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Abstract

The notions of cyclic pure projectivity and cyclic pure injctivity
are studied. It is shown that Baer’s criterion for injectivity cannot be
applied to cyclic pure injectivity. We have proved that in an integral
domain R, if every torsion-free R-module is cyclic pure injective then
R is a field. The notion of Quasi-cyclic-pure injectivity is introduced.
Several non-trivial examples of Quasi-cyclic-pure injective modules are
given.
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1.Introduction

The notion of purity has an important role in module theory and in model
theory. In model theory, the notion of pure exact sequence is more useful than
split exact sequence. There are several variants of this notion. R.Wisbauer [7]
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generalized the notion of purity for a class P of R-modules. He defines a short
exact sequence 0 → A → B → C → 0 of R-modules to be P -pure, if every
member of P is projective with respect to this sequence. Cohn’s [2] purity is
precisely P -purity for the class P of all finitely presented R-modules. Cohn’s
purity is simply called as purity.

In [4] we have studied the notion of cyclic purity over general rings where P
is the class of all cyclic R-modules. Here we introduce and study the notions of
cyclic pure projectivity, cyclic pure injectivity and quasi cyclic pure injectivity.

2. Definitions and Notations

In this paper, by a ring R we mean an associative ring with unity and by
an R-module we mean a unitary right R-module.

Consider a short exact sequence, ε : 0 → A → B → C → 0 of R-modules.
We call an R-module M to be ε-injective (resp. ε-projective) if M is injective
(resp. projective) with respect to the short exact sequence ε.
Definition 2.1: [4, Definition 1.1] An exact sequence ε : 0 → A → B →
C → 0 of R-modules is said to be cyclic pure(c-pure in short) if every cyclic
R-module is ε-projective.
Definition 2.2: An R-module M is said to be cyclic flat (in short c-flat), if
every short exact sequence, ε : 0 → A → B → M → 0 of R-modules is c-pure.
Definition 2.3: An R-module M is said to be cyclic regular (in short c-
regular), if every short exact sequence, ε : 0 → A → M → B → 0 of R-modules
is c-pure.

3. Cyclic Pure Projective R-modules

Definition 3.1: An R-module M is said to be cyclic-pure projective (in
short c-pure projective) if it is projective relative to every c-pure short exact
sequence of R-modules.

From the definition we have the following easy consequences.
Proposition 3.2: Let R be any ring. Then
i) Every projective R-module is c-pure projective.
ii) Every cyclic R-module is c-pure projective.
iii) A c-pure short exact sequence 0 → A → B → C → 0 of R-modules, where
C is c-pure projective, splits.
iv) Every direct summand of c-pure projective is c-pure projective.
v) Every direct sum of c-pure projective is c-pure projective.

Remark 3.3: A c-pure projective R-module need not be projective.
Example: Consider the ring Z of integers. Now Z/2Z is cyclic as a Z-module
and hence it is c-pure projective. But Z/2Z is not projective as a Z-module.
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Something more is true for commutative rings.
Proposition 3.4: If P is a projective R-module over a commutative ring R,
then P/PI is c-pure projective for every ideal I of R.
Proof: Let P be a projective R-module and let I be an ideal of R and ε :

0 → A
f→ B

g→ C → 0 be any c-pure short exact sequence. Then we have the
induced short exact sequence

ε∗ : 0 → Hom(R/I, A)
f∗→ Hom(R/I, B)

g∗→ Hom(R/I, C) → 0

of R-modules. Since P is projective, the induced sequence,

0 → Hom(P, Hom(R/I, A)) → Hom(P, Hom(R/I, B)) → Hom(P, Hom(R/I, C)) → 0

of R-modules is exact. So, by the adjoint isomorphism,

0 → Hom(P ⊗ R/I, A) → Hom(P ⊗ R/I, B) → Hom(P ⊗ R/I, C) → 0

is exact and hence the sequence,

0 → Hom(P/PI, A) → Hom(P/PI, B) → Hom(P/PI, C) → 0

is exact and hence P/PI is projective with respect to ε. So P/PI is c-pure
projective.

