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Abstract

In this paper, we introduce a weak convergent iterative process for
finding a common element of the solution set for an equilibrium problem
and the set of fixed points for a nonexpansive semigroup in Hilbert
spaces.
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1. Introduction

Let H be a real Hilbert space with the scalar product and the norm denoted
by the symbols 〈., .〉 and ‖.‖, respectively, and let C be a nonempty closed
and convex subset of H . Denote the metric projection from x ∈ H onto C
by PC(x). Let T be a nonexpansive mapping on C, i.e., T : C → C and
‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. We use F (T ) to denote the set of fixed
points of T , i.e., F (T ) = {x ∈ C : x = Tx}. We know that F (T ) is nonempty,
if C is bounded, for more details see [1].



2776 Nguyen Buong and Nguyen Dinh Duong

For finding an element p ∈ F (T ), where T is a nonexpansive mapping on
C, Mann [2] introduced in 1953 the following iteration process:

x0 ∈ C any element,

xk+1 = αkxk + (1 − αk)Txk,
(1.1)

where {αk} is a sequence of positive real numbers. Processes (1.1) has only
weak convergence, in general (see [3] for an example).

Numerous problems in physics, optimization, and economics reduce to find
a solution of the equilibrium problem which is for a bifunction G(u, v) defined
on C × C to find u∗ ∈ C such that

G(u∗, v) ≥ 0 ∀v ∈ C. (1.2)

The bifunction G is assumed to satisfy the following set of standard properties.
Condition 1.1:

(A1) G(u, u) = 0 ∀u ∈ C;
(A2) G(u, v) + G(v, u) ≤ 0 ∀(u, v) ∈ C × C;
(A3) For every u ∈ C, G(u, .) : C → (−∞, +∞) is lower semicontinuous and
convex;
(A4) limt→+0G((1 − t)u + tz, v) ≤ G(u, v) ∀(u, z, v) ∈ C × C × C;

Denote the set of solutions of (1.2) by EP (G). Some methods have been
proposed to solve the equilibrium problem; see for instance [4-11].

For finding an element p ∈ F (T )∩EP (G), Tada and Takahashi [12] intro-
duced the following weak convergent algorithm:

x0 ∈ H,

uk ∈ C : G(uk, y) +
1

rk
〈uk − xk, y − uk〉 ≥ 0, for all y ∈ C,

xk+1 = αkxk + (1 − αk)Tuk,

(1.3)

for every k ≥ 0, where {αk} ⊂ [a, b] for some a, b ∈ (0, 1) and {rk} ⊂ (0,∞)
satisfies lim infk→∞ rk > 0.

Let {T (s) : s > 0 be a nonexpansive semigroup on C, that is,
(1) for each s > 0, T (s) is a nonexpansive mapping on C;
(2) T (0)x = x for all x ∈ C;
(3) T (s1 + s2) = T (s1) ◦ T (s2) for all s1, s2 > 0;
(4) for each x ∈ C, the mapping T (.)x from (0,∞) into C is continuous.

Denote by F = ∩s≥0F (T (s)). We know [13] that F is a closed convex
subset in H and F �= ∅ if C is compact (see, [14]).
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For finding an element p ∈ F , Shioji and Takahashi [15] introduced the
implicit iteration method

xk = αku + (1 − αk)
1

sk

∫ sk

0

T (s)xkds, u ∈ C, k ≥ 0,

where {αk} is a sequence in (0,1) and {sk} is a devergent sequence of real
positive numbers. Further, Nakajo and Takahashi [13] introduced an iteration
procedure for nonexpansive semigroup {T (s) : s > 0} as follows:

x0 ∈ C,

yk = αkxk + (1 − αk)
1

sk

∫ sk

0

T (s)xkds,

Ck = {z ∈ C : ‖yk − z‖ ≤ ‖xk − z‖},
Qk = {z ∈ C : 〈xk − z, x0 − xk〉 ≥ 0},

xk+1 = PCk∩Qk
(x0)

(1.4)

for each k > 0, where αk ∈ [0,a] for some a ∈ [0,1) and {sk} is a positive real
number divergent sequence. Under some conditions on {αk} and {sk}, the
sequence {xn} defined by (1.4) converges strongly to PF(x0).

