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Abstract

This paper studies developable and M–spaces and their generaliza-
tions. We show that the diagonal properties are crucial factors for
metrizability of such spaces. We prove that a space X is metrizable
if and only if it is a paracompact β–space with a quasi–Gδ–diagonal; a
space X is metrizable if and only if X is a T2, semi–stratifiable wM 1–
space; a wM 1–space is metrizable if and only if it has α2; a wM 1–space is
metrizable if and only if it has a quasi–G∗

δ–diagonal; a quasi–wM–space
is metrizable if and only if it is a β–space with a quasi–G∗

δ–diagonal.

Mathematics Subject Classification: 54E30, 54E35

Keywords: M– Space; metrizable; quasi–G∗
δ(k)-diagonal; wM–space

1 Introduction

By a class of generalized metric spaces, one usually means a class of spaces
which are “close” to being metrizable in some sense. Usually one insists that
elements of the class share some of the more useful properties of metrizable
spaces and that the class is relatively stable under various constructions (for
example, perfect maps, countable products, closed subspaces). Some of the
more important classes of generalized metric spaces which we discuss in this
note are defined in this section. For an excellent survey of generalized metric
spaces, the reader is referred to [8]. A very important class of generalized
metric spaces is M–spaces. This class of spaces has played a major role in the
theory of generalized metric spaces. This class has also played an important
role as a “factor” in many metrization theorems. An M–space is a quasi-perfect
preimage of a metric space.
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The purpose of this paper is to study the behaviour of some generalizations
of M–spaces. We investigate conditions on these generalizations which imply
metrizability.

A countable family 〈Gn : n ∈ N〉 of collections of open subsets of a space X
is called a quasi-development for X provided for each point p in X and each
open set R containing p there is a natural number n such that some element
of Gn contains p and each element of Gn that contains p is contained in R. If in
addition, it is required that each Gn be an open cover of X, then 〈Gn : n ∈ N〉 is
said to be a development for X. A topological space with a quasi-development
is called a quasi-developable space. A space X has α2 if there is a countable
family 〈Gn : n ∈ N〉 of covers of X such that for each x ∈ X and n ∈ N, x ∈
Int st(x,Gn) and

⋂
n∈�st(x,Gn) = {x}. (In this case we call 〈Gn : n ∈ N〉 an

α2–sequence for X).
A sequence 〈Gn : n ∈ N〉 of families of open sets of a space X is called:

1. a strong quasi–development for X if for every x ∈ X and any open
neighborhood U of x there exist an open neighborhood V of x and a
natural number i such that x ∈ st(V,Gi) ⊂ U ;

2. a quasi–development of order 2 for X if {st2(x,Gn)}n∈� − {∅} is a
local base at x for each x ∈ X.

X is called hereditarily screenable if every subspace of X is screenable. X
is screenable if every open cover U has an open refinement V which can be
decomposed as V = ∪n∈�Vn such that each Vn is disjoint. All spaces will be
Hausdorff, unless we state otherwise.

Definition 1.1 Let X be a space and 〈Gn : n ∈ N〉 a countable family of
collections of subsets of X, such that for all x, c(x) = {n ∈ N : x ∈ G∗

n} is
infinite. Consider the following conditions on 〈Gn : n ∈ N〉:

(1) for each n ∈ N, Gn is a collection of open sets in X;

(2) if 〈xn : n ∈ N〉 is a sequence with xn ∈ st(x,Gn) for all n ∈ c(x) then
〈xn : n ∈ N〉 has a cluster point.

(3) each Gn is a cover of X;

(4) if 〈xn : n ∈ N〉 is a sequence with xn ∈ st2(x,Gn) for all n ∈ c(x) then
〈xn : n ∈ N〉 has a cluster point.

(5) for any distinct x, y ∈ X, there exists n ∈ N such that x ∈ st(x,Gn) ⊂
X − {y};

(6) for each x ∈ X and n ∈ N, st(x,Gn) is an open subset of X;
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The space X is quasi–wΔ [resp. quasi–wM–space; wΔ; wM–space;
wM1–space; quasi–G�

Æ
–diagonal; G�

Æ
–diagonal] if such a family {Gn : n ∈

N} can be chosen to satisfy conditions (1) and (2) [21] [resp. (1) and (4); (1),
(2) and (3); (1), (3) and (4); (3), (4) and (6); (1) and (5); (1), (3) and (5)].

It is well–known (see Mansfield [20] and Dowker [6]) that in normal spaces:
countably metacompact, countably paracompact and countably subparacom-
pact are equivalent. So, every normal countably metacompact space is count-
ably paracompact. Hence every normal wM1–space is countably paracompact.

