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Abstract. In this paper, we develope an algorithm for solving a fuzzy
multiobjective linear plus linear fractional programming problem. In the pro-
posed approach membership functions associated with each objective function
are transformed into linear functions by using Taylor’s theorem. Then the
MOLLFP changed into equivalent multiobjective linear programming prob-
lem (MOLP) and then it can be solved as equal weighted multiobjective linear
programming problem. This reduces the computational complexity and yields
an efficient solution.
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1. Introduction

Linear programming is a technique for the optimization of a linear objective
function, subject to linear constraints. Given a polyhedron and a real-valued
affine function defined on this polyhedron, a linear programming method finds
a point on the polyhedron where this function has the optimum value if such
point exists, by searching through the polyhedron vertices. In linear fractional
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programming model we analyze the linear fractional functions, where the con-
straint functions are in the form of linear inequalities or equalities.

If we take more than one objectives in general linear fractional program-
ming problem, then the problem is known as multiobjective linear fractional
programming (MOLFP) problem. MOLFP is applied to different disciplines
such as financial sector, inventory management, production planning, bank-
ing sector and others. It is very useful in decision making. Basically it
is used for modeling real life problems with one or more objectives such
as debt/equity, profit/cost, inventory/sales, actual cost/standard cost, out-
put/employees, nurses/patients ratios etc with respect to some constraints.
Multiobjective linear fractional programming problem have been extensively
studied for several decades and the research is based on the theoretical back-
ground. As a matter of fact, many ideas and approaches have their foundation
in the theory of fractional programming [1, 22, 21, 14, 7, 13, 10]. Multiobjec-
tive linear fractional programming problems using fuzzy has been studied in
[15, 6, 16, 9, 4]. Recentely, Luhandjula [15] has given methodology for solving
for MOLFP using linguistic approach. Dutta, Rao and Tewari [6] modified lin-
guistic approach of Luhandjula [15] to solve MOLFP using fuzzy set theoretic
approach. Recently, Nuran and Mustafa [17] have given Taylor series approach
to solve MOLFP and Toksari [16] developed an algorithm to solve FMOLFP
by Taylor series approach. Linear plus linear fractional programming prob-
lems arise when a compromisation between absolute and relative terms is to
be maximized. Teterev [2] pointed out this type of problem and he derived
optimality criteria for (LLFP) using simplex type algorithm. Multiobjective
linear plus linear fractional programming problem( MOLLFP) solutions pro-
posed in the literature [23, 20, 11, 19, 18, 12, 2] computationally intensive and
complex in nature. In the proposed approach, we have attempted to reduce
computational complexity.

In this paper, we propose an algorithm to the solution of multiobjective
linear plus linear fractional programming (MOLLFP) problem using fuzzy set
theory and Taylor series polynomial method. With the help of the first order
Taylor’s theorem about optimal points of each membership function associ-
ated with objective functions are unified. Thus, fuzzy multiobjective linear
plus linear fractional programming problem is reduced to an equivalent linear
programming problem. An algorithm is proposed to determine a global opti-
mum solution to the problem in a finite number of steps. The feasible region is
a convex bounded set. The proposed algorithm is applied to three numerical
examples. The given examples are solved by optimization software TORA@
2.0 version, 2006.

2. Preliminaries

In this section, we explain some basic concepts which are needed.
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2.1. Fuzzy Multiobjective Linear Fractional Programming Problem
(FMOLFP). A general linear fractional programming problem (LFP) can be
formulated as follows

Optimize f(x) =
cT x + α

dT x + β

subject to

Ax = b(1)

x ≥ 0,

where x, cT , dT , ∈ Rn , b ∈ Rm , α , β ∈ R.

