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Abstract

In this paper, we introduce a weak convergent iterative process for
finding a common element of the solution set for an equilibrium problem
and the set of fixed points for a nonexpansive semigroup in Hilbert
spaces.
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1. Introduction

Let H be a real Hilbert space with the scalar product and the norm denoted
by the symbols (.,.) and ||.||, respectively, and let C' be a nonempty closed
and convex subset of H. Denote the metric projection from x € H onto C
by Po(z). Let T be a nonexpansive mapping on C, ie., T : C — C and
Tz —Ty|| < ||z —yl for all z,y € C. We use F(T') to denote the set of fixed
points of T, i.e., F(T) = {x € C': x = Tx}. We know that F'(T") is nonempty,
if C'is bounded, for more details see [1].
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For finding an element p € F(T'), where T is a nonexpansive mapping on
C, Mann [2] introduced in 1953 the following iteration process:

xg € C' any element,

(1.1)

Lpt1 = O Tk + (1 — Oék)Tl'k,

where {ay} is a sequence of positive real numbers. Processes (1.1) has only
weak convergence, in general (see [3] for an example).

Numerous problems in physics, optimization, and economics reduce to find
a solution of the equilibrium problem which is for a bifunction G(u,v) defined
on C' x C' to find u* € C such that

G(u*,v) >0 VYveC. (1.2)

The bifunction G is assumed to satisfy the following set of standard properties.
Condition 1.1:

(A1) G(u,u) =0 YueC;

(A2) G(u,v) + G(v,u) <0 Y(u,v) e C xC,

(A3) For every u € C, G(u,.) : C'— (—o00,+00) is lower semicontinuous and
convex;

(A4) Timy . oG((1 — t)u + tz,v) < G(u,v) V(u,z,v) € C x C x C;

Denote the set of solutions of (1.2) by EP(G). Some methods have been
proposed to solve the equilibrium problem; see for instance [4-11].

For finding an element p € F(T') N EP(G), Tada and Takahashi [12] intro-
duced the following weak convergent algorithm:

xo € H,
up € C: Gug,y) + r—i(uk — T,y —ug) >0, forall yeC, (1.3)
Ty = ogxy + (1 — ag) Tuy,
for every k > 0, where {a;} C [a,b] for some a,b € (0,1) and {r,} C (0,00)
satisfies liminf,_ . rp > 0.

Let {T'(s) : s > 0 be a nonexpansive semigroup on C, that is,

(1) for each s > 0,7(s) is a nonexpansive mapping on C}

(2) T(0)x = x for all x € C;

(3) T(s1 + s2) = T(s1) o T(sg) for all sy, s9 > 0;

(4) for each z € C, the mapping T'(.)x from (0, c0) into C' is continuous.

Denote by F = Ns>oF (T(s)). We know [13] that F is a closed convex
subset in H and F # ) if C' is compact (see, [14]).
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For finding an element p € F, Shioji and Takahashi [15] introduced the
implicit iteration method

1 [k
= ogu+ (1 — ak)s—/ T(s)zgds, weC k>0,
kJo

where {ay} is a sequence in (0,1) and {sx} is a devergent sequence of real
positive numbers. Further, Nakajo and Takahashi [13] introduced an iteration
procedure for nonexpansive semigroup {7'(s) : s > 0} as follows:

To € C,
1 5k
Yp = agrg + (1 — ak.)—/ T(s)xyds,
Sk Jo
Cr=1{2€C: |lypx — 2|l < |lzp — 2][},
Qr={z€C:(x)— 2,20 —x1) > 0},

Tr1 = Poyno, (%0)

for each k > 0, where o, € [0,a] for some a € [0,1) and {s;} is a positive real
number divergent sequence. Under some conditions on {ay} and {sy}, the
sequence {x,} defined by (1.4) converges strongly to Pr(xo).

In 2007, He and Chen [16] considered for the nonexpansive semigroup an
iteration procedure:

To € C,
yr = agxy + (1 — ag)T(sg)xy,
Cro={2€C:|lyx — 2| < |lar — 2|I}, (1.5)

Qr={z€C:(x)— 2,20 — x1) > 0},
Tpy1 = Poyno, (w0)
for k > 0, where o € [0,a) for some a € [0,1) and s, > 0, limg_ S = 0, then
the sequence {xy} in (1.5) converges to Pr(zo). In 2008 Saejung [17] showed
that the proof of the main result in [16] is very questionable and corrected

this fact under new condition on s;: liminfy s, = 0,limsup, sy > 0, and
limk(skJrl — Sk) =0.