Proposition 3.5: Following conditions are equivalent for a ring R.
i) R is semi-simple.
ii) Every c-pure projective R-module is projective.
Proof: (i) ⇒ (ii) is obvious.
(ii) ⇒ (i) Let I be any right ideal of R. Then, R/I being cyclic, is c-pure
projective and hence by hypothesis it is projective. So I is a direct summand
of R. Hence every right ideal of R is a direct summand of R. Thus, R is
semi-simple.

Proposition 3.6: In a commutative integral domain R, a torsion-free R-
module is c-pure projective if and only if it is projective.
Proof: Follows from Remark C of [5].

Corollary 3.7: Let R be a commutative integral domain. Every R-module is
c-pure projective if and only if R is a field.
Proof: We need only to prove the necessary part. Consider the quotient field
Q of R. By hypothesis it is c-pure projective. Being torsion free, by above
proposition, Q is projective. Hence R is a field.
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Now we recall the definition of Principal Projective ring. A ring R is said
to be Principal Projective Ring (in short p.p.ring), if every principal ideal is
projective.
Proposition 3.8: In a semiprime, two sided Goldie and right p.p. ring R, a
torsion-free R-module is c-pure projective if and only if it is projective.
Proof: Follows from [4, Proposition 1.10].

Corollary 3.9: Let R be a prime, two sided Goldie and right p.p. ring. Every
R-module is c-pure projective if and only if R is a simple, artinian ring.
Proof: Follows from the proof of [4, Proposition 1.12].

Proposition 3.10: Over a right Noetherian ring R, every c-pure projective
R-module is pure projective.
Proof: The proof follows from the fact that over Noetherian ring, every pure
short exact sequence is cyclic pure exact c.f. [5, Theorem 1.3].

Theorem 3.11: Every R-module M can be expressed as a homomorphic im-
age of c-pure projective R-module. Further, if f : C −→ M is an epimorphism
from c-pure projective R-module C onto M then ker(f) is c-pure submodule
of C.
Proof: Follows from Lemma 8 of [5], and the fact that every cyclic R-module
is c-pure projective.

Fuchs [3] gives some properties for pure projective R-modules. The follow-
ing results are the corresponding results for c-pure projective.

Proposition 3.12: Let 0 = A0 ⊆ A1 ⊆ .... ⊆ An ⊆ .... be an ascending chain
of submodules of A such that A =

⋃
An. If each An is cyclic and c-pure in A

then A is c-pure projective.
Proof: For every n, An+1/An is cyclic. Since, each An is c-pure in A and since
c-pure short exact sequences of R-modules forms proper class, it follos that
for each positive integer n, An is c-pure in An+1. Hence the canonical short
exact sequence ε : 0 → An → An+1 → An+1/An → 0 is c-pure. Since An+1/An

is cyclic, it is ε projective. Hence ε splits. Therefore, An+1 = An ⊕ Bn for
some submodule Bn of An+1. Since An+1 is c-pure projective, Bn is also c-pure
projective. We conclude by the arguement similar to Fuchs, An+1 = ⊕n

k=1Bk

and hence A = ⊕∞
k=1Bk. Hence A is c-pure projective.

Proposition 3.13: If an R-module A is c-pure projective and c-flat then it is
projective.
Proof: Let A = F/K for some free module F and a submodule K of F . Since
A is c-flat, the canonical short exact sequence, ε : 0 → K → F → A → 0 is
c-pure. Since A is c-pure projective, ε splits. Hence A is projective.
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Proposition 3.14: If A =
⋃

n∈ℵ
An is a c-flat R-module where 0 = A0 ⊆ A1 ⊆

.... ⊆ An ⊆ .... be an ascending chain of cyclic, c-pure submodules of A. Then
A is projective.
Proof: Follows from Proposition 3.12 and Proposition 3.13.