2 wΔ and wM–spaces

In [10], Gittings asked whether a wM–space with a Gδ–diagonal is metrizable.
This problem is related to the wΔ–space problem whether a wΔ–space with
a Gδ–diagonal is developable. In [1], under CH the answer was shown to be
negative for the wΔ–Problem. In this section we will show that any counterex-
ample for the wM–Problem is a counterexample for the wΔ–Problem because
every wM–space is wΔ and so from Theorem 2.5, the space in this example
cannot be developable.

Theorem 2.1 Let X be a regular space. Then X is semi–stratifiable if and
only if it is a β–space with a quasi–G∗

δ–diagonal.

Proof. The necessity of the condition is obvious because every regular
semi–stratifiable space is β and has a G∗

δ–diagonal. To prove the sufficiency of
the condition, let 〈Vn : n ∈ N〉 be a quasi–G∗

δ–diagonal sequence of X and let

g : N × X → τ be a β–map of X. Then
⋂

n∈cV(x)st(x,Vn) = {x}.
Define a map h : N × X → τ by

h(n, x) =

{
g(n, x) ∩ st(x,Vn) if x ∈ V∗

n.
g(n, x) if x /∈ V∗

n .

Let r(n, x) =
⋂n

i=1h(i, x). We prove that r(n, x) is a semi–stratifiable–map.
Let x ∈ r(n, xn). It is clear that r is a β–map, so, 〈xn〉 has a cluster point,
say p. Suppose that x 
= p. Choose k large enough that x ∈ st(x,Vk) but
p /∈ st(x,Vk).

For each n ≥ k,
xn ∈ st(x,Vk).

Thus the open neighborhood X−st(x,Vk) of p contains at most k−1 members
of the sequence 〈xn : n ∈ N〉, which contradicts the fact that p is a cluster
point of 〈xn〉. �



10 A. M. Mohamad

Corollary 2.2 Every quasi–developable β–space is developable.

Proof. This follows from [21, Theorem 3.1 (a space is a quasi–developable
if and only if it is a quasi–wΔ–space with quasi–G∗

δ–diagonal)], Theorem 2.1
and the fact that every semistratifiable space is perfect. �

Corollary 2.3 A space X is wΔ and has a quasi–G∗
δ–diagonal if and only if

it is developable.

Proof. This follows from [21, Theorem 3.1], Corollary 2.2 and the fact that
every wΔ–space is a β–space. �

From [21, Corollary 3.4 (every paracompact wΔ–space with quasi–Gδ–
diagonal is metrizable)] and Theorem 2.1 we have the following metrization
result:

Corollary 2.4 A space X is metrizable if and only if it is a paracompact
β–space with a quasi–Gδ–diagonal.

Theorem 2.5 A space X is metrizable if and only if it is a wM–space with a
quasi–G∗

δ–diagonal.

Proof. The necessity of the condition is obvious. Conversely, since a wM–
space is wΔ, by Corollary 2.3 X is developable and so it is θ–refinable. Since a
θ–refinable wM–space is paracompact, [18] then by Corollary 2.4, X is metriz-
able. �

3 Quasi–wM and wM 1–spaces

The proof of our first result relies on the following theorem of Costantini, Fedeli
and Pelant [4].

Theorem 3.1 For every space X the following conditions are equivalent:

1. X has a σ–disjoint base;

2. X has a strong quasi–development;

3. X has a quasi–development of order 2;

4. X is quasi–developable and hereditarily screenable.

Definition 3.2 A space X has a quasi–G�

Æ
(2)–diagonal if there exists a

sequence 〈Gn : n ∈ N〉 of open families of X such that for distinct points x, y

there exists some Gm such that y /∈ st2(x,Gm).
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Theorem 3.3 A space X is quasi–developable and hereditarily screenable if
X is quasi–wM and has a quasi–G∗

δ(2)–diagonal.

Proof. Let 〈Un : n ∈ N〉 be a sequence of families of open subsets of X
satisfying the quasi–wM condition and let 〈Vn : n ∈ N〉 be a quasi–G∗

δ(2)–
diagonal sequence for X.

Set cV(x) = {n : st(x,Vn) 
= ∅}. Then
⋂

n∈cV(x)st
2(x,Vn) = {x}. Let F

denote the non–empty finite subsets of N. For each F ∈ F set

HF = {
⋂

i∈F
Vi : Vi ∈ Vi}.

For n ∈ N and F ∈ F , put
Gn,F = {U ∩ H : U ∈ Un and H ∈ HF}.
Then st2(x,Gn,F ) ⊆ st2(x,Un) and st2(x,Gn,F ) ⊆ st2(x,Vm) for each n ∈ N,

each F ∈ F and each m ∈ F . Also G∗
n,F = U∗

n ∩ (
⋂

m∈FV∗
m).

We claim that {Gn,F : n ∈ N and F ∈ F} forms a quasi–development of
order 2 of X. Suppose that this is not the case. Then there exists a point
x ∈ X and a neighborhood M of x such that st2(x,Gn,F ) − M 
= ∅ whenever
st(x,Gn,F ) 
= ∅.