The problem studied in this paper is to find an element
p € FNEPG), (1.6)

assumed to be nonempty, for a nonexpansive semigroup {7'(s) : s > 0} on C
and a bifunction G(u,v) defined on C x C.
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To solve (1.6) in the case that C' = H, very recently, Cianciaruso, Marino
and Muglia [18] considered the method

Ty € H,
Tny1 = Y f(or) + (1 — arA)Tpuy,

1
u, € C: G(uk,v)+r—<uk—xk,y—uk> >0, VyeH,
k

where
Sk

1
Tyx = — T(s)zds, (1.7)

Sk Jo
f is a a-contraction, and A : H — H is a strongly positive linear bounded
selfadjoint mapping.
Motivated [12], [13] and [16], we obtain weak convergence theorem for the
following iteration process:

Ty € H,
1
up € C: Gug,y) + 7“_<Uk — T,y —ug) >0 VyeC, (1.8)
k

Ty = ptp + (1 — ) Theu,

for every k > 0, where {ux} C la,b] for some a,b € (0,1), {rx} C (0,00)
satisfies liminf,_ . 7, > 0, and T}, is defined by

Trx =T (sp)x Vz e C,

lim kinf s = 0,1im sup s > 0, klim (g1 — Sk) =0 (1.9)
or T, is defined by (1.7) with
lim s = oo. (1.10)

k—o0
The weak convergence of (1.8)-(1.10) is proved in the next section.
2. Main result
We need the following facts in the proof of our results.

Definition 1.1. A Banach space E is said to satisfy Opial’s condition [19] if
whenever {x} is a sequence in E which converges weakly to x, as k — o0,
then

lim sup ||z — 2| <lim sup ||z —y|, Yy € E withz #y.

k—o0 k—o0

It is well known that Hilbert space and (P(1 < p < oo) satisfy Opial’s condition
20].
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Lemma 2.2 [21] Let {ux} be a sequence of real numbers such that 0 < a <
e <b <1 forallk >0. Let {vy} and {wy} be sequences of H such that

lim sup ol <, Tim sup flw, | < c,

k—oo k—oo

Jim {lpgvn + (1 = pu)wil| = .

Then, limy_, o ||vg — wi|] = 0.

Lemma 2.3 [21]. Let C be a nonempty closed convexr subset of H. Let {xy}
be sequences of H. Suppose that, for ally € C,

2k = yll < ok =yl
for every k > 0. Then, {Pc(zx)} converges strongly to some p € C.

Lemma 2.4 [22]. Let C be a nonempty closed convex subset of a real Hilbert
space H. For any x € H, there exists a unique z € C such that ||z — x| <
ly — || for ally € C, and z € Po(x) if and only if (z —x,y — z) > 0 for all
y € C, where Pg is the metric projection of H onto C.

Lemma 2.5 [7]. Let C' be a nonempty closed convex subset of H and G be a

bifunction of C x C into (—oo, +00) satisfying condition 1.1. Let r > 0 and
x € H. Then, there exists z € C such that

1
G(z,v)+;<z—x,v—z> >0 Yvecd.

Lemma 2.6 [7]. Assume that G : C x C' — (—o00, +00) satisfies condition 1.1.
Forr >0 and x € H, define a mapping T" : H — C' as follows:

T’”(x):{ZEC:G(z,v)jL%(z—x,v—z)20 Yv e C}. (2.1)

Then, the following statements hold:
(i) T" is single-valued;
(i) T" is firmly nonexpansive, i.e., for any x,y € H,

177 () = T"()|I* < {T"(x) = T"(y). = — y);
(i) F(T") = EP(G);
(iv) EP(QG) is closed and conver.

Lemma 2.7 [23]. Let C be a nonempty bounded closed convex subset of H and
let {T'(t) : t > 0} be a nonexpansive semigroup on C. Then, for any h >0

1003 [ 76)uas) 1 [ 75y

Lemma 2.8 (Demiclosedness Principle) [24]. If C' is a closed convex subset
of H, T is a nonexpansive mapping on C, {x,} is a sequence in C such that
r, ~x€C and x, — Tx, — 0, then x — Tx = 0.