For some values of x, dT x + β may be equal to zero but here we take only
the case dTx + β > 0. If we take more than one objectives in general linear
fractional programming problem, then the problem is known as multiobjective
linear fractional programming problem. Mathematically it can be written as:

OptimizeF (x) = [ F1(x), F2(x), F3(x) . . . Fk],

where Fi(x) =
fi(x)

mi(x)
=

cT
i x + αi

dT
i x + βi

.(2)

Also, fi(x) = cT
i x+αi, mi(x) = dT

i x+βi, are real valued function on X, where
X = {x : Ax (≤, =, ≥) b, x ≥ 0, x ∈ Rn, b ∈ Rm, A = (aij)m×n, αi, βi ∈ R}
is assumed to be non- empty convex bounded set in Rn, and dT

i x + βi > 0 (i
= 1, 2, . . . , k) , ∀ x ∈ X.

If an uncertain aspiration level is introduced to each of the objectives of
MOLFP, then these fuzzy objectives are called fuzzy goals [3]. This can be
defined as follows:Find X(x1, x2, .....xn)

such that

Fi(x) � gi or Fi(x) � gi(3)

subject to

x ∈ X = {x ∈ Rn, Ax ≤ b, x ≥ 0 with b ∈ Rm, A ∈ Rm×n},
where gi is the aspiration level of the ith objective Fi(x).

The membership function must be described for each fuzzy goal. A mem-
bership function can be explained as given below:
If Fi(x) � gi, then

μi(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 if Fi(x) � gi

ti−Fi(x)

ti−gi
if gi � Fi(x) � ti

0 if Fi(x) � ti

(4)
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If Fi(x) � gi, then

μi(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if Fi(x) � gi

Fi(x)−ti
gi−ti

, if ti � Fi(x) � gi

0, if Fi(x) � ti

(5)

and ti and ti are the upper tolerance limit and lower tolerance limit, respec-

tively, for the ith fuzzy goal.

2.2. Fuzzy Multiobjective Linear Plus Linear Fractional Program-
ming Problem (FMOLLFP). A general linear plus linear fractional pro-
gramming problem is given by (1). A multiobjective linear-plus-linear frac-
tional programming problem may be defined as

Optimize F (x) = {F1(x), F2(x), ....Fk(x) }
Fi(x) = (LT

i x + θi) +
cT
i x + αi

dT
i x + βi

,

where dT
i x + βi > 0, ∀ i

subject to.(6)

x ∈ X = {Ax ≤ b, x ≥ 0, x, cT
i , dT

i , LT
i ∈ Rn, b ∈ Rm,

A = (aij)m×n, αi, βi, θi ∈ R}.
If an uncertain aspiration level is introduced to each of the objectives of

MOLLFP, then these fuzzy objective are called fuzzy goals. The FMOLLFP
can be defined as

Find X(x1, x2, .....xn) such that

Fi(x) � gi or Fi(x) � gi ∀ (i = 1, 2, . . . , k)

subject to

x ∈ X = {x ∈ Rn, Ax ≤ b, x ≥ 0 with b ∈ Rm, A ∈ Rm×n}
where gi is the aspiration level of the ith objective Fi and �, �, indicate

fuzziness of the aspiration level. The membership function μi(x) must be
described for each fuzzy goal as in (4) and (5).

3. Formulation of the Problem

We consider the multiobjective linear plus linear fractional programming
problem of the form:
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MaxF (x) = {F1(x), F2(x), . . . , Fk(x) }
Fi(x) = (LT

i x + θi) +
cT
i x + αi

dT
i x + βi

(7)

where dT
i x + βk > 0, ∀ (i = 1, 2, . . . , k)

subject to

x ∈ X = {Ax ≤ b, x ≥ 0, x, cT
i , dT

i , LT
i ∈ Rn, b ∈ Rm

A = (aij)m×n, αi, βi, θi ∈ R}.
Assume fuzzy aspiration level gi and tolerance limit (ti, ti) for each objective

function Fk(x). We construct membership function for each objective using
Zimmermann Max-Min approach [9]. Then the problem (7) becomes

Find X(x1, x2, . . . , xn)

so as to satisfy

Fi(x) � gi

or(8)

Fi(x) � gi

subject to x ∈ X = {x ∈ Rn, Ax ≤ b, x ≥ 0 with b ∈ Rm, A ∈ Rm×n}
and Fi(x) = (LT

i x + θi) +
cT
i x + αi

dT
i x + βi

, where dT
i x + βi > 0, ∀ i

where gi is the aspiration level of the ith objective function Fi(x). The
membership function μi(x), described for each fuzzy goal, is given by equation
(4) and equation (5). Suppose that all Fi(x) and all of their partial derivatives
of order less than or equal n + 1 are continuous on the feasible region X. So
the membership functions μi(x) of each Fi(x) are having same property in the
feasible region.

