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Abstract

The purpose of this work is to introduce a hybrid iterative scheme
for finding a common element of the set of a generalized equilibrium
problem, the set of solutions to a variational inequality and the set of
fixed points of a strict pseudo-contraction mappings in a real Hilbert
space. The results obtained in this paper extend and improve the result
of Cho, Qin and Kang [Convergence theorems based on hybrid methods
for generalized equilibrium problems and fixed point problems, Nonlin-
ear Anal. doi:10.1016/j.na.2009.02.106], and many authors.
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1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H . A mapping S of C into itself is nonexpansive if ‖Sx − Sy‖ ≤
‖x − y‖, ∀x, y ∈ C. The set of fixed points of S is denoted by F (S). Let F be
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a bifunction of C × C into R, where R is the real numbers. The equilibrium
problem for F : C × C → R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (1)

The set of solutions of (1) is denoted by EP (F ). Numerous problems in
physics, optimization, and economics reduce to find a solution of (1). In 1997,
Combettes and Hirstoaga [6] introduced an iterative scheme of finding the
best approximation to the initial data when EP (F ) is nonempty and proved
a strong convergence theorem.

Let A : C → H be a mapping. The classical variational inequality, denoted
by V I(C, A), is to find x∗ ∈ C such that 〈Ax∗, v − x∗〉 ≥ 0 for all v ∈ C.
The variational inequality has been extensively studied in the literature. See,
e.g. [15] and the references therein. Let B : C → H be a nonlinear mapping.
Then, we consider the following generalized equilibrium problem(GEP): Find
z ∈ C such that

F (z, y) + 〈Bz, y − z〉 ≥ 0, ∀y ∈ C (2)

The set of such z ∈ C is denoted by EP , i.e.,
EP = {z ∈ C : F (z, y) + 〈Bz, y − z〉 ≥ 0, ∀y ∈ C}.

In the case of B ≡ 0, EP is denoted by EP (F ). In the case of F ≡ 0, EP
is also denoted by V I(C, A). A mapping A of C into H is called α-inverse-
strongly monotone [2] if there exists a positive real number α such that

〈Au − Av, u − v〉 ≥ α‖Au − Av‖2

for all u, v ∈ C. Recently, Takahashi and Toyoda [11] and Yao et al. [16]
introduced an iterative method for finding an element of V I(C, A) ∩ F (S),
where A : C → H is an α-inverse-strongly monotone mapping. Let A be a
strongly positive bounded linear operator on H : that is, there exists a constant
γ > 0 with property

〈Ax, x〉 ≥ γ‖x‖2 for all x ∈ H. (3)

A mapping S : C → C is called a k-strict pseudo-contraction mapping if there
exists a constant 0 ≤ k < 1 such that

‖Sx − Sy‖2 ≤ ‖x − y‖2 + k‖(I − S)x − (I − S)y‖2, (4)

for all x, y ∈ C. If C is bounded closed convex and S is a nonexpansive mapping
of C into itself, then F (S) is nonempty. It is well-known that S is nonexpansive
if and only if S is 0-strictly pseudo-contractive. The mapping S is also said to
be pseudo-contractive if k = 1 and S is said to be strongly pseudo-contractive
if there exists a positive constant λ ∈ (0, 1) such that S − λI is pseudo-
contractive. Clearly, the class of k-strictly pseudo-contractive mappings falls
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into the one between classes of nonexpansive mappings and pseudo-contractive
mappings. We remark also that the class of strongly pseudo-contractive map-
pings is independent of the class of k-strictly pseudo-contractive mappings.

In 1967, Browder and Petryshyn [2] established the first convergence result
for k-strict pseudo-contraction in real Hilbert spaces. They proved weak and
strong convergence theorem by using iteration with a constant control sequence
{αn} = α for all n. Many authors have appeared in the literature on the exis-
tence of solution equilibrium, see also, for example [1, 5, 8, 12] and references
therein. To find an element of EP (F ) ∩ F (S), Takahashi and Takahashi [12]
introduced the an iterative scheme for nonexpansive mappings by the hybrid
method in a Hilbert space.

