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Abstract

Let A be a Banach algebra and X be a Banach A−bimodule. In
this paper we investigate the 2m- approximate weak amenability of A
and module extension algebra A⊕X. In fact, we show that If A⊕X is
2n- approximately weak amenable, then A is too. Also we investigate
whenever the converse is held.
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Introduction

The notion of weak amenability for every Banach algebra is defined by

B.E. Johnson [5]. F. Ghahramani, N. Gronbaek and H. G. Dales defined n-

weak amenability of Banach algebras[2]. Approximate amenability of Banach
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algebras is defined by F. Ghahramani and R. Loy in [3]. Our goal at this

present note, is investigation of the 2m-approximate weak amenability of Ba-

nach algebras. Specially, we study on relationship between 2m-approximate

weak amenability Banach algebra A and Module extension algebra A⊕ X.

1 Preliminaries

Let A be a Banach algebra and X be a Banach A−bimodule. A derivation

D : A −→ X is a linear map satisfying D(ab) = D(a)b + aD(b), for all

a, b ∈ A. Throughout this paper D is taken a continuous derivation. The

derivation D is called approximately inner if there exists a net (Xα) ∈ X such

that D(a) = limα aXα−Xαa. l1−direct sum of A and X is denoted by A⊕X,

and it is a Banach algebra with multiplication (a, x)(b, y) = (ab, ay+xb), where

a ∈ A and x ∈ X.

Let A2n (resp. X2n) be denoted 2n−th dual of A (resp. X). Then we have

(A⊕ X)2n = A2n ⊕ X2n, in left hand, sum is an l∞−sum.

If X is a Banach A−bimodule, then X2n is a Banach A− bimodule [2].

Also, (A⊕X)2n is a (A⊕X)− bimodule Banach algebra with module action

defined by:

(a ⊕ x)(A ⊕ u) = (aA + xu ⊕ au)

(A ⊕ u)(a ⊕ x) = (Aa + ux ⊕ ua).

where (a ⊕ x) ∈ A⊕ X and (A ⊕ u) ∈ (A⊕ X)2n[7].

A Banach algebra A is called 2n− approximately weakly amenable if every

derivation D : A −→ A2n is approximately inner.

2 Relationship of derivations on A and A⊕X.

We start this section with the some matters of [7]. Let A be a Banach

algebra and X be a Banach A-bimodule, If θ : X −→ A2n is a A-bimodule

homomorphism it is shown that (see [7]) the map D : A⊕ X −→ (A⊕ X)2n

defined by D(a, x) = (0, θ(x)) is a derivation. In the following Lemma we show

that whenever D is approximately derivation.

Lemma 2.1 The derivation D is approximately inner if and only if there

exists a net (Xα) in X2n such that limα(a.Xα − Xα.a) = 0 and θ(x) =
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limα(x.Xα − Xα.x) for all a ∈ A, x ∈ X.

Proof.

Let (a⊕x), (b⊕y) are arbitrary element in A⊕X. At first we assume that D

is approximately inner. Therefore there exists a net (aα ⊕ xα) in (A⊕ X)2n+1

such that D(a ⊕ x) = limα((a ⊕ x).(aα ⊕ xα) − (aα ⊕ xα).(a ⊕ x))

(0, 0) = D(a, 0) = lim
α

((a.aα, a.xα) − (aα.a, xα.a))

= (lim
α

((a.aα − aα.a), lim
α

(a.xα − xα.a))

hence, it is sufficient we take Xα = xα. Also,

(0, θ(x)) = D(0 ⊕ x) = lim
α

(x.xα − xα.x ⊕ 0)

therefore, θ(x) = limα(x.xα − xα.x).

conversely, Let (Xα) be as in the statement of the lemma, therefore

D(a ⊕ x) = (0, θ(x)) = lim
α

((x.Xα − Xα.x, a.Xα − Xα.a)

= lim
α

((a, x)(0, Xα) − (0, Xα)(a, x))

Hence, D is approximately inner.

It is well-known (see [7]) that every derivation D : A−→X2n can be ex-

tended to a derivation D1 : A ⊕ X −→ (A⊕ X)2n, defined by D1(a, x) =

(0, D(a)). In the next Lemma we show that D is approximately inner if and

only if D1 is approximately inner.