In 2007, He and Chen [16] considered for the nonexpansive semigroup an
iteration procedure:

x0 ∈ C,

yk = αkxk + (1 − αk)T (sk)xk,

Ck = {z ∈ C : ‖yk − z‖ ≤ ‖xk − z‖},
Qk = {z ∈ C : 〈xk − z, x0 − xk〉 ≥ 0},

xk+1 = PCk∩Qk
(x0)

(1.5)

for k ≥ 0, where αk ∈ [0, a) for some a ∈ [0, 1) and sk ≥ 0, limk→∞ sk = 0, then
the sequence {xk} in (1.5) converges to PF(x0). In 2008 Saejung [17] showed
that the proof of the main result in [16] is very questionable and corrected
this fact under new condition on sk: lim infk sk = 0, lim supk sk > 0, and
limk(sk+1 − sk) = 0.

The problem studied in this paper is to find an element

p ∈ F ∩ EP (G), (1.6)

assumed to be nonempty, for a nonexpansive semigroup {T (s) : s > 0} on C
and a bifunction G(u, v) defined on C × C.



2778 Nguyen Buong and Nguyen Dinh Duong

To solve (1.6) in the case that C = H , very recently, Cianciaruso, Marino
and Muglia [18] considered the method

x0 ∈ H,

xn+1 = αkγf(xk) + (1 − αkA)Tkuk,

uk ∈ C : G(uk, v) +
1

rk
〈uk − xk, y − uk〉 ≥ 0, ∀y ∈ H,

where

Tkx =
1

sk

∫ sk

0

T (s)xds, (1.7)

f is a α-contraction, and A : H → H is a strongly positive linear bounded
selfadjoint mapping.

Motivated [12], [13] and [16], we obtain weak convergence theorem for the
following iteration process:

x0 ∈ H,

uk ∈ C : G(uk, y) +
1

rk
〈uk − xk, y − uk〉 ≥ 0 ∀y ∈ C,

xk+1 = μkxk + (1 − μk)Tkuk,

(1.8)

for every k ≥ 0, where {μk} ⊂ [a, b] for some a, b ∈ (0, 1), {rk} ⊂ (0,∞)
satisfies lim infk→∞ rk > 0, and Tk is defined by

Tkx = T (sk)x ∀x ∈ C,

lim inf
k→∞

sk = 0, lim sup
k→∞

sk > 0, lim
k→∞

(sk+1 − sk) = 0 (1.9)

or Tk is defined by (1.7) with

lim
k→∞

sk = ∞. (1.10)

The weak convergence of (1.8)-(1.10) is proved in the next section.

2. Main result

We need the following facts in the proof of our results.

Definition 1.1. A Banach space E is said to satisfy Opial’s condition [19] if
whenever {xk} is a sequence in E which converges weakly to x, as k → ∞,
then

lim sup
k→∞

‖xk − x‖ < lim sup
k→∞

‖xk − y‖, ∀y ∈ E with x �= y.

It is well known that Hilbert space and lp(1 < p < ∞) satisfy Opial’s condition
[20].
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Lemma 2.2 [21] Let {μk} be a sequence of real numbers such that 0 < a ≤
μk ≤ b < 1 for all k ≥ 0. Let {vk} and {wk} be sequences of H such that

lim sup
k→∞

‖vn‖ ≤ c, lim sup
k→∞

‖wn‖ ≤ c,

lim
k→∞

‖μkvn + (1 − μk)wk‖ = c.

Then, limk→∞ ‖vk − wk‖ = 0.

Lemma 2.3 [21]. Let C be a nonempty closed convex subset of H. Let {xk}
be sequences of H. Suppose that, for all y ∈ C,

‖xk+1 − y‖ ≤ ‖xk − y‖,
for every k ≥ 0. Then, {PC(xk)} converges strongly to some p ∈ C.

Lemma 2.4 [22]. Let C be a nonempty closed convex subset of a real Hilbert
space H. For any x ∈ H, there exists a unique z ∈ C such that ‖z − x‖ ≤
‖y − x‖ for all y ∈ C, and z ∈ PC(x) if and only if 〈z − x, y − z〉 ≥ 0 for all
y ∈ C, where PC is the metric projection of H onto C.

