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Abstract

In this paper we investigate the existence and uniqueness for Volterra-
Fredholm type integral equations and the existence of unique common
solution of the Urysohn integral equations in cone metric spaces. The
result is obtained by using the some extensions of Banach’s contraction
principle, common fixed points for two self mappings in complete cone
metric space and the theory of cosine family.
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1 Introduction

The purpose of this paper is study the existence and uniqueness of solutions
for the Volterra-Fredholm integrodifferential equations of second order and the
existence of unique common solution of the Urysohn integral equations.

In Section 3 we consider the consider the following Volterra-Fredholm in-

tegrodifferential equation of second order form:

z'(t) = Ax(t) +/0 k(t, s, x(s))ds +/0 h(t,s,xz(s))ds, teJ=][0,b], (1)

2(0) = o, 7 (0) = yo, (2)
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where A is the infinitesimal generator of a strongly continuous cosine family
{C(t) : t € R} in a Banach spaceX, the functions k,h : J x J x X — Z are
continuous and the given xq, yy are elements of X.

Many authors have been studied the problems of existence, uniqueness,
continuation and other properties of solutions of these type or special forms
of the equations (1)—(2) are studied by different techniques, for example, see
3, 4,9, 11, 12, 13, 16] and the references given therein.

In Section 4 we study the existence of unique common solution of the
Urysohn integral equations of Volterra-Fredholm type:

x(t) :/ ki(t,s,z(s))ds +/ hi(t,s,z(s))ds + ¢:1(t), t€a,b], (3)
t o
x(t) :/ ko(t, s, x(s))ds +/ ha(t, s, z(s))ds + g2(t), t € [a,b], (4)

where z,¢1,92 : [a,b] — X; the functions k;, h; : [a,b] X [a,b] x X — X
(1 =1,2), are continuous functions.

The objective of the present paper is to study the existence and uniqueness
of solution of the system (1)—(2) under the conditions in respect of the cone
metric space, fixed point theory and the cosine family. Hence we extend and
improve some results reported in [9, 13, 15, 16, 17]. We are motivated by the
work of P. Raja and S. M. Vaezpour in [14] and influenced by the work of M.
Arshad [2].

The paper is organized as follows: Section 2, we discuss the preliminaries.
Section 3, we dealt with study of the mixed Volterra-Fredholm integrodifferen-
tial equation and in Section 4, we consider an Urysohn Volterra-Fredholm type
equations. Finally in Section 5, we give examples to illustrate the application
of our results.

2 Preliminaries

Let us recall the concepts of the cone metric space and we refer the reader to
[1, 2, 6, 7] for the more details.

Let E be a real Banach space and P is a subset of E. Then P is called a
cone if and only if,

1. P is closed, nonempty and P # {0};
2. a,beR, a,b>0,xz,y € P = ax+by € P,
3. xePand —xr € P=2x=0.

For a given cone P C E, we define a partial ordering relation < with respect
to P by x < y if and only if y — x € P. We shall write x < y to indicate



On semilinear equations of mixed type 1917

that x <y but x # y, while + << y will stand for y — x € intP, where intP
denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that 0 < x <y
implies ||z|| < K]|y||, for every x,y € E. The least positive number satisfying
above is called the normal constant of P.

In the following we always suppose E is a real Banach space , P is a cone
in E with intP # ¢, and < is partial ordering with respect to P.

Definition 2.1 Let X be a nonempty set. Suppose that the mapping d :
X x X — E satisfies:

(dy) 0 <d(z,y) for all x,y € X and d(z,y) = 0 if and only if z = y;
(d2) d(l’,y) = d(y7l')7 for all x,y € Xa
(ds) d(w,y) < d(x, 2) +d(z,y), for all 2,y 2 € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.
The concept of cone metric space is more general than that of metric space.

The following example is a cone metric space, see [14].

Example 2.2 Let £ = R* | P = {(z,y) € £ : z,y > 0}, X = R, and
d: X x X — E such that d(z,y) = (|x — y|,alx — y|), where « > 0 is a
constant. Then (X, d) is a cone metric space.