Recently, in 2008, Takahashi and Takahashi [10] introduced a hybrid iter-
ative method for finding a common element of EP and F (S). They defined
{xn} in the following way:⎧⎪⎨

⎪⎩
un ∈ C, such that
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = βnxn + (1 − βn)S(anu + (1 − anun)), ∀n ∈ N.
(5)

where B be an β-inverse strongly monotone mapping of C into H with positive
real number α, and proved strong convergence theorems in the framework of
a Hilbert space, under some suitable conditions on parameters {an}, {βn} and
{λn}.

Very recently, Cho, et al. [4], Ceng et al. [5], Liu [7] and Peng et al.
[9] established an iterative scheme for finding a common element of the set of
solution of an equilibrium problem (1), generalized equilibrium problem (2) and
the set of fixed point of a k-strict pseudo-contraction mapping in the setting
of real Hilbert space. They also studied some weak and strong convergence
theorem for k-strict pseudo-contraction mappings of the sequence generated
by their algorithm.

In 2009, Cho, Qin and Kang [3] introduce the hybrid methods for finding
a common element of F (S) ∩ V I(C, A) ∩ EP. Let S be a k-strict pseudo-
contraction mapping and defined Kx = kx(1 − k)Sx for all x ∈ C. They
defined {xn} in the following way:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

A be an α-inverse-strongly monotone mapping of C into H and let B be an
β-inverse-strongly monotone mapping of C into H , respectively. They proved
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strong convergence theorems in the framework of a Hilbert space, under some
suitable conditions on parameters {an}, {rn} and {λn}.

In this paper, we extend and improve the result of Cho, Qin and Kang [3].
Then, we obtain the strong convergence theorem for the sequences generated
by these processes. Furthermore, using the theorem we also obtain strong
convergence theorems for finding elements of fixed points, equilibrium problems
and the set of solutions to a variational inequality, respectively.

2 Preliminary

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and
let C be a closed convex subset of H . For every point x ∈ H , there exists a
unique nearest point in C, denote by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖, for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is a
nonexpansive mapping of H onto C and satisfied

〈x − y, PCx − PCy〉 ≥ ‖PCx − PCy‖2 (6)

for every x, y ∈ H . Moreover, PCx is characterized by the following propertied:
PCx ∈ C and

‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2 (7)

for all x ∈ H , y ∈ C. The following is the property in Hilbert spaces: for any
x, y ∈ H, we have

(i) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉
(ii) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉
(iii) ‖x ± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2

(iv) ‖tx + (1 − t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2, ∀t ∈ [0, 1].

Remark 2.1 We note that if A is a α-inverse-strongly monotone, for all
u, v ∈ C and λn > 0,

‖(I − λnA)u − (I − λnA)v‖2 = ‖(u − v) − λn(Au − Av)‖2

= ‖u − v‖2 − 2λn〈u − v, Au − Av〉
+λ2

n‖Au − Av‖2

≤ ‖u − v‖2 + λn(λn − 2α)‖Au − Av‖2. (8)

So, if λn ≤ 2α, then I − λnA is a nonexpansive mapping from C to H.

Lemma 2.2 [17] Let T : K → H be a k-strictly pseudo-contraction. De-
fined D : K → H by Sx = λx+(1−λ)Tx for each x ∈ K. Then, as λ ∈ [k, 1),
S is a nonexpansive mapping such that F (S) = F (T ).
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For solving the equilibrium problem for a bifunction F : C × C → R, let
us assume that F satisfies the following condition:

(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y ∈ C, limt→0 F (tz + (1 − t)x, y) ≤ F (x, y);
(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [1].

Lemma 2.3 [1] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that F (z, y)+ 1

r
〈y−z, z−x〉 ≥ 0 for all y ∈ C.

Lemma 2.4 [1, 6, 10] Assume that F : C × C → R satisfies (A1)-(A4),
and let r > 0 and x ∈ H. Then,there exists unique z ∈ C such that F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0 for all y ∈ C. Moreover, let Tr be a mapping of H into C

defined by Tr(x) = z for all x ∈ H. Then, the following hold:
1.Tr is single- valued;
2.Tr is firmly nonexpansive, i.e., ‖Trx − Try‖2 ≤ 〈Trx − Try, x − y〉, for

any x, y ∈ H;
3.F (Tr) = EP (F );
4.EP (F ) is closed and convex;
5.‖Tsx − Ttx‖2 ≤ s−t

s
〈Tsx − Ttx, Tsx − x〉, for all s, t > 0 and x ∈ H.