= 0.

lim sup
=0 yeC
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Theorem 2.9. Let C be a nonempty closed convex subset in a real Hilbert
space H. Let G be a bifunction from C x C to (—oo,+00) satisfying con-
ditions (A1)-(A4) and let {T(s) : s > 0} be a nonexpansive semigroup on
C such that F N EP(G) # 0. Let {xx} be a sequence generated by (1.8)-
(1.10). Then, it converges weakly to an element p € F N EP(G), where
p=limg_o P meP(G)(xk)-

Proof. First, we consider the case that T} is defined by (1.9). By Lemma
2.5, {ug} and {zy} are well defined. For each u € F N EP(G), by putting
up = T" x, in (2.1) and using (ii) in Lemma 2.6, we have that

Jug — wl| = |72, — T™ul| < [z, — ull.
Therefore,

s — ull = lae(e =) + (1 = ) (Do — )]
< pilee — ull + (1 = ) | T, — Tha
< pellze = ull + (1 = p) [ — ul]
< o — ull + (1 = )l —
< lww —ull
So, there exists
i [l =c. 2:2)

and hence {z}} and {u;} are bounded.

On the other hand, from (ii) in Lemma 2.6, we have for every u € F N
EP(G) that

g, = ull* = [T 2y — T ul|?
< (T axp — TMru, xp — u)
< (up —u,z — W)
1
< Sl =l + e — wll® = [lwx — 2x]”]

Thus,
g = ull* < flaw — ull® = [Jur — @]
So, by the convexity of ||.||?, we have

g —ull® = [l (o —u) + (1= ) (Truy, — w)||?

(
< gl — ull® + (1 — pu) | Thewr, — u])®
< pulloe = ull® + (1 = pu)
< gl = ull + (1= p) (i — wl® = [l — we®)

< e — ul]* = (1= ) |z — wil)?

< llaw = ull* = (1 = b)llvg — ua|*.

g, — ul®
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Therefore,

(L= O)llzi — wll® < Ml = wl® = [Jwpsn — wl”

From (2.2) we get
klim |z, — ug|| = 0. (2.3)

Since liminf,_ . rr > 0, we obtain

T — Uk

lim = 0. (2.4)

k—oo

Tk

As {z;} is bounded, there exists a subsequence {x,} of the sequence {}
which converges weakly to p. From (2.3), we also have that {uy,} converges
weakly to p. Since {uy,} C C, we have that p € C.

We shall show that p € EP(G). By u, = T, x, we have

1
k

From condition (A2), we get

1
a(uk — o,y —up) > Gy, up) Yy e C.

Therefore,
ukj — .Tkj

{

From condition (A3) and (2.4), it implies that

Y —ug,) > Gy, ug,) Yy e C.

T'k;

0>Gly,p), YyeC.
that is equivalent to G(p,y) > 0 Yy € C (see [10]). It means that p € EP(G).
Next we show that p € F. Since ||Trur — ul| < |lugp — ul| < ||z — ul| for
every u € F N EP(G), from (2.2) it follows

lim sup [|Tpur — ul| < c.

Further, we have
Jim | (e = w) + (1= ) (T = w)|| = lim (g —uf = ¢

By Lemma 2.2, we obtain



2782 Nguyen Buong and Nguyen Dinh Duong

By virtue of (2.3), (2.5) and
| Thur — ugl| < (| Trur — il + |2 — uel,

we get

Without loss of generality, as in [17], let

T U, — U,
iy, =l _ (2.7)

lim s, = lim
j—oo j—o0 Sk;

Now, we prove that p = T'(s)p for a fixed s > 0. It is easy to see that

[S_Skj]_l

Hukj - T(S)pH < Z ||T(l8k])ukj - T((l + 1)Sl€j)ukj ||

=0

A -]~

S S
< H e, = T, Yt || + llun, — ol + ' T(t - H )p —pH.

S k;

Therefore,

S
Huk:j - T(S)p” < §’|ukj - T(Skj)uij
J

+ [Jur; — pll +sup{[|[T(s)p — pl[ : 0 < 5 < 53, }.
This fact and (2.7) imply that

lim sup [lug, = T(s)p| < lim sup [lux, — p.