For each n ∈ N, set Fn = cV(x) ∩ {1, 2, ..., m}, where m ≥ n is minimal
such that {1, 2, ..., m} ∩ cV(x) 
= ∅. Then Fn 
= ∅. Note that x ∈ H∗

Fn
. If also

n ∈ cU(x) then x ∈ U∗
n and it follows that x ∈ G∗

n,Fn
. Thus st(x,Gn,Fn) 
= ∅ so

we may choose xn ∈ st2(x,Gn,Fn) − M .
Consider the sequence 〈xn : n ∈ cU (x)〉. Because xn ∈ st2(x,Gn,Fn) ⊆

st2(x,Un) it follows that 〈xn〉 clusters, say to p. We must have p 
= x because
for each n, xn /∈ M which is a neighborhood of x. Thus there is k ∈ N such
that x ∈ st2(x,Vk) but p /∈ st2(x,Vk).

For each n ≥ k, we have k ∈ Fn so

xn ∈ st2(x,Gn,Fn) ⊆ st2(x,HFn) ⊆ st2(x,Vk).

Thus the neighborhood X−st2(x,Vk) of p contains at most k−1 members of the
sequence 〈xn : n ∈ cU (x)〉, so the sequence cannot cluster at p, a contradiction.
Thus 〈Gn,F 〉 is a quasi–development of order 2 of X. �

Theorem 3.4 A regular space X is metrizable if and only if it is a quasi–wM ,
β–space with a quasi–G∗

δ–diagonal.

Proof. The necessity of the condition is obvious. We prove the converse.
From Theorem 2.1, X is semistratifiable, so X is perfect. It is easy to prove
that every perfect quasi–wM–space is a wM–space. By Theorem 2.5, X is
metrizable. �

Theorem 3.5 (1) Every wM1–space is countably paracompact.
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(2) Every normal wM1–space is strongly normal, that is, collectionwise nor-
mal and countably paracompact.

Proof. The proof is similar to the proof of [18, Theorem 2.4 and Lemma 2.6].
�

Example 3.6 A wΔ–space which is not a wM1–space.

Let ω be the first infinite ordinal and Γ the first uncountable ordinal. Let
X = [0, ω] × [0, Γ] − (ω, Γ).
Ishii [16] showed that X is a wΔ–space; but Shiraki [23] proved that X is not
countably paracompact. According to Theorem 3.5, X is not a wM1–space.

Theorem 3.7 A space X is metrizable if and only if X is a T2, semi–stratifiable
wM1–space.

Proof. The proof is similar to the proof of [18, Theorem 3.1]. �

Theorem 3.8 A space is metrizable if and only if it is wM1 and has an α2–
diagonal.

Proof. We shall only prove the ‘if’–part, since the ‘only–if’–part is obvious. Let
〈Un : n ∈ N〉 be an α2–sequence for X. Let 〈Vn : n ∈ N〉 be a wM1–sequence
in X. Define Gn = {U ∩ V : U ∈ Un and V ∈ Vn}. Then 〈Gn : n ∈ N〉 is also
an α2–sequence for X. We may assume that Gn+1 refines Gn for each n ∈ N.
To prove that 〈Gn : n ∈ N〉 is a semi–development of X, we need to show that
{st(x,Gn)}n∈� is a network at x for each x ∈ X. Let x ∈ X and U be an
open neighborhood of x. Assume that xn ∈ st(x,Gn) − U for each n. Then
〈xn : n ∈ N〉 has a cluster point, say, y. Since Gn+1 refines Gn for each n ∈ N,
we have y ∈ st(x,Gn) for each n. It follows that y ∈ ⋂

n∈�st(x,Gn) = {x} ⊂ U .
Since U is an open neighborhood of y and y is a cluster point of 〈xn : n ∈ N〉,
it follows that U contains xn for some n, which is a contradiction to xn /∈ U for
each n. Therefore st(x,Gn) ⊂ U for some n. Thus X is a T2 semi–developable
space and hence it is semi–metrizable, [2]. From Theorem 3.7, X is metrizable.
�

Lemma 3.9 Let X be a wM1–space with a sequence 〈Un : n ∈ N〉 of covers of

X satisfying the wM 1 condition. If
⋂

n∈�st
2(x,Un) =

⋂
n∈�st(x,Un) for each

point x ∈ X, then for each k, {stk(x,Un) : n ∈ N} is a neighborhood basis for⋂
n∈�st(x,Un).

Proof. Similar to the proof of [17, Lemma 3.2]. �
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Theorem 3.10 Let X be a wM1–space with a sequence 〈Un : n ∈ N〉 of covers

of X satisfying the wM1 condition. If
⋂

n∈�st
2(x,Un) =

⋂
n∈�st(x,Un) for each

point x ∈ X, then X is an M–space.

Proof. Similar to the proof of [17, Theorem 3.1]. �
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