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Abstract

We obtain certain subordinations for some classes of p-valent mero-
morphic functions. Some consequences are also mentioned. To see the
sharpness of the results extremal functions are also provided.
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1 Introduction

Let M, denotes the class of functions of the form

f(z)=—+ Zanz", peN={1,2,..} (1.1)

which are analytic in U* ={z: 0 < |2z| <1} =U\ {0}.

For two functions f(z) and g(z) analytic in the unit disk U, we say that the
function f(z) is subordinate to g(z) in U, written as f(z) < g(z), z € U if there
exists a Schwarz function w(z), analytic in U with w(0) = 0 and |w(2)| < 1
such that f(z) = g(w(z)), z € U. If ¢ is univalent in U, f < ¢ means that
f(0) = g(0) and f(U) C g(U).

Let A be the class of all functions of the form

p(z) =1+ pa" (1.2)
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which are analytic in U. We denote by P, a class of functions p(z) € A
satisfying Re(p(z)) > 0 or, in terms of subordination p(z) < (ﬁ*gz)wfor 0<
v <1,-1<B<1,2z¢cU. Infact we denote by F,, a class of functions
p(z) € A, if p(z) < ¢q(z) where ¢ is univalent in U. Thus, if q(z):(%)'yfor
-1<A<1,-1<B<1, A# Band0 < vy <1, then P, = P(y,4,B).
Also P(1,1 — 2a,,—1) = P(a),0 < a < 1. Note that P(v,1,B) = P for
0<v<1, —-1<B<1 Clearly P(0) = P.

A function f(z) € M, is called p-valently meromorphic starlike of order

a0 <a<1)if f(z) # 0 and

—Re (;‘;,((;)) >a (z€U) (1.3)

and the class of such functions is denoted by M ().
Also, a function f(z) € M, is called p-valently meromorphic close-to-
starlike and close-to-convex respectively of order a(0 < o < 1) if

Re (2P f(2)) > a (z € U) (1.4)
and
o (PUPEN
R( ) )> (zeU) (1.5)

and respective classes of such functions are denoted by Mg*(a)) and M;“(cv).
Again, a function f(z) € M, is called p-valently meromorphic strongly
starlike of order v(0 < v < 1) if f(2) # 0 and

(55 < e

and its class is denoted by ]\A/f;(fy). A function f(z) € M, is called p-valently
meromorphic strongly close-to-starlike and strongly close-to-convex respec-
tively of order (0 < < 1) and its respective classes are denoted by M*(7)

and ]\A/[;fc(’y) if

m
| <~v=.

)
P 2

arg (2(2) | <75 and.arg (-

Note that M;(1) = M;,M;*(1) = M;® and M3°(1) = M*.
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Remark 1.1 In view of equations (1.3), (1.4) and (1.5) ifp(z) = —;J;/((j), 2P f(z)

and —Z L) respectively, we denote the classes of p(z) defined above by re-
placing P by My, M;*and Mg°.

In the theory of meromorphic functions Nunokawa and Ahuja [2], Ravichan-
dran et al. [3] etc. have obtained some sufficient conditions for a meromorphic
function to be in certain classes. Motivated with the work of Xu and Yang [4]
in the theory of analytic functions, in this paper we find certain subordina-
tions under which a p-valently meromorphic function belongs to some classes
defined above. Sharpness of our results can be seen by considering some ex-
tremal functions.

In order to obtain our results, we need the following result of Miller and
Mocanu [1].

Lemma 1.1 Let q(z) be univalent in the unit disk U and 6 and ¢ be analytic
in a domain E containing q(U) with ¢(w) # 0 when w € q(U). set

Q(2) = 2¢'(2)9(q(2)), h(z) = 0(q(2)) + Q(2)

and suppose that either Q(z) is starlike or h(z) is convex in U.In addition,
assume that

zh (2)
Q(2)
0) =¢q(0), p(U) C E and

Re >0, zeU.

If p(z) is analytic in U with p(

0(p(2)) + 2p'(2)0(p(2)) < 0(q(2)) + 2¢'(2)¢(a(2))
then p(z) < q(z) and q(z) is the best dominant.

2 Main Results

We first derive following two Lemmas with the use of Lemma 1.1. Our results
are direct consequence of these Lemmas.

Lemma 2.1 Let g(z) be univalent, convez in U and for A >0

Re (2)\q(z) +1+ Z;IES)) >0 (z€U).

If p(2) is analytic in U with p(0) = q(0) and

Ap(2)* +20'(2) < AMa(2))” + 2¢/(2)
then p(z) € P, and q(z) is the best dominant.
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Proof. Consider for A > 0
O(w) = ®, d(w) =1, (w € C)
which are analytic in C so that
0(p(2)) + 21/ (2)8(p(2)) = A(p(2))* + 21/ (2).
Set,
Q(2) = 2¢'(2)0(a(2)), h(z) =0(q(2)) + Q(2)

we obtain that

Q(2) = 2¢ ()
which is starlike in U and
zZl (2) 2q"(2)
Re =Re |2M\q(2) + 1 + > 0.
Q02) B+

Hence on applying Lemma 1.1 we get that p(z) < ¢(2) or p(z) € P, and ¢(z)
is the best dominant. m

Lemma 2.2 Let q(z) be univalent in U with q(2)q'(z) # 0 and % is starlike
m U and for A >0

2q"(z)  2¢(2)

7(z)  q(2)

If p(z) is analytic in U with p(z) # 0, p(0) = ¢(0) and satisfy

Re [Ag(z) + 1+ >0 (zeU).