Lemma 2.5 (see [13, 14]) Let {an} be a sequence of nonnegative real num-
bers, satisfying the property,

an+1 ≤ (1 − γn)an + bn, n ≥ 0,

where {γn} ⊂ (0, 1), and {bn} is a sequence in R such that:
i) Σ∞

n=1γn = ∞;
ii) lim supn→∞

bn

γn
≤ 0 or Σ∞

n=1|bn| < ∞.
Then limn→∞ an = 0.

3 Main Results

In this section, we prove a strong convergence theorem of the hybrid
method for strictly pseudo-contractive mappings in a real Hilbert space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a k-strictly pseudo-contractive for some 0 ≤ k < 1. Defined a mapping
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Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume that F :=
F (S) ∩ V I(C, A)∩ EP �= ∅. Let the sequences {xn} and {un} be generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
wn = βnSkyn + (1 − βn)yn,
zn = αnxn + (1 − αn)Skwn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

(9)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn}, {βn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the
following conditions:
(i) k ≤ αn, βn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β,for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx1.

Proof. Let p ∈ F since 0 ≤ rn < 2β, we have

‖un − p‖2 = ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ ‖(xn − rnBxn) − (p − rnBp)‖2

≤ ‖(xn − p) − rn(Bxn − Bp)‖2

≤ ‖xn − p‖2 − 2rn〈xn − p, Bxn − Bp〉 + r2
n‖Bp − Bxn‖2

≤ ‖xn − p‖2 − 2rnβ‖Bxn − Bp‖2 + r2
n‖Bp − Bxn‖2 (10)

≤ ‖xn − p‖2. (11)

First we show that F ⊂ Cn for all n ∈ N, we can prove by induction. It is
obvious that F ⊂ C1. Let p ∈ F , we known that I − λnA is nonexpansive, for
all n ∈ N and from p ∈ V I(C, A) we get p = PC(p − λnAp). It follows that

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ ‖(I − λnA)un − (I − λnA)p‖2

≤ ‖un − p‖2. (12)

Consider,

‖wn − p‖ = ‖βn(Skyn − p) + (1 − βn)(yn − p)‖
≤ βn‖Skyn − p‖ + (1 − βn)‖yn − p‖
≤ βn‖yn − p‖ + (1 − βn)‖yn − p‖
= ‖yn − p‖
= ‖un − p‖
= ‖xn − p‖. (13)
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Thus, we have

‖zn − p‖ = ‖αnxn + (1 − αn)Skwn − p‖
= ‖αn(xn − p) + (1 − αn)(Skwn − p)‖
≤ αn‖xn − p‖ + (1 − αn)‖Skwn − p‖ (14)

≤ αn‖xn − p‖ + (1 − αn)‖wn − p‖
≤ αn‖xn − p‖ + (1 − αn)‖xn − p‖
= ‖xn − p‖. (15)

So, we have p ∈ Cn+1 and hence F ⊂ Cn, for all n ∈ N.
Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious

that C1 = C is closed and convex. Suppose that Cm is closed and convex for
each m ∈ N. Let cj ∈ Cm+1 ⊂ Cm with cj → z. Since Cm is closed, z ∈ Cm

and ‖zm − cj‖ ≤ ‖cj − xm‖. Then

‖zm − z‖ = ‖zm − cj + cj − z‖
≤ ‖zm − cj‖ + ‖cj − z‖ (16)

Taking j → ∞, we have ‖zm − z‖ ≤ ‖z − xm‖. Hence z ∈ Cm+1. Let
x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is
convex, z ∈ Cm and ‖zm − x‖ ≤ ‖x − xm‖, ‖zm − y‖ ≤ ‖y − xm‖, we have

‖zm − z‖2 = ‖zm − (αx + (1 − α)y)‖2

= ‖α(zm − x) + (1 − α)(zm − y)‖2

= α‖zm − x‖2 + (1 − α)‖zm − y‖2 − α(1 − α)‖(zm − x) − (zm − y)‖2

≤ α‖zm − x‖2 + (1 − α)‖zm − y‖2 − α(1 − α)‖y − x‖2

≤ α‖xm − x‖2 + (1 − α)‖xm − y‖2 − α(1 − α)‖(xm − x) − (xm − y)‖2

= ‖xm − (αx + (1 − α)y)‖2

= ‖xm − z‖2. (17)