Jj—00 Jj—oo
As every Hilbert space satisfies Opial’s condition, we have T'(s)p = p. There-
fore, p € F.

Let {z,} be another subsequence of {x} convergent weakly to p’ € F N
EP(G). If p # ¢/, from the Opial theorem [19], we get

lim |z, — pl| = lim sup |lzy; — pl| < lim sup ||z, — P/|
k—o0 kj—o0 j—o0
= lim ||zx — p'|| = lim sup |[|zx, — P/
k—o0 i—00
< lim sup ||zx, — p|| = lim ||z — p]|.
i—00 k—oo
This is a contracdition. So, we have p = p’. This implies that {z}} converges
weakly to p € F N EP(G).
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Let 2, = Prapp(c)(zr). Since p € F N EP(G), by Lemma 2.4, we have
(rp — 21,28 — p) 2> 0.

Using Lemma 2.2, we have that the sequence {z;} converges strongly to some
po € F N EP(G). Since {z} converges weakly to p, we have

{(p = po,po —p) > 0.
Therefore, we obtain
p=po= ]}1_{20 Prapp@)(Tr).

Further, in the case that T} is defined by (1.7) and (1.10), we have only to
prove that p € F from (2.6). For this purpose, we shall estimate the value
|un, — T'(h)uy|| for each h > 0 as follows.

1T (h)tn — | < HT(h)un = T(h) (i /0 T(8>U"d5) H

Sn

1 Sn 1 Sn
+ HT(h) (—/ T(s)und5>——/ T(s)unds
Sn 0 Sn 0
1 [
+ —/ T(s)upds — uy, (2.8)
$n Jo
1 [
<2 —/ T(s)upds — uy,
$n Jo
1 [ 1 [
—I—’T(h) (—/ T(s)unds)——/ T(s)upds||.
Sn 0 STL 0

By Lemma 2.7 | we get

1 Sn 1 Sn
lim HT(h) (s_/ T(s)unds) _5_/ T(s)upds

for every h € (0,00) and hence, by (2.6) and (2.8), we obtain

=0,

lim ||T'(h)u, — u,|| =0
for each h > 0 By Lemma 2.8, this implies p € F(T'(h)) for all h > 0. As
for the case (1.9), we also obtain that the sequence {z,} defined by (1.8) with
(1.10) converges weakly to p as n — oo. This completes the proof.

As direct consequences of Theorem 2.7, we can obtain the following corol-
laries.
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Corollary 2.10. Let C' be a nonempty closed convexr subset in a real Hilbert
space H. Let G be a bifunction from C' x C to (—oo,+00) satisfying condi-
tions (A1)-(A4) and let T be a nonexpansive mapping on C such that F(T)N
EP(G) # 0. Let {xy} be a sequence generated by:

xo € H any element,
1
k
Tpa1 = iy + (1 — pg)Tug, k > 0,

where { g} C |a, b] for some a,b € (0,1) and {rr} C (0,00) satisfies iminfy_, o 7 >
0. Then, the sequence {xy} converges weakly to an element p € F(T)NEP(G),
where p = limy_oo Prmyneprc) ().
Proof. By puting T'(s) =T for all s > 0 in Theorem 2.7, we obtain Corollary
2.8.

Note that Corollary 2.10 is Theorem 4.1 in [12].

Corollary 2.11. Let C' be a nonempty closed convex subset in a real Hilbert
space H. Let {T(s) : s > 0} be a nonexpansive semigroup on C such that
F # 0. Let {xx} be a sequence generated by

ro € H any element,
U = pc(l'k),
Tp1 = Tk + (1 — pi) Trug, k >0,
where {p} C [a,b] for some a,b € (0,1) and Ty, is defined by (1.9) or (1.10).
Then, the sequence {xy} converges weakly to an element p € F, where p =

Proof. Putting G(u,v) = 0 for all u,v € C and r, = 1 in Theorem 2.9, and
noticing that

(g — g,y —ug) >0 Vye C & uy = Po(zy),

we obtain Corollary 2.11.

This work was supported by the Vietnamese Natural Foundation of Science
and Technology Development.
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