f1(x) with
relative error given in Table-2.

m1 ||f2 − fN2 ||∞
5 7.31580× 10−6

6 1.95960× 10−7

7 2.53062× 10−8

8 4.30000× 10−9

9 5.00000× 10−10

Table-2

5 Conclusion

A Fourier series approximation for the system of integral equations having
periodic solution is considered on the real line. An almost exact approximation
for the solution of the integrals, even by taking few elements in the Fourier
series expansion of the solution is produced.
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