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is
closed and convex for all n ∈ N. This implies that {xn} is well-defined. From
xn = PCnx1, we have 〈x1 − xn, xn − y〉 ≥ 0, for all y ∈ Cn. Since F ⊂ Cn, we
obtain

〈x1 − xn, xn − u〉 ≥ 0 for all u ∈ F and n ∈ N. (18)

So, for u ∈ F , we get
0 ≤ 〈x1 − xn, xn − u〉 = 〈x1 − xn, xn − x1 + x1 − u〉

= −〈xn − x1, xn − x1〉 + 〈x1 − xn, x1 − u〉
≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − u‖.

This implies that ‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − u‖, hence

‖x1 − xn‖ ≤ ‖x1 − u‖ for all u ∈ F and n ∈ N. (19)
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From xn = PCnx1 and xn+1 = PCn+1x1 ∈ Cn+1 ⊂ Cn, we have

〈x1 − xn, xn − xn+1〉 ≥ 0 for all n ∈ N. (20)

So, for xn+1 ∈ Cn, we also have, for n ∈ N
0 ≤ 〈x1 − xn, xn − xn+1〉 = 〈x1 − xn, xn − x1 + x1 − xn+1〉

= −〈xn − x1, xn − x1〉 + 〈x1 − xn, x1 − xn+1〉
≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − xn+1‖.

This implies that ‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − xn+1‖ and we get

‖x1 − xn‖ ≤ ‖x1 − xn+1‖ for all n ∈ N. (21)

From (19), we have {xn} is bounded and limn→∞ ‖xn − x1‖ exists. Next, we
show that ‖xn − xn+1‖ → 0. In fact, from (20), we note that

‖xn − xn+1‖2 = ‖(xn − x1) + (x1 − xn+1)‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn+1〉 + ‖x1 − xn+1‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn + xn − xn+1〉 + ‖x1 − xn+1‖2

= ‖xn − x1‖2 − 2〈x1 − xn, x1 − xn〉 − 2〈x1 − xn, xn − xn+1〉
+‖x1 − xn+1‖2

≤ ‖xn − x1‖2 − 2‖xn − x1‖2 + ‖x1 − xn+1‖2

= −‖xn − x1‖2 + ‖x1 − xn+1‖2.

Since limn→∞ ‖xn − x0‖ exists, we obtain

lim
n→∞ ‖xn − xn+1‖ = 0. (22)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn imply that

‖zn − xn+1‖ ≤ ‖xn − xn+1‖ → 0 as n → ∞. (23)

Further, we get ‖zn − xn‖ ≤ ‖zn − xn+1‖ + ‖xn+1 − xn‖.
From (22) and (23), we have

lim
n→∞ ‖zn − xn‖ = 0. (24)

Next, we show that limn→∞ ‖xn − un‖ = 0. For p ∈ Θ. From (13), (10) and
by (ii), we have

‖zn − p‖2 = ‖αn(xn − p) + (1 − αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1 − αn)‖Skwn − p‖2 − αn(1 − αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2 − αn(1 − αn)‖xn − Skwn‖2(25)

≤ αn‖xn − p‖2 + (1 − αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 − 2rnβ‖Bxn − Bp‖2

+r2
n‖Bp − Bxn‖2] (26)

= ‖xn − p‖2 + d(e − 2β)‖Bxn − Bp‖2,
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and hence

d(2β − e)‖Bxn − Bp‖2 ≤ ‖xn − p‖2 − ‖zn − p‖2

= ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
From (24), we have limn→∞ ‖Bxn−Bp‖ = 0. From remark 2.1 that for λn ≤ 2β
then I − rnB is nonexpansive, for all n ∈ N, Trn is firmly nonexpansive and
by using Lemma 2.4, we have

‖un − p‖2 = ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ 〈(xn − rnBxn) − (p − rnBp), un − p〉
=

1

2
(‖(xn − rnBxn) − (p − rnBp)‖2 + ‖un − p‖2

−‖(xn − rnBxn) − (p − rnBp) − (un − p)‖2)

≤ 1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖(xn − un) − rn(Bxn − Bp)‖2)

=
1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn − Bp〉 − r2
n‖Bxn − Bp‖2).