2q'(2)

q(2)

) < Aq(z) +

then p(z) € P, and ¢(z) is the best dominant.
Proof. Consider for A > 0

O(w) = M, d(w) = —, (weC/{0})

1
w

which are analytic in C\{0} so that

0(p(2)) + 20" (2)(p(2)) = Ap(2) +
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Set,
Q(z) = 2¢'(2)9(q(2)), h(z) =0(q(2)) + Q(z)
we get that
G

which is starlike in U and

2l (2) 2q"(2)  2d'(2)
Q(z) ¢(z)  al2)

Hence by Lemma 1.1 we get that p(z) < ¢(2) or p(z) € P, and ¢(z) is the best
dominant. m

Now applying Lemma 2.1 and Lemma 2.2 we prove following sufficient
subordinate conditions for f(z) € M, to be in aforementioned classes.

Re > 0.

= Re [Ag(2) + 1+

Theorem 2.1 Let f(z) € M, satisfies for z € U, f(2)f'(z) # 0 and for
—1<A<1,-1<B<1,A#B,0<y<1,A>0

SN, \FE @,
o Gr) T ] e 2
where
B 14+ Az\* v(A— B)z
hz) = A (1—1—32) (1+ A2)1=7(1 4 Bz)'*

then f(z) € Mj(v, A, B), (}igz)v being best dominant and the result is sharp
with extremal function

f(z):z_pexp{—p/oz% Kiigi)vq] dt} (2.2)

Proof. Consider, for 2z e U, -1 < A< 1, -1<B<1,A# B, 0<~v <

La(2) = (1552)"
o(2) = (1 +Az)7

1+ Bz
we get that
2q"(2) Az Bz
Re{l—i— 7 } = Re{1+(7—1)1+A2—(7+1)1+Bz}
= —1+(1—7)Rel+Az+(1+7)Rel+Bz
ST e M e )

+ >
1+ |Al  1+|B|
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which shows that ¢(z) is univalent, convex in U. And for A > 0 we have

Re (2/\q(z) +1+ qu((zj)) — Re {2/\ Gigz)v} +Re {1 + Zq,”(z)}

14+ Az K 1—A\"
> 2A{Re(1+32)} >2)\(1_B) >0

Let p(z) = —;];/((5)) which is analytic in U with p(0) = ¢(0) =1 and by (2.1)

Ap(2))* + 2p'(2) < Ma(2))* + 2¢/(2)
therefore, by Lemma 2.1, we conclude that for z € U,

@) (1 +Az)7

pf(z) 1+ Bz
or, f(z) € Mj(v, A, B), (igi)’y is the best dominant and we see that equality

attains for the function given by (2.2). m

Remark 2.1 (1)Taking A = 1 condition (2.1) is a sufficient condition for
f(z) € M. (2). Taking A= 1and B = —1 condition (2.1) proves that

<)

(507 )

which proves that f(z) € Mg(’y)

and hence

<7

142 m
arg(l_z)’<7§(z€U)

Corollary 2.1 Let f(z) € M, satisfies for = € U, f(2)f'(2) # 0 and for
A>0,0<ax<1

OO LD ey s

where

A1 —20)22% 4 2{(A+ 1) — (2A + D)a}z + A
(1-2)?

h(z) =



p-valent meromorphic functions 1521

then f(z) € M;(a). The result is sharp for the function
f(z) = 277(1 = 2)0e) (2.4)

Proof. Taking A =1—2«a, B = —1 and 7 = 1 in Theorem 2.1 and using
(2.3), we get

Cz2f'(x) 1+ (1 —2a)2
pfe) T 12

hence f(z) € M; (). The equality attains for the function given by (2.4). =

Corollary 2.2 Let f(z) € M, satisfies for = € U, f(2)f'(2) # 0 and for
A>0,-1<A<1

2SC (A ) 2/@) () 22
pf(2) [(5“) o) o Y ME @A DAz R A (25)

then f(z) € M . The extremal function is given by

f(z) =z Pexp (—pAz). (2.6)

Proof. Taking B = 0 and v = 1 in Theorem 2.1 and using (2.5), we get for
1< AL,

2f'(2)

- A
25 <1+ Az

which proves that \%((ZZ)) + 1] < |A] hence f(z) € M;. Equality attains for the
function given by (2.6). m

Theorem 2.2 Let f(z) € M, satisfies for = € U, f(2)f'(2) # 0 and for
—1<A<1,-1<B<1,A#B,0<y<1,A>0

2f'(z)  2f'(z) (A 14+ Az\” +(A— B)z
f'z) f(2) ( +1)“(1+Bz) (1+ Az)(1+ Bz) (2.7)

then f(z) € M (7, A, B).The extremal function is given by (2.2).

