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Abstract

We study self-dual codes over ring Zg. We introduce elementary
methods to construct new self-dual codes over Zg, for arbitrary length.
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1 Introduction

Self-dual codes over finite fields have been well studied, including their rela-
tionship to lattices theory and designs theory (see [4] for an extensive bibli-
ography). Beginning with the paper by Hammons et.al. [3], interest in codes
over variety of rings have been increased (see [7] and the references therein).
Dougherty, Harada, and Sole [2] showed that all self-dual codes over Z,, can be
found by Chinese Remainder Theorem to self-dual codes over Ze for p prime.
Hence, it is important to construct self-dual codes over the integer modulo
prime powers, since this will give the codes over Z,,.

Recently, Dougherty, Gulliver, and Wong [1] have classified self-dual codes
over Zg for length up to 8. The purpose of this note is to provide some
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construction methods for self-dual codes over Zg for arbitrary length greater
than 8.

2 Preliminaries

We give a brief introduction to some basic definitions and facts from coding
theory (see [4] for undefined terms).

A code C of length n over Z,, is a subset of Z and if the code is a submo-
dule we say that the code is linear. All codes are assumed to be linear unless
otherwise specified. A linear code C' is called free if it is a free-submodule,
otherwise the linear code is called non-free.

The Hamming weight of a vector v € Z7, is the number of non-zero com-
ponents in the vector. The minimum weight of a code C is the smallest of
all-nonzero weights in the code. Weight distribution for code C| denoted by
A;, is defined by the number of codewords in C' of weight i, for 0 < i < n.

Hamming weight enumerator of C' is defined by We(x) = Z At
-0

We attach the standard inner product to the space Zﬁlzas
(v, w] = vywy + vVowy + -+ - + VW, (mod m).
The dual code C+ of C'is defined by
Ct={veZ: [v,w] =0 (modm), for all we C}.

If C C C* we say that the code is self-orthogonal and if C' = C* then we say
that the codes self-dual.

For some applications, there is often no need to distinguish between +1
and —1 components of codewords, and we say that two codes are equivalent
if one can be obtained from the other by permuting the coordinates and (if
necessary) changing the signs of certain coordinates. Codes differing by only
a permutation of coordinates are called permutation-equivalent.

The vectors vy, vs, ... ,v; in C are called modular independent if ) . oyv; =
0 implies all ; are nonunits in Z,,. A generator matriz of C' is a matrix whose
rows generate C. Generator matrix for a code over Zg is permutation-equivalent
to the following one in the standard form [1]:

I, Aoqx Aoz Aos
G = 0 2[k1 2141’2 2141’3 s
0 0 4l 4As,

where the matrices A; ; are binary matrices for 7 > 0. A code with a generator
matrix in this form is called of type {ko, ki, ke} and has 8*4*12k2 vectors.
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Moreover from [5, 1] we know that if C' is of type {ko, k1, ko}, then C* is of
type {n — (ko + k1 + k2), ko, k1}. Again, from [5], if ky # 0 and k; = ky = 0,
then the code of type {ko,0,0} is a free code.

The following property is well-known (see, e.g., [1]).

Lemma 2.1 If C CZ" is a code over L, then |C||C*| = m".

Let my, my € Zxg. Define a map ¢ : Zj;, > v~ v (mod my) € Zj,,,. Then
we have the following lemma.

Lemma 2.2 Let u,v € Zj, are orthogonal. If my divides my then ¢(u) and
¢(v) are orthogonal in Z7, .

Proof: Since u-v = 0 (mod my) then u-v = 0 (mod my). It implies that
o(u) - p(v) = (u-v) (mod my) =0 (mod my). 0

3 Non-free self-dual codes over Zg

Lemma 2.1 says that self-dual codes over Zg exists if the length of the codes
is even. The following theorem gives an elementary construction for non-free
self-dual codes of length 2k, for all k € Z~.

Theorem 3.1 The following matriz
2I, 2I,
G = ( 0 4]n) ’

where I, and 0 are identity and zero matrices of size n X n, generates non-free
self-dual codes over Zg of length 2n, for all n € Z~y.

Proof: Let C' be a self-dual codes with generator matrix GG. Write the matrix
G as

G,
G = QQ

: )
G?n
where (G; is a matrix of size 1 x n, for 1 < i < 2n. It is clear that

2 2 1
_ (O 0 i-th digit 0 0 nti-th digit 0 O), 1<i1<n

B (0 o0 40 . 0 0)’ n+1<i<on

i-th digit
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It is also clear that the following holds:

mod 8), foralli=j
mod 8), foralli,j€{1,2,...,n}
), foralli,je{n+1,n+2,...,2n}
mod 8), forallie {1,2,... n}andje{n+1,n+2,...,2n}
mod 8), forallje{1,2,... , ntandie {n+1,n+2,...,2n}

£
Q
it |
Il
P
o oo oo
N N N N /N
=
o)
o
o0

Hence, the rows of G constitutes a self-orthogonal set. Next, we show that the
rows of G is modular independent. Consider the following linear combination

OélGl + OéQGQ +---+ CKQnGQn =0.