Remark 3.15: A homomorphic image of a c-pure projective module need not
be c-pure projective.
Example: Let R = k[X, Y ] be a polynomial ring in two variables X, Y over a
field k. Here the ideal (X, Y ) of R is torsion-free but not flat as an R-module
[1, Chapter I, Exercise 2.3]. Let (X, Y ) = F/K for some free R-module F and
its submodule K. Then by [5, Remark C] the natural short exact sequence,
ε : 0 → K → F → (X, Y ) → 0 is c-pure. Being free, F is c-pure projective.
If (X, Y ) is c-pure projective ε splits, which is impossible. sine (X, Y ) is not
projective as an R-module, it is homomorphis image of the c-pure porjective
R-module F . But (X, Y ) is not c-pure projective.

Remark 3.16: A right ideal of R need not be c-pure projective.
Example: In the above example (X, Y ) is an ideal, which is not c-pure pro-
jective.

We recall the definition of right hereditary ring.

Definition 3.17: A ring R is said to be right hereditary if every right ideal
of R is projective.

It is well known that commutative hereditaty domains are precisely Dedekind
domains. In the following proposition, we generalise this.

Proposition 3.18: Following conditions are equivalent for a commutative in-
tegral domain R.
(i) Every ideal is c-pure projective.
(ii) R is a Dedekind Domain.
Proof: (i) ⇒ (ii) Follows by Proposition 3.13.
(ii) ⇒ (i) Obvious.

4. Cyclic-Pure Injective R-modules

Definition 4.1: An R-module M is cyclic-pure injective, if it is injective with
respect to every c-pure exact sequence. In short, we call it as c-pure injective.
Example: 1) Every injective R-module is c-pure injective.
2) In a Prufer domain, M∗ = Hom(M, Q/Z) is c-pure injective. This follows
by [5, Proposition 1.2] that over a Prufer domain every c-pure submodule of
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an R-module is pure and hence pure injectives are c-pure injective and the fact
that M∗ is always pure injective.
3) Over a Noetherian ring R, purity implies c-purity and hence c-pure injective
R-module is a pure injective R-module.
4) Over a Dedekind Domain R, the concepts of c-purity and purity are equiv-
alent and hence c-pure injectivityand pure injectivity are equivalent.

Remark 4.2: We have an example of pure injective Z-module M∗ = Hom(M, Q/Z)
where M = Z/2Z, which is not injective. Since Z is a Dedekind Domain, by
example (2) above this is a c-pure injective module which is not injective, since
M is not Z-flat.

Following proposition is the easy consequence of the definition.

Proposition 4.3: Following conditions are equivalent for an R-module M .
i) M is c-pure injective.
ii) Every c-pure exact sequence ε : 0 → M → M ′ → M ′′ → 0 splits.
iii) If M is c-pure in an R-module N then M is a direct summand of N .

We now prove a characterization for c-pure injective R-module.

Proposition 4.4: An R-module X is c-pure injective if and only if X is injec-
tive with respect to every c-pure short exact sequence 0 → A → B → C → 0
with B c-pure projective.
Proof: Only if: Follows from the definition of c-pure injective R-modules.
If: Let X be an R-module satisfying the given hypothesis. Let ε1 : 0 → A →
B → C → 0 be any c-pure exact sequence and let f ∈ Hom(A, X). For
convenience we assume, A ⊆ B, C = B/A and ε1 is canonical. By Theorem
3.11, there exists a c-pure projective module P with a c-pure submodule S
such that B = P/S. Then A = Q/S for some submodule Q of P containing S.
Since the class of c-pure submodules forms a proper class [6], the short exact
sequence, ε : 0 → Q → P → P/Q → 0 is also c-pure. Now, f ◦η ∈ Hom(Q,X)
where η : Q → Q/S is the canonical epimorphism. By hypothesis, there exists
g ∈ Hom(P, X) such that g/Q = f ◦ η. Now if x ∈ S, g(x) = (f ◦ η)(x) = 0.
This implies, S ⊆ ker(g). Hence g induces a map, h : B = P/S −→ X such
that, h(p + S) = g(p) for every p ∈ P . This prove that X is ε1-injective and
hence c-pure injective.