The proposed algorithm can be explained in three steps:
Step 1: Determine the vertices of the feasible region, x∗

i = { x∗
i1, x∗

i2, . . . , x∗
in}

for which the ith membership function is maximized associated with ith objec-
tive Fi(x),∀ i = 1, 2, . . . , k, where n is the number of variable.
Step 2: Transform membership function by using first order Taylor’s theorem

μi(x) = μ̃i(x) ∼= μi(x
∗
i ) + [(x1 − x∗

i1)
∂μi(x

∗
i )

∂x1
+ (x2 − x∗

i2)
∂μi(x

∗
i )

∂x2
+ . . .(9)

+ (xn − x∗
in)

∂μi(xi)

∂xn
] + O(h2)

μi(x) = μ̃i(x) ∼= μi(x
∗
i ) +

n∑
j=1

[(xj − x∗
ij)

∂μi(x
∗
i )

∂x
j

] + O(h2).(10)
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Step-3: Find x∗ = {x∗
1, x∗

2, . . . , x∗
n} by solving the reduced problem to a single

objective. Here, the problem is solved by assuming the weights of the objectives
are equal to 1.

P (x) ∼=
k∑

i=1

μi(x
∗
i ) +

n∑
j=1

(xj − x∗
ij)

∂μi(x
∗
i )

∂xj
.(11)

The problem (7) is now transformed into a new LPP as given below:

Max

k∑
i=1

μi(x
∗
i ) +

n∑
j=1

(xj − x∗
ij)

∂μi(x
∗
i )

∂xj

where

μi(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 if Fi(x) � gi

ti−Fi(x)

ti−gi
if gi � Fi(x) � ti

0 if Fi(x) � ti.

(12)

If Fi(x) � gi, then

μi(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 if Fi(x) � gi

Fi(x)−ti
gi−ti

if ti � Fi(x) � gi

0 if Fi(x) � ti.

subject to

x ∈ X = {Ax ≤ b, x ≥ 0, x, cT
i , dT

i , LT
i ∈ Rn, b ∈ Rm

A = (aij)m×n, αi, βi, θi ∈ R}.

Thus the new LPP is obtained, which is equivalent to the FMOLLFP.
In (12), X is a non empty convex bounded set having feasible points. The

optimum solution of LPP (12) gives the efficient solution of FMOLLFP (7).
The values of membership at optimal points are also determined which give
the satisfaction percentage of objective function to the solution.

4. Numerical Examples

Example 1: Consider a MOLLFP with two objective functions:
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Max

{
F1(x) = (−x1 − 1) +

−5x1 + 4x2

2x1 + x2 + 5
, F2(x) = (x2 + 1) +

9x1 + 2x2

7x1 + 3x2 + 1

}
subject to

x1 − x2 ≥ 2

4x1 + 5x2 ≤ 25(13)

x1 ≥ 5

x1, x2 ≥ 0.

It is observed that F1 < 0, F2 ≥ 0, for each x in the feasible region.
If the fuzzy aspiration levels of the two objectives are −7.31, and 3.21, then

find x in order to satisfy the following fuzzy goals.

F1(x) � −7.31,

F2(x) � 3.21.

The tolerance limits for the two fuzzy goals are (−9.04, 2.21) respectively.
The membership function for the two fuzzy goals are

μ1(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F1(x) � gi

Fi(x)−ti
gi−ti

, if F1(x)ti � Fi(x) � gi

0, if Fi(x) � ti

i.e.