Thus, we obtain

‖un−p‖2 ≤ ‖xn−p‖2−‖xn−un‖2 +2rn〈xn−un, Bxn−Bp〉−r2
n‖Bxn−Bp‖2.

(27)
From (27), we have

‖zn − p‖2 = ‖αn(xn − p) + (1 − αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1 − αn)‖Skwn − p‖2 − αn(1 − αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2 (28)

≤ αn‖xn − p‖2 + (1 − αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn − Bp〉 − r2
n‖Bxn − Bp‖2] (29)

≤ ‖xn − p‖2 − (1 − αn)‖xn − un‖2 + 2rn‖xn − un‖‖Bxn − Bp‖,
it follows that

(1 − a)‖xn − un‖2 ≤ (1 − αn)‖xn − un‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2rn‖xn − un‖‖Bxn − Bp‖
≤ ‖xn − zn‖(‖xn − p‖ − ‖zn − p‖)

+2rn‖xn − un‖‖Bxn − Bp‖.
Using (24) and ‖Bxn − Bp‖ → 0, we have

lim
n→∞ ‖xn − un‖ = 0. (30)
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Consider,

‖wn − p‖2 = ‖βn(Skyn − p) + (1 − βn)(yn − p)‖2

= βn‖Skyn − p‖2 + (1 − βn)‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2

≤ βn‖yn − p‖2 + (1 − βn)‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2

= ‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2, (31)

From (28) and (31) we also have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2] (32)

≤ αn‖xn − p‖2 + (1 − αn)‖xn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2,

it follows that

(1 − a)k(1 − a)‖yn − Skyn‖2 ≤ (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
From (24), we have

lim
n→∞ ‖Skyn − yn‖ = 0. (33)

Next, we show that limn→∞ ‖un − yn‖ = 0. Consider

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ ‖(un − λnAun) − (p − λnAp)‖2

= ‖(un − p) − λn(Aun − Ap)‖2

= ‖un − p‖2 − λn〈un − p, Aun − Ap〉 + λ2
n‖Aun − Ap‖2

≤ ‖xn − p‖2 − 2λnα‖Aun − Ap‖2 + λ2
n‖Aun − Ap‖2

= ‖xn − p‖2 + λn(λn − 2α)‖Aun − Ap‖2

≤ ‖xn − p‖2 + b(c − 2α)‖Aun − Ap‖2.

From (32) and (ii), we have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1 − αn)‖yn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 + b(c − 2α)‖Aun − Ap‖2]

≤ ‖xn − p‖2 + (1 − αn)b(c − 2α)‖Aun − Ap‖2,

it follows that

(1 − a)b(2α − c)‖Aun − Ap‖2 ≤ (1 − αn)b(2α − c)‖Aun − Ap‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
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From (24), that
lim

n→∞ ‖Aun − Ap‖ = 0. (34)

From (6), we have

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ 〈(un − λnAun) − (p − λnAp), yn − p〉
=

1

2
{‖(un − λnAun) − (p − λnAp)‖2 + ‖yn − p‖2

−‖(un − λnAun) − (p − λnAp) − (yn − p)‖2}
≤ 1

2
{‖un − p‖2 + ‖yn − p‖2 − ‖(un − yn) − λn(Aun − Ap)‖2}

=
1

2
{‖un − p‖2 + ‖yn − p‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun − Ap〉

−λ2
n‖Aun − Ap‖2},

so, we obtain

‖yn−p‖2 ≤ ‖un−p‖2−‖un−yn‖2 +2λn〈un−yn, Aun−Ap〉−λ2
n‖Aun−Ap‖2.

(35)
From (12), (32), (35) and (i) we have

‖zn − p‖2 = αn‖xn − p‖2 + (1 − αn)‖yn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖un − p‖2 − ‖un − yn‖2

+2λn〈un − yn, Aun − Ap〉 − λ2
n‖Aun − Ap‖2]

≤ αn‖xn − p‖2 + (1 − αn)‖xn − p‖2 − (1 − αn)‖un − yn‖2

+(1 − αn)2λn‖un − p‖‖Aun − Ap‖
≤ ‖xn − p‖2 − (1 − αn)‖un − yn‖2 + 2λn‖un − yn‖‖Aun − Ap‖,

it follows that

(1 − a)‖un − yn‖2 ≤ (1 − αn)‖un − yn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2λn‖un − yn‖‖Aun − Ap‖
≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖) + 2λn‖un − p‖‖Aun − Ap‖,