Definition 2.3 Let X be a an ordered space. A function & : X — X
is said to a comparison function if for every x,y € X, x < y, implies that
O(z) < P(y), P(x) < z and lim,,_, [|[®"(z)]| = 0, for every z € X.

Example 2.4 Let E = R* | P = {(x,y) € E : 2,y > 0}. It is easy to
check that ® : £ — E, with ®(z,y) = (az,ay), for some a € (0,1) is a
comparison function. Also if @1, ®, are two comparison functions over R, then
O(z,y) = (P1(x), Py(y)) is also a comparison function over E.

3 Existence and uniqueness of solutions

Let X is a Banach space with norm || - ||. Let B = C(J, X) be the Banach
space of all continuous functions from J into X endowed with supremum norm
[z]loe = sup{llz@)]| : ¢ € J}.

Let P = {(z,y) : x,y > 0} C E = R? be a cone and define d(f,g) =
(IIf = glloos @] f — gllo), for every f,g € B. Then it is easily seen that (B, d)
is a cone metric space.
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In many cases it is advantageous to treat second abstract differential equa-
tions directly rather than to convert first order systems. A useful technique for
the study of abstract second order equations is the theory of strongly contin-
uous cosine family. We refer the reader to [17, 18] for the necessary concepts
about cosine functions. If {C(¢) : ¢ € R} is a strongly continuous cosine family
in X, then {S(¢) : t € R}, associated to the given strongly continuous cosine
family, is defined by

¢
S(t)x:/C’(s)xds, reX, teR
0

Let us assume that M > 1 and N are positive constants such that ||C(t)|| < M
and ||S(t)|| < N for every t € J.

Definition 3.1 The function x € B satisfies the integral equation

t s b
x(t) = C(t)xo + S(t)yo —I—/O S(t— s)[/o k(s,7,x(7))dr —l—/o k(s,7,x(7))dr]ds, teJ

is called the mild solution of the initial value problem (1)-(2).

We need the following lemma for further discussion:

Lemma 3.2 [1/] Let (X,d) be a complete cone metric space, where P is a
normal cone with normal constant K. Let f : X — X be a function such that
there exists a comparison function ® : P — P such that

d(f(z), f(y)) < ®(d(z,y)),

for every x,y € X. Then [ has a unique fized point.

We list the following hypotheses for our convenience:

(H,) There exist continuous functions p1,ps : J X J — R™ and a comparison
function ® : R? — R? such that

(Hk(t? S, u) - k(t> S,U)H, C“Hk(tu S, u) o k(t> S:”)H) < pl(t> S)©<d(u> U)):
and
(”h(tv 85 u) - h(t7 S,U)H, Oé“h(t, 85 u) - h(t7 S,U)H) < p2(t7 S)Cb(d(u7 U))’

for every t,s € J and u,v € Z.
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(Hz)

b b
N /0 /0 p1(t, 5) + palt, 5)|dsdt < 1.

Theorem 3.3 Assume that hypotheses (Hy)— (Hs) hold. Then the abstract
integral equation (1)-(2) has a unique solution x on J.

Proof: The operator F': B — B is defined by
Fax(t) = C(t)xo + S(t)yo

+/0 S(t— 5)[/08 k(s,7,2z(T))dr +/0 k(s,7,z(7))dr]ds, te J.
()

By using the hypotheses (Hy) — (H3), we have
([Fx(t) = Fy@)ll, el Fx(t) = Fy@)])

/ H/ s, T, (T dT+/ h(S,T,.Z'(T))dT—/Osk(S,T,y(T))dT—/Obh(S,T,y(T))dTH,

a||/0 k(S,T,x(T))dT—i—/O h(s,T,x(T))dT—/Osk(s,T,y(T))dT—/Obh(s,f,y(f))dru)ds
< [ NI [kt a(r) = Kot [ (s, moar) = K70 )
s, 000) = Gyt [ (s, 7 7) = s, el
< [ N[ mismote = vlsalle = o + [ pats, 11000k ~ s~ ylo)irlis

0 0

b b
<@ = yllwsallr =yl [ [ a5, + pals. s
0 JO

= ®(llz = ylloos allz = yllo), (6)

for every x,y € B. This implies that d(Fx, Fy) < ®(d(z,y)), for every

r, y € B. Now an application of Lemma 3.2, the operator has a unique
point in B. This means that the equation (1)—(2) has unique solution. This
completes the proof of the Theorem 3.3.