We have 2a; = 2a; + 4ay, 1y = 0 (mod 8), for all ¢ € {1,2,... ,n}. It implies
that

~ 10,4 (mod 8), for all i € {1,2,...,n},
"7 10,2,4,6 (mod 8), forallie {n+1,n+2,...,2n}°
which means that «; is not unit in Zg, for all i € {1,2,... ,n}.
From the form of the generator matrix G, we know that |C] = 42" = 8" =
7272, which implies that C' is self-dual. O

Theorem 3.2 Let

Iy Aox Ao Aog
G = 0 2]k1 2A172 2141’3
0 0 41, 4A273

where ko, k1, ky € Z>o and ky = ky and ky + ky = 5, be a generator matrixz of
self-dual codes of length 2n. Then the matrix

Iy, Aon 0 0 Ago  Ags
0 2L, 0 0 24,5 24,
G=1]0 0 2 2 0 0
0 0O 0 4 0 0
0 0 0 0 4, 4As;

generates self-dual non-free codes of type {ko, k1 + 1, ko + 1} and length 2n+ 2.

Proof: It is easy to check that the rows of G’ constitutes a modular inde-
pendent set. It is also clear that the rows {(0 0 22 0 0),(00 04 0 0)}
self-orthogonal and orthogonal to the other rows of G'. Hence, G’ generates a
self-orthogonal codes over Zg. Moreover, the number of codewords of the code
generated by G’ is |C/| = 8ko4ki+1gke+1 — 23(n+1) Tt implies that C' is a self-dual
code over Zg of length 2n + 2. a
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4 Free self-dual codes over Zg

In the following we will show that there is no free self-dual codes over Zg of
length 10. We prove first the following lemma.

Lemma 4.1 There is no set V = {vy,vq,v3,v4,v5} C Z3, with wt(v;) = 3 and
vv; =0 (mod 2), for alli,j € {1,2,3,4,5}, with 1 # j.

Proof: Suppose there exists a set {vy,vq,v3,v4,v5} C Z5 with wt(v;) = 3
and vy - v; = 0, for all 4,5 € {1,2,3,4,5} with ¢ # j. Without lost of ge-
nerality, let v; = (1,1,1,0,0). Since vy - v; = 0, for all j € {2,3,4,5}, then
d(vy,v;) = 2,forall j € {2,3,4,5}. Hence, the possible value for vy, v3, v4, v5 are
{(1,1,0,a,b),(1,0,1,a,b), (0,1,1,a,b) : (a,b) = (0,1) or (1,0)}. Then there
exists two vectors among vs, v3, vy, v5 which have the same type (1,1,0,a,b),
(1,0,1,a,b),o0r (0,1,1,a,b). We may assume that vy and vs are of type (1, 1,0, a,
b). Since vy and vg are orthogonal, then v, = (1,1,0,1,0) and v3 = (1,1,0,0, 1).

Since vo-(1,0,1,a,b) = 0 and v5-(0, 1,1, a,b) = 0, then we have a = 1. With
the similar reason for v3, we also have b = 1. Again, since v, is orthogonal to
v1, Vg, U3, Us then we have vy = (1,0,1,1,1) or vy = (0,1, 1,1, 1), which implies
that wt(vy) = 4, a contradiction. O

Now, we prove the non existence of free self-dual codes of length 10 over
Zs.

Theorem 4.2 There exists no free self-dual codes of length 10 over Zs.

Proof: Suppose there exists free self-dual code C' over Zg of length 10, and let
G = (I5 | A) be its generator matrix. Write A = (A;, Ay, Az, Ay, A5)T € 737,
where A; = (a;1, @iz, a3, @i, a5), for all i = 1,2,3,4,5. Then we have A;Al =
7 (mod 8). Note that for z € Zs we have

0, ifxz=0,
=<1 ifr=1,3,57,
4, if x =2,6.

Since 7 is odd, there exists an odd number of a;; (j = 1,2,3,4,5) having an
odd values. It is impossible that a;; is odd, for all j = 1,2,3,4,5. It is also
impossible that the number of a;; having an odd number is 1 (let say a;; = 1),

since otherwise Z?:Q aj; = 6 (mod 8). While on the other hand, if a;; is even
then 25:2 a?j = 0 or 4. Hence we have that the number of a;; having an

odd value is 3 (namely [{a;; : 1 < j < 5,a;;is odd }| = 3.) Moreover, for
Al,AQ,Ag,A4,A5 € Zg we have

A4 = 0 (mod 8), i # j,
" T 7 (mod 8), i=j.
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Now, consider the map
¢: 73> v+— v (mod 2) € Z5.

