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Abstract

We study self-dual codes over ring Z8. We introduce elementary
methods to construct new self-dual codes over Z8, for arbitrary length.
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1 Introduction

Self-dual codes over finite fields have been well studied, including their rela-
tionship to lattices theory and designs theory (see [4] for an extensive bibli-
ography). Beginning with the paper by Hammons et.al. [3], interest in codes
over variety of rings have been increased (see [7] and the references therein).
Dougherty, Harada, and Sole [2] showed that all self-dual codes over Zm can be
found by Chinese Remainder Theorem to self-dual codes over Zpe for p prime.
Hence, it is important to construct self-dual codes over the integer modulo
prime powers, since this will give the codes over Zm.

Recently, Dougherty, Gulliver, and Wong [1] have classified self-dual codes
over Z8 for length up to 8. The purpose of this note is to provide some
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construction methods for self-dual codes over Z8 for arbitrary length greater
than 8.

2 Preliminaries

We give a brief introduction to some basic definitions and facts from coding
theory (see [4] for undefined terms).

A code C of length n over Zm is a subset of Z
n
m and if the code is a submo-

dule we say that the code is linear. All codes are assumed to be linear unless
otherwise specified. A linear code C is called free if it is a free-submodule,
otherwise the linear code is called non-free.

The Hamming weight of a vector v ∈ Z
n
m is the number of non-zero com-

ponents in the vector. The minimum weight of a code C is the smallest of
all-nonzero weights in the code. Weight distribution for code C, denoted by
Ai, is defined by the number of codewords in C of weight i, for 0 ≤ i ≤ n.

Hamming weight enumerator of C is defined by WC(x) =

n∑
i=0

Aix
i.

We attach the standard inner product to the space Z
n
m as

[v, w] = v1w1 + v2w2 + · · · + vmwm (mod m).

The dual code C⊥ of C is defined by

C⊥ = {v ∈ Z
n
m : [v, w] = 0 (mod m), for all w ∈ C}.

If C ⊆ C⊥ we say that the code is self-orthogonal and if C = C⊥ then we say
that the codes self-dual.

For some applications, there is often no need to distinguish between +1
and −1 components of codewords, and we say that two codes are equivalent
if one can be obtained from the other by permuting the coordinates and (if
necessary) changing the signs of certain coordinates. Codes differing by only
a permutation of coordinates are called permutation-equivalent.

The vectors v1, v2, . . . , vk in C are called modular independent if
∑

i αivi =
0 implies all αi are nonunits in Zm. A generator matrix of C is a matrix whose
rows generate C. Generator matrix for a code over Z8 is permutation-equivalent
to the following one in the standard form [1]:

G =

⎛
⎝Ik0 A0,1 A0,2 A0,3

0 2Ik1 2A1,2 2A1,3

0 0 4Ik2 4A2,3

⎞
⎠ ,

where the matrices Ai,j are binary matrices for i > 0. A code with a generator
matrix in this form is called of type {k0, k1, k2} and has 8k04k12k2 vectors.
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Moreover from [5, 1] we know that if C is of type {k0, k1, k2}, then C⊥ is of
type {n − (k0 + k1 + k2), k0, k1}. Again, from [5], if k0 �= 0 and k1 = k2 = 0,
then the code of type {k0, 0, 0} is a free code.

The following property is well-known (see, e.g., [1]).

Lemma 2.1 If C ⊆ Z
n
m is a code over Zm, then |C||C⊥| = mn.

Let m1, m2 ∈ Z≥0. Define a map φ : Z
n
m1

� v �−→ v (mod m2) ∈ Z
n
m2

. Then
we have the following lemma.

Lemma 2.2 Let u, v ∈ Z
n
m1

are orthogonal. If m2 divides m1 then φ(u) and
φ(v) are orthogonal in Z

n
m2

.

Proof: Since u · v ≡ 0 (mod m1) then u · v ≡ 0 (mod m2). It implies that
φ(u) · φ(v) ≡ (u · v) (mod m2) ≡ 0 (mod m2). �

3 Non-free self-dual codes over Z8

Lemma 2.1 says that self-dual codes over Z8 exists if the length of the codes
is even. The following theorem gives an elementary construction for non-free
self-dual codes of length 2k, for all k ∈ Z>0.

Theorem 3.1 The following matrix

G =

(
2In 2In

0 4In

)
,

where In and 0 are identity and zero matrices of size n×n, generates non-free
self-dual codes over Z8 of length 2n, for all n ∈ Z>0.