Lemma 2.5 [7]. Let C be a nonempty closed convex subset of H and G be a
bifunction of C × C into (−∞, +∞) satisfying condition 1.1. Let r > 0 and
x ∈ H. Then, there exists z ∈ C such that

G(z, v) +
1

r
〈z − x, v − z〉 ≥ 0 ∀v ∈ C.

Lemma 2.6 [7]. Assume that G : C×C → (−∞, +∞) satisfies condition 1.1.
For r > 0 and x ∈ H, define a mapping T r : H → C as follows:

T r(x) = {z ∈ C : G(z, v) +
1

r
〈z − x, v − z〉 ≥ 0 ∀v ∈ C}. (2.1)

Then, the following statements hold:
(i) T r is single-valued;
(ii) T r is firmly nonexpansive, i.e., for any x, y ∈ H,

‖T r(x) − T r(y)‖2 ≤ 〈T r(x) − T r(y), x− y〉;
(iii) F (T r) = EP (G);
(iv) EP (G) is closed and convex.

Lemma 2.7 [23]. Let C be a nonempty bounded closed convex subset of H and
let {T (t) : t > 0} be a nonexpansive semigroup on C. Then, for any h ≥ 0

lim
t→∞

sup
y∈C

∥∥∥∥T (h)

(
1

t

∫ t

0

T (s)yds

)
−1

t

∫ t

0

T (s)yds

∥∥∥∥= 0.

Lemma 2.8 (Demiclosedness Principle) [24]. If C is a closed convex subset
of H, T is a nonexpansive mapping on C, {xn} is a sequence in C such that
xn ⇀ x ∈ C and xn − Txn → 0, then x − Tx = 0.



2780 Nguyen Buong and Nguyen Dinh Duong

Theorem 2.9. Let C be a nonempty closed convex subset in a real Hilbert
space H. Let G be a bifunction from C × C to (−∞, +∞) satisfying con-
ditions (A1)-(A4) and let {T (s) : s > 0} be a nonexpansive semigroup on
C such that F ∩ EP (G) �= ∅. Let {xk} be a sequence generated by (1.8)-
(1.10). Then, it converges weakly to an element p ∈ F ∩ EP (G), where
p = limk→∞ PF∩EP (G)(xk).

Proof. First, we consider the case that Tk is defined by (1.9). By Lemma
2.5, {uk} and {xk} are well defined. For each u ∈ F ∩ EP (G), by putting
uk = T rkxk in (2.1) and using (ii) in Lemma 2.6, we have that

‖uk − u‖ = ‖T rkxk − T rku‖ ≤ ‖xk − u‖.
Therefore,

‖xk+1 − u‖ = ‖μk(xk − u) + (1 − μk)(Tkuk − u)‖
≤ μk‖xk − u‖ + (1 − μk)‖Tkuk − Tku‖
≤ μk‖xk − u‖ + (1 − μk)‖uk − u‖
≤ μk‖xk − u‖ + (1 − μk)‖xk − u‖
≤ ‖xk − u‖.

So, there exists
lim
k→∞

‖xk − u‖ = c, (2.2)

and hence {xk} and {uk} are bounded.
On the other hand, from (ii) in Lemma 2.6, we have for every u ∈ F ∩

EP (G) that

‖uk − u‖2 = ‖T rkxk − T rku‖2

≤ 〈T rkxk − T rku, xk − u〉
≤ 〈uk − u, xk − u〉
≤ 1

2
[‖uk − u‖2 + ‖xk − u‖2 − ‖uk − xk‖2].

Thus,
‖uk − u‖2 ≤ ‖xk − u‖2 − ‖uk − xk‖2.

So, by the convexity of ‖.‖2, we have

‖xk+1 − u‖2 = ‖μk(xk − u) + (1 − μk)(Tkuk − u)‖2

≤ μk‖xk − u‖2 + (1 − μk)‖Tkuk − u‖2

≤ μk‖xk − u‖2 + (1 − μk)‖uk − u‖2

≤ μk‖xk − u‖ + (1 − μk)(‖xk − u‖2 − ‖xk − uk‖2)

≤ ‖xk − u‖2 − (1 − μk)‖xk − uk‖2

≤ ‖xk − u‖2 − (1 − b)‖xk − uk‖2.
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Therefore,

(1 − b)‖xk − uk‖2 ≤ ‖xk − u‖2 − ‖xk+1 − u‖2.