From (i), (24) and (34), we obtain

lim
n→∞ ‖un − yn‖ = 0. (36)

Next, we show that limn→∞ ‖Skun − un‖ = 0, consider

‖Skun − un‖ ≤ ‖Skun − Skyn‖ + ‖Skyn − yn‖ + ‖yn − un‖
≤ 2‖yn − un‖ + ‖Skyn − yn‖.
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From (36) and (33) we obtain that

lim
n→∞ ‖Skun − un‖ = 0. (37)

Since {uni
} is bounded, there exists a subsequence {unij

} of {uni
} such

that unij
⇀ w. Without loss of generality, we can assume that uni

⇀ w. Since
C is closed and convex, w ∈ C. Next, we show that w ∈ F . First, we show
that w ∈ V I(C, A). Define,

Tv =

{
Av + NCv, v ∈ C,
∅, v /∈ C.

(38)

Then, T is maximal monotone. Let (v, u) ∈ G(T ). Since u − Av ∈ NCv
and yn ∈ C, we have 〈v − yn, u − Av〉 ≥ 0. On the other hand, from yn =
PC(un − λnAun), we have 〈v − yn, yn − (un − λnAun)〉 ≥ 0, that is,

〈
v − yn,

yn − un

λn
+ Aun

〉
≥ 0.

Therefore, we have

〈v − yni
, u〉 ≥ 〈v − yni

, Av〉
≥ 〈v − yni

, Av〉 −
〈
v − yni

,
yni

− uni

λni

+ Auni

〉

=
〈
v − yni

, Av − Auni
− yni

− uni

λni

〉

= 〈v − yni
, Av − Ayni

〉 + 〈v − yni
, Ayni

− Auni
〉 −

〈
v − yni

,
yni

− uni

λni

〉

≥ 〈v − yni
, Ayni

− Auni
〉 −

〈
v − yni

,
yni

− uni

λni

〉
,

Since limn→∞ ‖yn − un‖ = 0 and A is Lipschitz continuous, we obtain

〈v − w, u〉 ≥ 0. (39)

Since T is maximal monotone, we have w ∈ T−10 and hence w ∈ V I(C, A).
Next, we show that w ∈ EP . It follows by (9) and (A2) that

〈Bxn, y − un〉 +
1

rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence

〈Bxni
, y − uni

〉 + 〈y − uni
,
uni

− xni

rni

〉 ≥ F (y, uni
) (40)
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Put yt = ty + (1− t)w for all t ∈ (0, 1] and y ∈ C. Since y ∈ C and w ∈ C, we
have yt ∈ C. So, from (30), we have

〈yt−uni
, Byt〉−〈yt−uni

, Byt〉 = 0 ≥ −〈yt−uni
, Bxni

〉−〈y−uni
,

uni−xni

rni
〉+

F (yt, uni
)

and hence
〈yt − uni

, Byt〉 ≥ 〈yt − uni
, Byt〉 − 〈yt − uni

, Bxni
〉 − 〈y − uni

,
uni−xni

rni
〉 +

F (yt, uni
)

= 〈yt − uni
, Byt − Buni

〉 + 〈yt − uni
, Buni

− Bxni
〉 − 〈y − uni

,
uni−xni

rni
〉 +

F (yt, uni
).

Since ‖uni
− xni

‖ → 0, it follows that ‖Buni
− Bxni

‖ → 0. Further, from
monotonicity of B, we get 〈yt − uni

, Byt − Buni
〉 ≥ 0. So, from (A4), we have

〈yt − w, Byt〉 ≥ F (yt, w), (41)

as i → ∞. From (A1), (A4) and (41), we have
0 = F (yt, yt) ≤ tF (yt, y)+ (1− t)F (yt, w) ≤ tF (yt, y)+ (1− t)〈yt −w, Byt〉

≤ tF (yt, y) + (1 − t)t〈y − w, Byt〉
and hence 0 ≤ F (yt, y) + (1 − t)〈y − w, Byt〉. Letting t → 0, we have for each
y ∈ C, 0 ≤ F (w, y) + 〈y − w, Bw〉. This implies that w ∈ EP . Next, we show
that w ∈ F (S). From Lemma 2.2, we have F (Sk) = F (S), we may assume
that w �= Skw, by Opial’s condition, we have

lim inf
i→∞ ‖uni

− w‖ < lim inf
i→∞ ‖uni

− Skw‖ = lim inf
i→∞ ‖(uni

− Skuni
) + (Skuni

− Skw)‖
= lim inf

i→∞
‖Skuni

− Skw‖ ≤ lim inf
i→∞

‖uni
− w‖.