4 Existence of Common solutions

Let X is a Banach space with norm || - ||. Let Z = C(]a, b], X) be the Banach
space of all continuous functions from J into X endowed with supremum norm

2]l = sup{[lz(®)]| : ¢ € [a, b]}.
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Let P = {(z,y) : x,y > 0} C E = R? be a cone and define d(f,g) =
(IIf = glloo, @l f — glloo), for every f,g € Z. Then it is easily seen that (Z,d) is
a cone metric space.

Definition 4.1 [8] A pair (S,T) of self-mappings X is said to be weakly
compatible if they commute at their coincidence point (i. e. STz = TSz
whenever Sx = Tx). A point y € X is called point of coincidence of a family

T;, 7 =1,2,---, of self-mappings on X if there exists a point x € X such

that y = Tjx for all j =1,2,---.

We need the following lemma for further discussion:

Lemma 4.2 [2] Let (X,d) be a complete cone metric space and P be an

order cone. Let S,T, f: X — X be such that S(X)UT(X) C f(X). Assume
that the following conditions hold:

(i) d(Sz,Ty) < ad(fz, Sx)+Bd(fy, Ty)+7d(fx, fy), for allz,y € X, with
x # vy, where a, (3, vare non-negative real numbers with o + §+ v < 1.

(i1) d(Sx,Tx) < d(fx,Sz)+ d(fx,Tx), for all x € X, whenever Sx # Tx.
If f(X) or S(X)UT(X) is a complete subspace of X, then S, T and f have a

unique point of coincidence. Moreover, if (S, f) and (T, f) are weakly compat-
wble, then S, T and f have a unique common fized point.

We list the following hypotheses for our convenience:

(Hs) Assume that

(F)x(t):/ kl(t,s,x(s))ds—i—/ hi(t, s, x(s))ds,

and

(G)z(t) = / ko(t, s, z(s))ds +/ ha(t, s, z(s))ds,
for all ¢, s € [a, b].
(Hy) There exist a, 3,7, p > 0 such that
(IFz(t) = Gy(t) + 91 (t) — g2()], @l Fz(t) — Gy(t) + g1 (t) — g2(t)])
< o|Fz(t) + g1 (t) — z(t)], p| Fz(t) + 01(t) — 2(t)])
+ 6(Gy(t) + g2(t) — y(B)], pIGy(t) + g2(t) —y(@)])
+(|lz(t) =y @), plz(t) — y(@))),
where oo + 3+ v < 1, for every z,y € Z with z # y and t € [a, b].
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(Hs) Whenever Fx + g1 # Gz + go

sup (|[Fa(t) = Ga(t) + gi(t) = g2(t)], | Fa(t) = Ga(t) + g1(t) = ga(1)])

tela,b]

<o a([Fa(t) + gi(t) = z(O)], p[F(t) + g1 (t) — =(1)])

+ B(Gx(t) + ga(t) — x(t)], p|G(t) + ga(t) — x(1)]),
for every x € Z.

Theorem 4.3 Assume that hypotheses (Hsz) — (Hs) hold. Then the integral
equations (3)-(4) have a unique common solution x on |a,b.