From (2.2) we get

lim
k→∞

‖xk − uk‖ = 0. (2.3)

Since lim infk→∞ rk > 0, we obtain

lim
k→∞

∥∥∥∥xk − uk

rk

∥∥∥∥= 0. (2.4)

As {xk} is bounded, there exists a subsequence {xkj
} of the sequence {xk}

which converges weakly to p. From (2.3), we also have that {ukj
} converges

weakly to p. Since {ukj
} ⊂ C, we have that p ∈ C.

We shall show that p ∈ EP (G). By uk = Trk
xk, we have

G(uk, y) +
1

rk
〈uk − xk, y − uk〉 ≥ 0 ∀y ∈ C.

From condition (A2), we get

1

rk

〈uk − xk, y − uk〉 ≥ G(y, uk) ∀y ∈ C.

Therefore,

〈ukj
− xkj

rkj

, y − ukj
〉 ≥ G(y, ukj

) ∀y ∈ C.

From condition (A3) and (2.4), it implies that

0 ≥ G(y, p), ∀y ∈ C.

that is equivalent to G(p, y) ≥ 0 ∀y ∈ C (see [10]). It means that p ∈ EP (G).
Next we show that p ∈ F . Since ‖Tkuk − u‖ ≤ ‖uk − u‖ ≤ ‖xk − u‖ for

every u ∈ F ∩ EP (G), from (2.2) it follows

lim sup
k→∞

‖Tkuk − u‖ ≤ c.

Further, we have

lim
k→∞

‖μk(xk − u) + (1 − μk)(Tkuk − u)‖ = lim
k→∞

‖xk+1 − u‖ = c.

By Lemma 2.2, we obtain

lim
k→∞

‖Tkuk − xk‖ = 0. (2.5)
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By virtue of (2.3), (2.5) and

‖Tkuk − uk‖ ≤ ‖Tkuk − xk‖ + ‖xk − uk‖,
we get

lim
k→∞

‖Tkuk − uk‖ = 0. (2.6)

Without loss of generality, as in [17], let

lim
j→∞

skj
= lim

j→∞
‖Tkj

ukj
− ukj

‖
skj

= 0. (2.7)

Now, we prove that p = T (s)p for a fixed s > 0. It is easy to see that

‖ukj
− T (s)p‖ ≤

[s−skj
]−1∑

l=0

‖T (lskj
)ukj

− T ((l + 1)skj
)ukj

‖

+

∥∥∥∥T

([
s

skj

])
ukj

− T

([
s

skj

])
p

∥∥∥∥+

∥∥∥∥T

([
s

skj

])
p − T (s)p

∥∥∥∥
≤

[
s

skj

]
‖ukj

− T (skj
)ukj

‖ + ‖ukj
− p‖ +

∥∥∥∥T

(
t −

[
s

skj

]
skj

)
p − p

∥∥∥∥.

Therefore,

‖ukj
− T (s)p‖ ≤ s

skj

‖ukj
− T (skj

)ukj
‖

+ ‖ukj
− p‖ + sup{‖T (s)p − p‖ : 0 ≤ s ≤ skj

}.
This fact and (2.7) imply that

lim sup
j→∞

‖ukj
− T (s)p‖ ≤ lim sup

j→∞
‖ukj

− p‖.

As every Hilbert space satisfies Opial’s condition, we have T (s)p = p. There-
fore, p ∈ F .

Let {xki
} be another subsequence of {xk} convergent weakly to p′ ∈ F ∩

EP (G). If p �= p′, from the Opial theorem [19], we get

lim
k→∞

‖xk − p‖ = lim sup
kj→∞

‖xkj
− p‖ < lim sup

j→∞
‖xkj

− p′‖

= lim
k→∞

‖xk − p′‖ = lim sup
i→∞

‖xki
− p′‖

< lim sup
i→∞

‖xki
− p‖ = lim

k→∞
‖xk − p‖.