Lemma 2.2 Let D : A−→X2n be a derivation. Then the derivation D1 :

A⊕ X −→ (A⊕ X)2n defined by D1(a, x) = (0, D(a)) is approximately inner

if and only if D is approximately inner.

Proof.

If D is approximately inner, then there exists a net {xα} in X2n such that

D(a) = limα(axα − xαa). We define the net {tα} by tα = 0⊕ xα ∈ (A⊕X)2n.

It easy to check that D1 = adtα. Therefore D1 is approximately inner.

Conversely, if D1 is approximately inner , there exists a net {tα} in (A ⊕
X)2n, such that D1 = adtα , and so there are two nets {aα} in A2n and {xα} in

X2n such that tα = aα ⊕ xα. With use of definition of module actions we can

see D = adxα.
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Lemma 2.3 Let A be a Banach algebra and X be a Banach A-bimodule. If

D : A −→ A2n is a derivation. Then the map D1 : A ⊕ X −→ (A⊕ X)2n

defined by D(a, x) = (D(a), 0) is a derivation. Moreover D is approximately

inner if and only if D1 is approximately inner.

Proof. The proof is similar to that of Lemma 2.2

3 Main Results

Proposition 3.1 If A⊕ X is 2n-approximately weakly amenable. Then A is

2n- approximately weak amenable.

Proof. If D : A −→ A2n is a derivation by Lemma 2.3, we consider the

derivation D1 : A ⊕ X −→ (A⊕ X)2n defined by D(a, x) = (D(a), 0). Since

A⊕X is 2n-approximately weakly amenable hence D1 is approximately inner

and so D (by Lemma2.3).

Now we discuss on the converse of the above Proposition .

Definition 3.2 Let A be a Banach algebra. We say that A Banach A-

bimodule X has A-approximately inner property if for each A-bimodule ho-

momorphism θ : X −→ X2n there exists a net (aα) ∈ A such that

lim
α

aαa = lim
α

aaα and θ(x) = lim
α

(xaα − aαx) for all a ∈ A and x ∈ X.

Now we explain the main theorem.

Theorem 3.3 Let A be a 2m-approximately weakly amenable Banach algebra

and X has A-approximately inner property, such that every derivation of A to

X2n is approximately inner. Then A⊕X is 2n-approximately weakly amenable.

Proof.

Let τ and η be inclusion maps from A to A⊕X, respectively. Also P and

Q be projections from (A ⊕ X)2m to A2m and X2m, respectively. Clearly P

and Q are A-bimodule homomorphism. Now let D : A ⊕ X −→ (A ⊕ X)2m

be a arbitrary derivation. We claim that D is approximately inner.

Clearly the map D1 = P ◦ D ◦ τ : A −→ A2m is a derivation, and so there

is a net (uα) ∈ A2m, such that

D1(a) = lim
α

(auα − uαa) for all a ∈ A.
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Let θ = Q ◦ D ◦ η : X −→ X2m, and θ1 : X −→ X2m is defined by θ1(x) =

limα(xuα − uαx).θ1 : X −→ X2m is defined by θ1(x) = limα(xuα − uαx). With

a similar argument to ([7], 888), the map θ has the following properties:

θ(ax) = D(a)x + aθ(x) and θ(xa) = xD(a) + θ(x)a,

and so θ−θ1 is an A- bimodule homomorphism. Since X has A-approximately

inner property, there exists a net (aα) ∈ A such that

lim
α

aαa = lim
α

aaα and θ(x) = lim
α

(xaα − aαx) for all a ∈ A and x ∈ X.

Hence by Lemma 2.1 The map D
′
(a ⊕ x) = (0, θ − θ1(x)) is a approximately

inner derivation. It is clear that the map D2 = Q ◦ D ◦ τ : A −→ X2m is a

derivation and by hyposit it is approximately inner and so by Lemma 2.2, the

derivation H(a⊕ x) = (0, D2(a)) is approximately inner. It is easy to see that

the equation

D(a ⊕ x) = (H(a ⊕ x) + D
′
(a ⊕ x) + (D1(a), θ1(x))

shows D is approximately inner.
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