Proof: Let C be a self-dual codes with generator matrix G. Write the matrix
G as

G =

⎛
⎜⎜⎜⎝

G1

G2
...

G2n

⎞
⎟⎟⎟⎠ ,

where Gi is a matrix of size 1 × n, for 1 ≤ i ≤ 2n. It is clear that

Gi =

⎧⎨
⎩

(
0 . . . 0 2

i-th digit
0 . . . 0 2

n+i-th digit
0 . . . 0

)
, 1 ≤ i ≤ n(

0 . . . 0 4
i-th digit

0 . . . . . . . . . . . . 0 . . . 0
)

, n + 1 ≤ i ≤ 2n
.
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It is also clear that the following holds:

GiG
T
j ≡

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0 (mod 8), for all i = j

0 (mod 8), for all i, j ∈ {1, 2, . . . , n}
0 (mod 8), for all i, j ∈ {n + 1, n + 2, . . . , 2n}
0 (mod 8), for all i ∈ {1, 2, . . . , n} and j ∈ {n + 1, n + 2, . . . , 2n}
0 (mod 8), for all j ∈ {1, 2, . . . , n} and i ∈ {n + 1, n + 2, . . . , 2n}

.

Hence, the rows of G constitutes a self-orthogonal set. Next, we show that the
rows of G is modular independent. Consider the following linear combination

α1G1 + α2G2 + · · · + α2nG2n = 0.

We have 2αi ≡ 2αi + 4αn+i ≡ 0 (mod 8), for all i ∈ {1, 2, . . . , n}. It implies
that

αi ≡
{

0, 4 (mod 8), for all i ∈ {1, 2, . . . , n},
0, 2, 4, 6 (mod 8), for all i ∈ {n + 1, n + 2, . . . , 2n} ,

which means that αi is not unit in Z8, for all i ∈ {1, 2, . . . , n}.
From the form of the generator matrix G, we know that |C| = 4n2n = 8n =

|Z2n
8 | 12 , which implies that C is self-dual. �

Theorem 3.2 Let

G =

⎛
⎝Ik0 A0,1 A0,2 A0,3

0 2Ik1 2A1,2 2A1,3

0 0 4Ik2 4A2,3

⎞
⎠

where k0, k1, k2 ∈ Z≥0 and k1 = k2 and k1 + k2 = n
2
, be a generator matrix of

self-dual codes of length 2n. Then the matrix

G′ =

⎛
⎜⎜⎜⎜⎝

Ik0 A0,1 0 0 A0,2 A0,3

0 2Ik1 0 0 2A1,2 2A1,3

0 0 2 2 0 0
0 0 0 4 0 0
0 0 0 0 4Ik2 4A2,3

⎞
⎟⎟⎟⎟⎠

generates self-dual non-free codes of type {k0, k1 +1, k2 +1} and length 2n+2.

Proof: It is easy to check that the rows of G′ constitutes a modular inde-
pendent set. It is also clear that the rows {(0 0 2 2 0 0), (0 0 0 4 0 0)}
self-orthogonal and orthogonal to the other rows of G′. Hence, G′ generates a
self-orthogonal codes over Z8. Moreover, the number of codewords of the code
generated by G′ is |C| = 8k04k1+12k2+1 = 23(n+1). It implies that C is a self-dual
code over Z8 of length 2n + 2. �
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4 Free self-dual codes over Z8

In the following we will show that there is no free self-dual codes over Z8 of
length 10. We prove first the following lemma.

Lemma 4.1 There is no set V = {v1, v2, v3, v4, v5} ⊆ Z
5
2, with wt(vi) = 3 and

vivj ≡ 0 (mod 2), for all i, j ∈ {1, 2, 3, 4, 5}, with i �= j.

Proof: Suppose there exists a set {v1, v2, v3, v4, v5} ⊆ Z
5
2 with wt(vi) = 3

and v1 · vj = 0, for all i, j ∈ {1, 2, 3, 4, 5} with i �= j. Without lost of ge-
nerality, let v1 = (1, 1, 1, 0, 0). Since v1 · vj = 0, for all j ∈ {2, 3, 4, 5}, then
d(v1, vj) = 2, for all j ∈ {2, 3, 4, 5}. Hence, the possible value for v2, v3, v4, v5 are
{(1, 1, 0, a, b), (1, 0, 1, a, b), (0, 1, 1, a, b) : (a, b) = (0, 1) or (1, 0)}. Then there
exists two vectors among v2, v3, v4, v5 which have the same type (1, 1, 0, a, b),
(1, 0, 1, a, b), or (0, 1, 1, a, b). We may assume that v2 and v3 are of type (1, 1, 0, a,
b). Since v2 and v3 are orthogonal, then v2 = (1, 1, 0, 1, 0) and v3 = (1, 1, 0, 0, 1).