This is a contracdition. So, we have p = p′. This implies that {xk} converges
weakly to p ∈ F ∩ EP (G).
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Let zk = PF∩EP (G)(xk). Since p ∈ F ∩ EP (G), by Lemma 2.4, we have

〈xk − zk, zk − p〉 ≥ 0.

Using Lemma 2.2, we have that the sequence {zk} converges strongly to some
p0 ∈ F ∩ EP (G). Since {xk} converges weakly to p, we have

〈p − p0, p0 − p〉 ≥ 0.

Therefore, we obtain

p = p0 = lim
k→∞

PF∩EP (G)(xk).

Further, in the case that Tk is defined by (1.7) and (1.10), we have only to
prove that p ∈ F from (2.6). For this purpose, we shall estimate the value
‖un − T (h)un‖ for each h > 0 as follows.

‖T (h)un − un‖ ≤
∥∥∥∥T (h)un − T (h)

(
1

sn

∫ sn

0

T (s)unds

)∥∥∥∥
+

∥∥∥∥T (h)

(
1

sn

∫ sn

0

T (s)unds

)
− 1

sn

∫ sn

0

T (s)unds

∥∥∥∥
+

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds − un

∥∥∥∥
≤ 2

∥∥∥∥ 1

sn

∫ sn

0

T (s)unds − un

∥∥∥∥
+

∥∥∥∥T (h)

(
1

sn

∫ sn

0

T (s)unds

)
− 1

sn

∫ sn

0

T (s)unds

∥∥∥∥.

(2.8)

By Lemma 2.7 , we get

lim
n→∞

∥∥∥∥T (h)

(
1

sn

∫ sn

0

T (s)unds

)
− 1

sn

∫ sn

0

T (s)unds

∥∥∥∥= 0,

for every h ∈ (0,∞) and hence, by (2.6) and (2.8), we obtain

lim
n→∞

‖T (h)un − un‖ = 0

for each h > 0 By Lemma 2.8, this implies p ∈ F (T (h)) for all h > 0. As
for the case (1.9), we also obtain that the sequence {xn} defined by (1.8) with
(1.10) converges weakly to p as n → ∞. This completes the proof.

As direct consequences of Theorem 2.7, we can obtain the following corol-
laries.
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Corollary 2.10. Let C be a nonempty closed convex subset in a real Hilbert
space H. Let G be a bifunction from C × C to (−∞, +∞) satisfying condi-
tions (A1)-(A4) and let T be a nonexpansive mapping on C such that F (T )∩
EP (G) �= ∅. Let {xk} be a sequence generated by:

x0 ∈ H any element,

uk ∈ C : G(uk, y) +
1

rk
〈uk − xk, y − uk〉 ≥ 0 ∀y ∈ C,

xk+1 = μkxk + (1 − μk)Tuk, k ≥ 0,

where {μk} ⊂ [a, b] for some a, b ∈ (0, 1) and {rk} ⊂ (0,∞) satisfies lim infk→∞ rk >
0. Then, the sequence {xk} converges weakly to an element p ∈ F (T )∩EP (G),
where p = limk→∞ PF (T )∩EP (G)(xk).

Proof. By puting T (s) = T for all s ≥ 0 in Theorem 2.7, we obtain Corollary
2.8.

Note that Corollary 2.10 is Theorem 4.1 in [12].

Corollary 2.11. Let C be a nonempty closed convex subset in a real Hilbert
space H. Let {T (s) : s > 0} be a nonexpansive semigroup on C such that
F �= ∅. Let {xk} be a sequence generated by

x0 ∈ H any element,

uk = PC(xk),

xk+1 = μkxk + (1 − μk)Tkuk, k ≥ 0,

where {μk} ⊂ [a, b] for some a, b ∈ (0, 1) and Tk is defined by (1.9) or (1.10).
Then, the sequence {xk} converges weakly to an element p ∈ F , where p =
limk→∞ PF(xk).

Proof. Putting G(u, v) = 0 for all u, v ∈ C and rk = 1 in Theorem 2.9, and
noticing that

〈uk − xk, y − uk〉 ≥ 0 ∀y ∈ C ⇔ uk = PC(xk),

we obtain Corollary 2.11.

This work was supported by the Vietnamese Natural Foundation of Science
and Technology Development.
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