Proof: Define S,T: Z — Z by S(z) = Fx+ g1 and T'(z) = Gx + go. Using
hypotheses, we have
(152 (t) = Ty(t)|, o Sx(t) — Ty(1)]) < a(|Sz(t) — x(t)], p|Sx(t) — x(t)])
+8(1Ty(8) =y (@), pTy(t) = y(B)])
+(lz(t) =y, plet) —y@))),

for every z,y € Z and = # y. Hence

(IS = Tl @[|S = Tlso) < a([|Sz = 2) |00, 2| ST — 2]|o0)
+ BTy — ylloo, I TY — l|s0)
+ (1 = ylloos PllT = Ylloo)-

Next, if S(z) # T'(x), we have

(IS = Tlloes @IS = Tlloe) < a(l|Sz = 2)ocs plIS — lloc)
+ ﬁ(HTl‘ - l‘”oo,pHTl‘ - l‘“OO)v

for every x € Z. By Lemma 4.2 | if f is the identity map on Z, the Urysohn
integral equations (3)—(4) have a unique common solution. This completes the
proof of the Theorem 4.3.

5 Application

In order to illustrate the applications of some of our result established in pre-
vious section, we consider the following partial nonlinear differential equation
of the form:

Pw(t,u)  Pw(t,u) ! w(s,u)s oo, tsw(s,u)
) 2 —i—/o[ts—i— d ]ds+/0 (1) + s,
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€1[0,1], wel=][0,7], (7)
w(t,0) =w(t,7)=0, te0,1], (8)
w(0,u) = zo(u), uel, 9)
awg; U) ’t:O = yO(“)a u € Ia (10)
Let us take X = L*([0, 7]) and w(t,u)=x(t)(u). Setting
Blts,a(s) =ts+ 5 and h(t,s,2(5)) = (ts)* + “Tx
Now we have
(Kt s,2(s)) = k(L. 5,y(s))|, lk(t, 5, 2(s)) = (L, 5,9(s))])
:(|ts—|———ts S|,a|ts+§—ts—%)
= (5 - %, |§—yj>
= (Gla =yl azle — y)
= >(lx —yl,alz = y))
< 5 (e = ylls alle = yll)
=% (7 = ylloo, llz = yll0), (11)

where pi(t,s) = s, which is continuous function of [0, 1] x [0, 1] into RT and a
comparison function ®* : R? — R? such that ®*(z,y) = 3(z,y). Similarly, we
can show that

(At s,2(5)) = h(t, s,y(s))|; lhlt, s, 2(s)) = h(t, s, y(s))])
<@ (|2 = ylloos el = ylloo), (12)

where p3(t, s) = st, which is continuous function of [0, 1] x [0, 1] into R*.
Moreover,

/0 [p1(t,s) + p5(t, s)|ds = /0 s + st]ds = %(1 +1t)

and

sup {1/2(1+t)} = 1.
tel0,1]

Also

//plts—i—ths |dsdt = //S+Stdsdt / (1+t)dt<i<1
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We define the operator A : D(A) C X — X by Aw = wy,, where D(A) =
{w(-) € X :w, w are absolutely contnuous, w(0) = w(n) = 0}. It is well
known that A is the generator of strongly continuous cosine function {C(t) :
t € R} on X. Furthermore, A has discrete spectrum, the eigenvalues are
—n? n € N, with corresponding normalized characteristics vectors w,(u) :=

\/gsin(nu), n=1,2,3,---, and the following conditions hold:

(1) {w, :n € N} is an orthonormal basis of X.
(2) If w € D(A), then Aw = —=> 7 n? < w,w, > w,,.

(3) Forw e X, C(t)w = ) ", cos(nt) < w, w, > w,. Moreover, from these
expression, it follows that S(t)w = > ", %n”t) < w,w, > w,, that S(t)
is compact for every ¢ > 0 and that ||C(¢)|| < 1 and ||S(¢)]] < 1 for every
te0,7].

(4) If H denotes the group of translations on X defined by H(t)z(u) =
Z(u + t), where & is the extension of x with period 2w, then C(t) =
%(H(t) + H(—t)). If G : X — X is defined by Gz = 2, D(G) = {z €

X : 2’ € X}, then it follows that A = G? (see [5, 10]), where G is the
infinitesimal generator of the group H.

With these choices of functions, the equations (7)—(10) can be formulated as
an abstract semilinear differential equations (1)—(2). Since all the conditions of
Theorem 3.3 are satisfied, the problem (7)—(10) has solution w on [0, 1] x [0, 7].
On same line one can verify the result of Theorem 4.3.
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