Since v2 ·(1, 0, 1, a, b) = 0 and v2 ·(0, 1, 1, a, b) = 0, then we have a = 1. With
the similar reason for v3, we also have b = 1. Again, since v4 is orthogonal to
v1, v2, v3, v5 then we have v4 = (1, 0, 1, 1, 1) or v4 = (0, 1, 1, 1, 1), which implies
that wt(v4) = 4, a contradiction. �

Now, we prove the non existence of free self-dual codes of length 10 over
Z8.

Theorem 4.2 There exists no free self-dual codes of length 10 over Z8.

Proof: Suppose there exists free self-dual code C over Z8 of length 10, and let
G = (I5 | A) be its generator matrix. Write A = (A1, A2, A3, A4, A5)

T ∈ Z
5×5
8 ,

where Ai = (ai1, ai2, ai3, ai4, ai5), for all i = 1, 2, 3, 4, 5. Then we have AiA
T
i ≡

7 (mod 8). Note that for x ∈ Z8 we have

x2 =

⎧⎪⎨
⎪⎩

0, if x = 0,

1, if x = 1, 3, 5, 7,

4, if x = 2, 6.

Since 7 is odd, there exists an odd number of aij (j = 1, 2, 3, 4, 5) having an
odd values. It is impossible that aij is odd, for all j = 1, 2, 3, 4, 5. It is also
impossible that the number of aij having an odd number is 1 (let say ai1 = 1),
since otherwise

∑5
j=2 a2

ij ≡ 6 (mod 8). While on the other hand, if aij is even

then
∑5

j=2 a2
ij = 0 or 4. Hence we have that the number of aij having an

odd value is 3 (namely |{aij : 1 ≤ j ≤ 5, aij is odd }| = 3.) Moreover, for
A1, A2, A3, A4, A5 ∈ Z

5
8 we have

Ai · Aj ≡
{

0 (mod 8), i �= j,

7 (mod 8), i = j.
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Now, consider the map

φ : Z
5
8 � v �−→ v (mod 2) ∈ Z

5
2.

From Lemma 2.2 we have that if Ai · Aj ≡ 0 (mod 8), then φ(Ai) · φ(Aj) ≡
0 (mod 2). (It is clear from the definition of the above map that wt(φ(Ai)) = 3.)
By Lemma 4.1 we know that there exist no five vectors in Z

5
2 of weight 3 which

are orthogonal one another. We conclude that there exist no free self-dual code
over Z8 of length 10. �

Theorem 4.3 Let

G =
(
In | A

)
,

where A is n×n matrix, be a generator matrix of free self-dual codes of length
2n. Then

G′ =

(
In 0 A 0
0 In 0 A

)

generates free self-dual codes of length 4n. The resulting code is of type {2n, 0, 0}.

Proof: Write A = (A1, A2, . . . , An)T and write G as

G =

⎛
⎜⎜⎜⎝

E1 A1

E2 A2
...

...
En An

⎞
⎟⎟⎟⎠ , with Ei =

(
0 0 1

i-digit
0 · · · 0

)
, for 1 ≤ i ≤ n.

Since the rows of G are modular independent, then so do the rows of G′. Write
B as ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

B1
...

Bn

Bn+1
...

B2n

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

A1 0
...

...
An 0
0 A1
...

...
0 An

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

We have BiB
T
i ≡ 7 (mod 8), which means GiG

T
i ≡ 0 (mod 8). It is easy to

check that G′
iG

′T
j ≡ 0 (mod 8), for all i, j ∈ {1, 2, . . . , 2n}. It means that G′

generates a self-orthogonal codes of length 4n.
Next, since a code generated by G′ consists of 82n = |Z4n

8 | 12 , then C is
self-dual. �
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5 Examples

In this section we give several examples of free or non-free self-dual codes over
Z8.