μ1(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F1(x) � −7.31

(−x1−1)+
−5x1+4x2
2x1+x2+5

+9.04

1.73
, if − 9.04 � F1(x) � −7.31

0, if F1(x) � −9.04

(14)

μ2(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F2(x) � 3.21

(x2+1)+
9x1+2x2

7x1+3x2+1
− 2.21

1
, if 2.21 � F2(x) � 3.21

0, if F2(x) � 2.21.

(15)
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Expanding the membership functions μ1(x) and μ2(x) about points (5, 1)

μ1(x) = μ̃1(x) ∼= μ1(5, 1) + (x1 − 5)
∂μ1(5, 1)

∂x1

+ (x2 − 1)
∂μ1(5, 1)

∂x2

μ1(x) ∼= μ̃1(x) = −0.66x1 + 0.19x2 + 4.11(16)

μ2(x) = μ̃2(x) ∼= μ2(5, 1) + (x1 − 5)
∂μ2(5, 1)

∂x1
+ (x2 − 1)

∂μ2(5, 1)

∂x2

μ2(x) ∼= μ̃2(x) = 0.02x1 + 0.96x2 − 0.06.(17)

Adding (16) and (17), we get new LPP

Max P (x) ∼= μ̃1(x) + μ̃2(x) = −0.64x1 + 1.15x2 + 4.05

subject to

x1 − x2 ≥ 2

4x1 + 5x2 ≤ 25(18)

x1 ≥ 5

x1, x2 ≥ 0.

The solution of the above problem is given by x1 = 5, x2 = 1 and the mem-
bership values are μ1 = 1, μ2 = 1.

The optimal solution of the problem (18) is at the point (5, 1) and maximum
value is 2. The point (5, 1) is the efficient solution of the given original problem
in the feasible region. The solution for the original is given by x1 = 5, x2 =
1, F1 = −7.31, F2 = 3.21. The membership function values at (5, 1) indicate
that goal F1 and F2 are satisfied 100% and 100% respectively, for the obtained
solution.

Example 2: Let us consider a MOLLFP with three objective func-
tions

Max {F1(x) = (−x1 − 1) +
−5x1 + 4x2

2x1 + x2 + 5
,

F2(x) = (x2 + 1) +
9x1 + 2x2

7x1 + 3x2 + 1
,

F3(x) = (x1 + 1) +
3x1 + 8x2

4x1 + 5x2 + 3
}

subject to

x1 − x2 ≥ 2

4x1 + 5x2 ≤ 25(19)

x1 + 9x2 ≥ 9

x1 ≥ 5

x1, x2 ≥ 0.

It is observed that F1 < 0, F2 ≥ 0, F3 ≥ 0 for each x in the feasible region.
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If the fuzzy aspiration levels of three objectives are (−7.31, 3.21, 7.54) re-
spectively, then find x in order to satisfy the following goals:

F1(x) � −7.31,

F2(x) � 3.21,(20)

F3(x) � 7.54.

The tolerance limits for the three fuzzy goals are −8.43, 2.59, 6.72 respectively.
The membership functions for the three fuzzy goals are given by

μ1(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F1(x) � −7.31

(−x1−1)+
−5x1 + 4x2
2x1 + x2+5

+ 8.43

1.12
, if − 8.43 � F1(x) � −7.31

0, if F1(x) � −8.43

(21)

μ2(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F2(x) � 3.21

(x2+1)+
9x1 + 2x2

7x1 + 3x2+1
− 2.59

0.62
, if 2.59 � F2(x) � 3.21

0, if F2(x) � 2.59

(22)

μ3(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F3(x) � 7.54

(x1+1)+
3x1 + 8x2

4x1 + 5x2+3
− 6.72

0.82
, if 6.72 � F3(x) � 7.54

0, if F3(x) � 6.72.

(23)

By expanding the first order Taylor’s theorem for membership functions μ1(x), μ2(x) and
μ3(x) about points (5, 1), (5, 1)and(5.8, 0.35) respectively in the feasible re-
gion, we have

μ1(x) ∼= μ̃1(x) = −1.03x1 + 0.30x2 + 5.85(24)

μ2(x) ∼= μ̃2(x) = 0.02x1 + 1.55x2 − 0.45(25)

μ3(x) ∼= μ̃2(x) = 1.22x1 + 0.19x2 − 6.16.(26)
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Adding (24), (25) and (26), we get new LPP as

MaxP (x) ∼= μ̃1(x) + μ̃2(x) + μ̃3(x) = 0.21x1 + 2.04x2 − 0.76

subject to

x1 − x2 ≥ 2

4x1 + 5x2 ≤ 25(27)

x1 + 9x2 ≥ 9

x1 ≥ 5

x1, x2 ≥ 0.

