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Abstract
In this paper, we consider a class of boundary value problem for fuzzy
differential equations of fractional order with finite delay. The existence
of solution is established by the contraction mapping principle.
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1 Introduction

The purpose of this paper is to investigate the existence of fuzzy solution for
three-point boundary value problem for fractional differential equation:

Dx(t) = f(t,z, DP2(t)), teJ:=[0,1], 1 <a<?2,
z(t) = o(t), te[-r0], (1.1)
2(§) = (1),

where D®, D? are standard Riemann-Liouville fractional derivatives, a—3 > 1,
£€0,1), f:JxCyx E" — E" is a fuzzy function, ¢ € Cy, ¢(0) = 0 and
Co = C([—r,0], E™). For any function z defined on [—r, 1] and any ¢t € J, we
denote by z; the element of Cj defined by x;(0) = z(t + 0), 6 € [—r,0].

To the best of our knowledge, although various results for fuzzy differential
equations have been established until now, results for fuzzy differential equa-
tions involving fractional order are rarely seen, papers [1, 2] related to it only.
The aim of the present paper is to establish some simple criteria for the exis-
tence and uniqueness of solution of the probelm(1.1). The paper is organized
as follows. In Section 2, we present some preliminaries and lemmas. In Section
3, we discuss the existence of solution for probelm(1.1).
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2 Preliminaries and Lemmas

Let P(R™) be the family of all nonempty compact convex subsets of R™. For
A, B € P,(R"), the Hausdorff metric is defined by

dy(A, B) = inf [|la — b inf [la— b .
#(A, B) maX{iggggBHa “’ﬁﬁﬁi&”a II}

A fuzzy set in R" is a function with domain R™ and values in [0, 1], that is, an
element of [0, 1]%".
Let u € [0, 1]*", the a-level set is

[u]* = {z € R"u(z) > a}, «aec(0,1].
By E™, we denote the family of all upper-semicontinuous, normal fuzzy convex
sets with [u]? = cl {z € R"|u(x) > 0} is compact.
Let d: E™ x E™ — [0, +00) be defined by
d(u,v) = sup{dp([u]®, [v]*)|a € [0, 1]},

Then, (E™,d) is a complete metric space. We define 0 € E™ as 0(0) = 1 if
x=0and 0=0if x # 0.

Definition 2.1 The Riemann-Liouville fractional integral of order o for a

function f : [a,b] — E™ is defined by

13+f(t):/ %f(s)ds, a > 0.

When a = 0, we write [*f(t).

Definition 2.2 For a function f : [a,b] — E", the Riemann-Liouville
derivative of fractional order o > 0 is defined by

D) = s () [y s n=lal 41

Denote by C(J, E™) the set of all continuous mappings from J to E",
the metric on C(J, E™) is defined by H(u,v) = sup,c; d(u(t),v(t)). And we
metricize Cy by setting

Ho(z,y) = max{d(z(t), y(t))[t € [-r, 0]}

for all z,y € Cy. Set X = {z|z € C([-r,1], E"), D’z € C(J,E"), and z(t) =
o(t),t € [-r,0]}, the metric on X will be defined later.
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3 Main Result

Theorem 3.1 Assume that f :J x D, x E™ — E" and there exist positive
constants K, L such that

d(f(t,u, D’u), f(t,v, D’v)) < K Hy(u,v) + Ld(D"u, D"v),

forallt € J and all u,v € Cy. Then

( u + L )<1+—1+£a)<1
MNa+1) T(a—p+1) 1 — gt ’

implies that the problem (1.1) has a unique fuzzy solution on [—r,1].

Proof. The metric H on X is defined by H(u,v) = K maxe[_,1) d(u(t), v(t))+
Lmaxep 1) d(DPu, Dv), u,v € X. Then (X, H) is a complete metric space.

Transform the problem into a fixed point problem. It is clear that the
solutions of problem (1.1) are fixed points of the operator F': X — X defined
by

?(t% te [_T> 0]7 R
[ (t=9)* 1 f (5,05, DOa(s))ds | 5 (§=5)""" f(s,2s, D a(s))ds
F(x)(t) = 0 R F(a) + o F(Oc)(l—fafl) t 1 (31)
L1—s)*=1f(s,ms,DP2(s))ds a—
— e t*=t, telo,1],

For u,v € X, then
d(Fu(t), Tv(t)) =0, te][-r0], (3.2)
and for t € J, we have
d(Fu(t), FU( )
fo ) 1d (f(s,us, Dﬁu(s)), f(s,vs, DBU(S)))dS
I(a)
t"‘ 1f0 — 5) (£ (s, us, D u(s)), f(s,vs, DPv(s)))ds
[(a)(1 —¢&>1)
to‘ lfo —5)*d(f (s, us, D” u(s ), (5,05, DPu(s)))ds
)
)

Pla)(1 =&t
1

t — ) Kd(u Pu(s), DPu(s))]ds
§r<a>(/o“ )" K, (6). v,(6)) + L(D u(s), D v(s))]d
L ¢ — gyl u v ENE Bou(s))ds
4 (1_5(1_1)/0 (& — 8)* MK d(us(8),vs(0)) + Ld(D"u(s), D v(s)))d
L ' — g)1 U v Bu(s), DPv(s))]ds
+ o §a1>/o (1— )" [Kd(uu(6), v,(8)) + Ld(D"u(s), D*u( >>]d)
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P / (1—s)*" 1ds)Ho(u v) (3.3)
1—5 0
gaa 1 ta—l
« H
Stlel?(t+1—§“1+1—£“1 (u,v),

and, similarly

d(DﬁFu( ) DPFu(t))

fo )7 (f (s, us, DOu(s)), f(s,vs, Dv(s)))ds
I — )
N te=h= 1f0 — 5)* Y d(f (s, us, DPu(s)), f(s,vs, DPv(s)))ds
(1— o 1) (3.4)
to—h- 1f — 5) (£ (s, us, DPu(s)), f(s,vs, DPv(s)))ds
! (- &) )

< ! 070 4 S + A P (u,v)
—— Su u,v).
“Tla-B+1) ey 1 _ga1 1 _gat

Therefore, for each t € J, we have

T G S . Y AP E P

So, F'is a contraction and thus F' has a unique fixed point x on X, then z(t)
is the unique solution to problem (1.1) on [—7, 1]. O
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