Example 5.1 (Non-free self-dual codes of length 10) We give several ex-
amples of non-free self-dual codes of length 10 generated from self-dual codes
of length 8 using the construction method given by Theorem 3.2. There are five
types of non-free self-dual codes of length 10, namely types {0, 5, 5}, {1, 4, 4},
{2, 3, 3}, {3, 2, 2}, and {4, 1, 1}.

1. Codes of type {0, 5, 5} constructed from codes of type {0, 4, 4} is given by

G1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0 0 0 2 2 2 0
0 2 0 0 0 0 2 2 0 2
0 0 2 0 0 0 2 0 2 2
0 0 0 2 0 0 0 2 2 2
0 0 0 0 2 2 0 0 0 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 4 0 0 0
0 0 0 0 0 0 0 4 0 0
0 0 0 0 0 0 0 0 4 0
0 0 0 0 0 0 0 0 0 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The weight enumerator of the above code is

WH(x) = 1 + 10x + 49x2 + 152x3 + 546x4 + 1820x5 + 4746x6

+ 8408x7 + 9149x8 + 5482x9 + 2405x10.

2. Codes of type {1, 4, 4} constructed from codes of type {1, 3, 3} is given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 2 2 0 0 1 1 0 1
0 2 0 0 0 0 2 2 2 0
0 0 2 0 0 0 2 0 2 2
0 0 0 2 0 0 0 2 2 2
0 0 0 0 2 2 0 0 0 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 4 0 0 4
0 0 0 0 0 0 0 4 0 4
0 0 0 0 0 0 0 0 4 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The weight enumerator of the above code is

WH(x) = 1 + 6x + 25x2 + 72x3 + 258x4 + 1060x5 + 3002x6

+ 6600x7 + 8733x8 + 8646x9 + 4364x10.
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3. Codes of type {2, 3, 3} constructed from a code of type {2, 2, 2} is given
by ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 3 2 0 0 1 0 1 0
0 1 6 3 0 0 0 1 0 1
0 0 2 0 0 0 2 2 0 2
0 0 0 2 0 0 2 2 2 0
0 0 0 0 2 2 0 0 0 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 4 0 4 0
0 0 0 0 0 0 0 4 0 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The weight enumerator of the above code is

WH(x) = 1 + 2x + 17x2 + 24x3 + 146x4 + 556x5 + 1882x6

+ 4440x7 + 7501x8 + 9314x9 + 8885x10.

4. Codes of type {3, 2, 2} constructed from a code of type {3, 1, 1} is given
by ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 2 0 0 1 1 1 0
0 1 0 1 0 0 3 2 1 0
0 0 1 6 0 0 3 0 1 1
0 0 0 2 0 0 0 2 2 2
0 0 0 0 2 2 0 0 0 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 4 0 4 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The weight enumerator of the above code is

WH(x) = 1 + 2x + 9x2 + 8x3 + 58x4 + 428x5 + 1570x6

+ 4616x7 + 7909x8 + 10562x9 + 7605x10.

5. Codes of type {4, 1, 1} constructed from a code of type {4, 0, 0} is given
by ⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 1 1 2 1
0 1 0 0 0 0 7 5 5 2
0 0 1 0 0 0 6 3 1 5
0 0 0 1 0 0 3 6 7 1
0 0 0 0 2 2 0 0 0 0
0 0 0 0 0 4 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The weight enumerator of the above code is

WH(x) = 1 + 2x + 5x2 + 14x4 + 364x5 + 1414x6

+ 4704x7 + 8113x8 + 11186x9 + 6965x10.
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Example 5.2 In the following we give an example of free self-dual code of
length 16 constructed from the code of length 8. The matrix

G =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 1 1 2 1 0 0 0 0
0 1 0 0 0 0 0 0 7 5 5 2 0 0 0 0
0 0 1 0 0 0 0 0 6 3 1 5 0 0 0 0
0 0 0 1 0 0 0 0 3 6 7 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1 1 2 1
0 0 0 0 0 1 0 0 0 0 0 0 7 5 5 2
0 0 0 0 0 0 1 0 0 0 0 0 6 3 1 5
0 0 0 0 0 0 0 1 0 0 0 0 3 6 7 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

is a generator matrix of the free self-dual code of length 16. The weight enu-
merator of the above code is given by

WH(x) = 1 + 28x4 + 672x5 + 1344x6 + 3360x7 + 2982x8

+ 9408x9 + 131712x10 + 498624x11 + 1619548x12

+ 3194016x13 + 4694592x14 + 4680480x15 + 1940449x16.
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