1+

Proof. Consider for z € U, -1 < A<1, -1<B<1,A#B,0<~y<1

= (155:)




1522 P. Sharma and M. K. Misra

we have ¢'(z) = q(z) [%], clearly, q(2)¢'(z) # 0 and Q(z) := Z;’ég) is

starlike in U. Since for —1 < A<1, -1< B< 1, A# B,

2Q'(2) | 1 1 1 1
Re{@(z)}_Re{l—l—Az 1+1+Bz}>1+|A| s Y

Also

Re [/\q(z) +1+ qu(f)) - Zj(z)} = ARe (1 i Az)W +Re (ZQ/(Z)) L zeU.

1+ Az\)"” 1—A\"
_ >
fre (LA (1Y,

Let p(z) = —;];/((5)) which is analytic in U with p(0) = ¢(0) = 1 and by (2.7)

zp/(2) 2q'(2)
Ap(z) + o) < M(2) + .02)

therefore, by Lemma 2.2, we conclude that p(z) < ¢(z) for z € U or,

@) (1 +Az)7

pf(z) 1+ Bz

hence f(z) € M; (v, A, B). The sharpness can be seen by the function given
by (2.2). m

We have similar Remark 2.1 for condition (2.7).

Taking A =1—2a, B= -1,y =1 in Theorem 2.2 we get following result.

Corollary 2.3 If f(z) € M, satisfies for z € U, f(z)f'(z) # 0 and for A >

07 0<axl1
2(z) 2f(2) (A Z
1+ 7102) 72) (p + 1) < h(z)
where
h(z) = A1 —20)%2" +2{(A+1) — 2A+ 1)a}tz + A

1 —2az — (1 —2a)2?

then f(z) € M;(a) . The result is sharp for the function given by (2.4).
Letting B = 0 and v = 1 in Theorem 2.2 we obtain following result.
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Corollary 2.4 If f(z) € M, satisfies for z € U, f(2)f'(2) # 0 and for A > 0,
-1< A<

1+

2f"(2)  z2f'(2) (é+1) ANA2Z2 + (A + 1) Az + )
fz) flz) \p 1+ Az

then f(z) € M;. The result is sharp for the function given by (2.6).

Theorem 2.3 Let f(z) € M, satisfies for z € U, f(z) #0 and for -1 < A <
1, -1<B<1,A#B,0<~<1,A>0

2f'(2)
)

71(2) [Mf(z) ot } < h(2) (2.8)

where

h(z) = A

1+ Az\> v(A - B)z
1+ Bz (14 Az)'=7(1 4 Bz)+”

then f(z) € M;*(7, A, B) and the result is sharp with extremal function

_ D ’ (A — B)
f(z) =zPexp {”y/o AT AN+ Bt)dt} . (2.9)

Proof. Theorem can be easily proved on the simillar lines of the proof of
Theorem 2.1 for p(z) = 2P f(z). =

Theorem 2.4 Let f(z) € M, satisfies for z € U, f(z) # 0 and for -1 < A <
1, -1<B<1,A#B,0<~<1,A>0

2f'(2)

APf(2)+p+ e

< h(2) (2.10)

where

B 1+ Az\" v(A - B)z
hz) = A (1 +Bz) T AT A1+ B2

then f(z) € MS*(v, A, B) and the result is sharp with extremal function given
by (2.9).

Proof. Theorem can be easily proved on the simillar lines of the proof of
Theorem 2.2 for p(z) = 2P f(z). =
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Theorem 2.5 Let f(z) € M, satisfies for z € U, f'(z) # 0 and for -1 < A <
1, -1<B<1,A#B,0<~<1,A>0

217(2)
p

Pf“ﬂ@—@+n+z"@ Shp (1)

p f'(2)

where

B 14+ Az\” v(A - B)z
hz) = A (1 n Bz) T OF A1+ B+

then f(z) € M;°(v, A, B) and the result is sharp with extremal function

() = —p/OZ -1 (1 il At)vdt. (2.12)

1+ Bt

Proof. Theorem can be easily proved on the simillar lines of the proof of
—pt1 f(2)

Theorem 2.1 for p(z) = —;

Theorem 2.6 Let f(z) € M, satisfies for z € U, f'(z) # 0 and for -1 < A <
1,-1<B<1,A#B,0<~v<1,A>0

i Zf”(Z) _ ézp—l-l (4 Py
1) = gy = 7)< he) (2.13)

where

W) :/\(1+Az)7 : v(A - B)z

1+ Bz 1+ Az)(1+ Bz)

then f(z) € M;°(v, A, B) and the result is sharp with extremal function give
by (2.12).
Proof. Theorem can be easily proved on the simillar lines of the proof of

Theorem 2.2 for p(z) = #1]0(2). n

Remark 2.2 Consequences of Theorem 2.3, 2.4, 2.5 and 2.6 can be obtained
similar to Remark 2.1 and Corollary 2.1, 2.2, 2.3 and 2.4.
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