Optimal solution of problem (27) is at the point (5, 1) and the maximum value
is 2.33. The solution of the above problem is given by x1 = 5, x2 = 1, F1 =
−7.31, F2 = 3.21, F3 = 6.82. and the membership values are μ1 = 1, μ2 =
1, μ3 = 0.13.

The membership function values at (5, 1) indicate that goal F1, F2 and F3

are satisfied 100%, 100% and 13% respectively, for the obtained solution.
Example 3: Let us consider a MOLLFP with three objective functions

Max {F1(x) = (−x1 − 1) +
−x1 + 2x2 − 5

7x1 + 3x2 + 1
,

F2(x) = (−2x2 − 1) +
2x1 − 3x2 − 5

x1 + 1
,

F3(x) = (−3x1 − 1) +
5x1 + 2x2 − 19

−5x1 + 20
}

subject to

x1 ≤ 6

x2 ≤ 6(28)

2x1 + x2 ≤ 9

−2x1 + x2 ≤ 5

x1 − x2 ≤ 5

x1, x2 ≥ 0.

It is observed that F1 < 0, F2 < 0, F3 < 0 for each x in the feasible region.
If the fuzzy aspiration levels of the three objectives are −1.21, −0.17, −1.95

respectively, then

F1(x) � −1.21,

F2(x) � −0.17,(29)

F3(x) � −1.95.
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The tolerance limits for the two fuzzy goals are −6.28, −21, −17.2 respectively.
The membership functions for the three fuzzy goal are

μ1(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F1(x) � −1.21

(−x1−1) +
−x1 + 2x2−5
7x1 + 3x2+1

+6.28

5.07
, if − 6.28 � F1(x) � −1.21

0, if F1(x) � −6.28

(30)

μ2(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, if F2(x) � −0.17
(−2x2−1)+

2x1 − 3x2−5
x1+1

+21

20.83
, if − 21 � F2(x) � −0.17

0, if F2(x) � −21

(31)

μ3(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if F3(x) � −1.95

(−3x1−1) +
5x1 + 2x2−19

−5x1 + 20
+17.2

15.25
, if − 17.2 � F3(x) � −1.95

0, if F3(x) � −17.2.

(32)

By expanding the first order Taylor’s theorem for membership functions μ1, μ2

and μ3 about points (0.5, 6), (5, 0)and(0, 0) respectively in the feasible region.

μ1(x) ∼= μ̃1(x) = −0.22x1 + 0.0099x2 + 1.0506(33)

μ2(x) ∼= μ̃2(x) = 0.0093x1 − 0.12x2 + 0.9535(34)

μ3(x) ∼= μ̃2(x) = −0.20x1 + 0.0066x2 + 1.(35)

Adding (33), (34) and (35), we get new LPP

Max P (x) ∼= μ̃1(x) + μ̃2(x) + μ̃3(x) = −0.41x1 − 0.10x2 + 3.0041.

subject to

x1 ≤ 6

x2 ≤ 6(36)

2x1 + x2 ≤ 9

−2x1 + x2 ≤ 5

x1 − x2 ≤ 5

x1, x2 ≥ 0.

Optimal solution of the problem (36) is at the point (0, 0) and the maximum
value of P (x) is 3.0041. The efficient solution of the problem is given by
x1 = 0, x2 = 0, F1 = −6, F2 = −6, F3 = −1.95 and the membership values
are μ1 = 0.06, μ2 = 0.72, μ3 = 1. The membership function values at (0, 0)
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indicate that goal F1, F2 and F3 are satisfied 6%, 72% and 100% respectively,
for the obtained solution.
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