Definition 4.5: An R-module A is said to be M-c-pure injective if A is ε-
injective, for every c-pure short exact sequence, ε : 0 → N → M → K → 0 of
R-modules.

Baer’s criterion tells that an R-module is injective if and only if it is R-
injective. The following remark tells that, this criterion cannot be applied to
c-pure injective.
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Remark 4.6: If a right ideal I is c-pure in R then clearly I is a direct sum-
mand of R. Hence every R-module is R-c-pure injective. But every R-module
need not be c-pure injective.
Example: Consider the example given after Remark 3.12. By Remark 4.6, K
is R-c-pure injective. If K is c-pure injective then ε splits. This implies (X, Y )
is projective, which is not possible.

Proposition 4.7: Let R be a commutative integral domain. If every torsion-
free R-module is c-pure injective then R is a field.
Proof: Let M be a torsion-free R-module and let M = F/K for a free module
F and submodule K of F . Then by [5, Remark C], the short exact sequence,
ε : 0 → K → F → M → 0 is c-pure. Being submodule of a torsion-free mod-
ule, K is also torsion-free. Then by hypothesis, K is c-pure injective and hence
ε splits. Hence M is projective. Thus we have proved that every torsion-free
R-module is projective and hence Q the quotient field of R is projective. Now
being Q projective, Hom(Q,R) 	= 0. Let f 	= 0 be an element of Hom(Q,R).
Now, f(Q) is a torsion-free divisible ideal of R. Since R is an integral domain
f(Q) will be injective and hence direct summand of R. Then f(Q) = R, be-
cause an integral domain will not have proper direct summands. Hence R is
divisible and hence R is a field.

5. Quasi c-pure injective R-modules

Definition 5.1: An R-module M is said to be Quasi c-pure injective R-module
(in short QCPI) if each homomorphism of any c-pure submodule N of M can
be extended to an endomorphism of M .

Examples 5.2: 1) Clearly every semi-simple R-module is a QCPI.
2) R as an R-module is QCPI.
Proof: Let I be any c-pure submodule (right ideal) of R. Then the canonical
short exact sequence, ε : 0 → I → R → R/I → 0 is c-pure and hence it splits.
So, R is ε-injective. Hence R as an R-module is QCPI.
3) Every cyclic R-module is QCPI.
Proof: Let M be a cyclic R-module. Then M = R/I for some right ideal I
of R. Let J/I be a c-pure submodule of R/I. Then the canonical short exact
sequence, ε : 0 → J/I → R/I → R/J → 0 is c-pure. Hence being cyclic, R/J
is projective with respect to ε. Hence ε splits and R/I is injective with respect
to ε. Hence M is QCPI.
4) Every c-pure injective R-module is QCPI.
5) Every quasi-injective R-module is QCPI.
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Remark 5.3: 1) By 5.2(2) and from [5, Theorem 3], it is clear that over
Noetherian ring R, R as an R-module is quasi-pure injective.
2) We know that, if M is a quasi-injective R-module and if S = End(MR) and
J = J(S), Jacobson radical of S, then S/J is von Neumann regular ring. But
this is not true in case of QCPI.
Example: Consider the ring of integers Z. Now ZZ is QCPI. But S =
End(ZZ) ≈ Z and J(Z) = 0. Then S/J(Z) ≈ Z which is not von Neumann
regular.

Proposition 5.4: Let M be a QCPI and c-regular R-module. If S =
End(MR) and J = J(S), Jacobson radical of S, then S/J is von Neumann
regular ring.
Proof: Since, M is c-regular then, ε : 0 → N → M → M/N → 0 is c-pure for
every submodule N of M . Hence being QCPI, M is injective with respect to
ε. So, M is quasi-injective and therefore S/J is von Neumann regular ring.

Corollary 5.5: Let M be a c-pure injective, c-regular R-module and if
S = End(MR) and J = J(S), Jacobson radical of S, then S/J is von Neumann
regular ring.
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