From Lemma 2.2 we have that if A; - A; = 0 (mod 8), then ¢(4;) - ¢(4;) =
0 (mod 2). (It is clear from the definition of the above map that wt(¢(A;)) = 3.)
By Lemma 4.1 we know that there exist no five vectors in Z3 of weight 3 which
are orthogonal one another. We conclude that there exist no free self-dual code
over Zg of length 10. O

Theorem 4.3 Let
G=(I,]4)),

where A is n X n matriz, be a generator matriz of free self-dual codes of length

2n. Then
, (L, 0 A 0
¢=( 00

generates free self-dual codes of length 4n. The resulting code is of type {2n,0,0}.

Proof: Write A = (A, Ay, ..., A,)T and write G as

El Al
B, A

G=| 0| win B = (00 L0 0) 1 <i<n
ETL An

Since the rows of G are modular independent, then so do the rows of G'. Write
B as

B, A 0

B, | A, o
Bn-l—l N 0 Al
Bs, 0 A,

We have B;BI' = 7 (mod 8), which means G;G7 = 0 (mod 8). It is easy to
check that G;G;-T = 0 (mod 8), for all 4,7 € {1,2,...,2n}. It means that G’
generates a self-orthogonal codes of length 4n.

Next, since a code generated by G’ consists of 8" = ]Zg}”]%, then C' is
self-dual. a
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5 Examples

In this section we give several examples of free or non-free self-dual codes over
Zs.

Example 5.1 (Non-free self-dual codes of length 10) We give several ex-
amples of non-free self-dual codes of length 10 generated from self-dual codes
of length 8 using the construction method given by Theorem 3.2. There are five
types of non-free self-dual codes of length 10, namely types {0,5,5},{1,4,4},
{2,3,3},{3,2,2}, and {4,1,1}.

1. Codes of type {0,5,5} constructed from codes of type {0,4,4} is given by

[\
(@]
(@]
(@]
(e]
(a]
e}
\}
e}
o

SO DD OO OoON
S OO =N O OO

DO DD o oo
DO DD DO OO o NO
SO DOD DD DO NN OO
S OO OO NN O OO
S OO = OO O NN
SO = OO O N ONIN
S OO OO NN NO
- O O O O O NN

(@]
(@]

The weight enumerator of the above code is

W (x) = 14 102 + 4922 + 1522° 4 5462 + 18202° + 47462°
+ 840827 + 91492 + 54822 + 24052™.

2. Codes of type {1,4,4} constructed from codes of type {1, 3,3} is given by

—_

2

(\]
()
@)
—_

OO O OO NO

SO DD DO OO OO
SO DO OO OO NN
SO DD DO N OO
SO DD IOV OO o
S OO =N OO
SO OO NN
S OO OoOo N O NN
O O O O NN
O = = O oD N O

0
The weight enumerator of the above code is

Wi (z) = 14 62 + 2527 + 722° + 258z* + 10602° + 30022°
+66002" + 87332% + 8646x° + 43642'°.
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3. Codes of type {2,3,3} constructed from a code of type {2,2,2} is given

by
1032001010
0163000101
0020002720 2
0002002220
0000220000
0000040000
0000004040
0000O0O004O0 4

The weight enumerator of the above code s

Wi (z) = 14 2z + 1727 + 242° 4 1462* + 5562° + 18822°
+ 444027 + 75012° + 93142° + 8885x1°.

4. Codes of type {3,2,2} constructed from a code of type {3,1,1} is given

by
1002001110
0101003210
0016003011
0002000222
0000220000
0000040000
0000004040

The weight enumerator of the above code s

Wy (z) =1+ 2z + 922 + 82° + 582 + 4282° 4 15702°
+ 461627 + 79092° + 1056222 + 76052:°.

5. Codes of type {4,1,1} constructed from a code of type {4,0,0} is given

by
1000001121
010000°7H55 2
00100063135
0001003¢6T71
0000220000
0000040000

The weight enumerator of the above code is

Wy (z) =1+ 2z + 52* + 142" + 3642° + 14142°
+ 47042" + 81132° 4 111862° 4 69652™.
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Example 5.2 In the following we give an example of free self-dual code of
length 16 constructed from the code of length 8. The matrix

S OO O OO o
S OO OO o~ O
S OO oo+ OO
[l el e el o Mo Nae)
S OO OO OO
SO OO O oo
SR O O OO oo
— o O O o o oo
S OO O WO N~
S OO OO WOt
O O OO NN~ ot
SO OO O = Ut N =
WO N, OO oo
Wtk OO OO
N = Ol OO OO
= ot RO O OO

1s a generator matriz of the free self-dual code of length 16. The weight enu-
merator of the above code is given by

Wy (x) = 1+ 282 + 6722° 4 13442° 4 336027 + 29822°
+ 94082 + 13171220 + 4986242 + 1619548212
+ 31940162 + 469459221 + 46804802'° + 194044916,
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