This is a contradiction. So, we have w ∈ F (Sk) = F (S). Therefore w ∈ F .
Finally, we show that xn → z, where z = PF x1. Since xn = PCnx1 and

z ∈ F ⊂ Cn, we have ‖xn − x1‖ ≤ ‖z − x1‖. It follows from z′ = PFx1 and
the lower semicontinuity of the norm that

‖z′−x1‖ ≤ ‖z−x1‖ ≤ lim inf
i→∞

‖xni
−x1‖ ≤ lim sup

i→∞
‖xni

−x1‖ ≤ ‖z′−x1‖. (42)

Thus, we obtain that limk→∞ ‖xni
− x1‖ = ‖z − x1‖ = ‖z′ − x1‖. Since {xni

}
is an arbitrary subsequence of {xn}, we can conclude that {xn} converges
strongly to z, where z = PFx1. �

Theorem 3.2 [3] Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a k-strictly pseudo-contractive self mapping for some 0 ≤ k < 1. Defined
a mapping Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume
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that F := F (S) ∩ V I(C, A) ∩ EP �= ∅. Let the sequences {xn} and {un} be
generated by C1 = C ⊂ H, x1 = PCx0;

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(43)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following
conditions: (i) k ≤ αn ≤ a < 1, (ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤
e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx0.

Proof. If βn = 0 for all n ∈ N, by Thm 3.1, we obtain the desired result. �

Corollary 3.3 [4, Theorem 3.1] Let C be a nonempty closed convex subset
of a real Hilbert space H. Let F : C ×C → R be a bifunction satisfying (A1)-
(A4). Let B be an β-inverse-strongly monotone mapping of C into H. Let
T : C → C be a k-strictly pseudo-contractive self mapping for some 0 ≤ k < 1
such that Θ := F (T ) ∩ V I(C, A) ∩ EP �= ∅. Let the sequences {xn} and {un}
be generated by C1 = C ⊂ H, x1 = PCx0;

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

un ∈ C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

zn = αnxn + (1 − αn)Sun,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(44)

where un = Trn(xn − rnBxn), S = kx + (1 − k)T for all x ∈ C and {rn} ⊂
(0,∞). Assume that the control sequences {αn} ⊂ [0, 1] and {rn} ⊂ (0, 2β)
satisfy the following conditions:

(i) 0 ≤ k < αn ≤ a < 1,
(ii) 0 ≤ d ≤ rn ≤ e < 2β, for some a, d, e ∈ R.

Then {xn} converge strongly to z, where z = PΘx0.

Proof. Put A ≡ 0, βn = 0 for all n ∈ N, and from Lemma 2.2, we have
F (S) = F (T ) and Theorem 3.1, we obtain the desired result. �
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4 Applications

In this section, we obtain some strong convergence theorems by applying F ≡ 0
and βn ≡ 0 for all n ∈ N in Theorem 3.1.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a nonexpansive mapping such that F := F (S) ∩ V I(C, A) ∩ EP �= ∅. Let
the sequences {xn} and {un} be generated by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Syn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

(45)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following
conditions:
(i) k ≤ αn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx1.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an α-inverse-strongly monotone mapping of C into H and
let B be an β-inverse-strongly monotone mapping of C into H, respectively.
Let S : C → C be a k-strictly pseudo-contractive for some 0 ≤ k < 1. Defined
a mapping Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume that
F := F (S) ∩ V I(C, A) ∩ V I(C, B) �= ∅. Let the sequences {xn} and {un} be
generated by C1 = C ⊂ H, x1 = PCx0 and un ∈ C;

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

〈Bxn, y − un〉 + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(46)

where {rn} ⊂ (0,∞). Assume that the control sequences {αn} ⊂ [0, 1], {λn} ⊂
(0, 2α) and {rn} ⊂ (0, 2β) satisfy the following conditions:
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(i) k ≤ αn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx0.
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