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Elliptic Curves y2 = x3 + pqx

with Maximal Rank
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Abstract

We give a method for constructing elliptic curves y2 = x3 +pqx with
rank 4, where p and q denote distinct odd primes.
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1 Introduction

Let E be an elliptic curve over Q defined by an equation of the form

E : y2 = x3 + ax2 + bx + c, a, b, c ∈ Q.
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The set E (Q) of rational points on E is a finitely generated abelian group. In
particular

E (Q) � E (Q)tors ⊕ Zr,

where E (Q)tors is a finite group and r is a non-negative integer called the
Mordell-Weil rank of E. Consider the family of elliptic curves denoted by

ED : y2 = x3 − Dx,

where D is a nonzero integer. For questions involving the ranks of curves
in this family we may assume by scaling if necessary that D is fourth power
free. In addition we may assume that D �≡ 0(mod 4) since if 4 divides D, the
curve E−D/4 is 2-isogenous to ED. For this family of elliptic curves the Parity
Conjecture takes the following explicit form (see Ono and Ono [6]).

(−1)r = ω(ED), (1)

where

ω(ED) = sgn(−D) · ε(D) ·
∏
p2‖D

(−1

p

)
,

with p ≥ 3 a prime, and

ε(D) =

{ −1 if D ≡ 1, 3, 11, 13(mod16),
1 if D ≡ 2, 5, 6, 7, 9, 10, 14, 15(mod16).

.

Special cases of the family of curves ED and their ranks have been studied
by many authors including Bremner and Cassels [3], Goto [4], Maenishi [5],
Ono and Ono [6], and Yoshida [8].

Maenishi investigated the case D = pq where p, q are distinct odd primes,
and found a condition that the rank of Epq equal 4. Numerical examples where
Epq had rank equal to 4 were given.

Yoshida investigated the case D = −pq, giving families E−pq of rank 0 and
1, as well as tables of curves E−pq with rank ≤ 3. No examples were given
where the rank of E−pq is equal to 4. We have an upper bound of 4 on the rank
of E−pq which can be deduced from the paper of Aguirre, Lozano-Robledo and
Peral [1, pg. 1]. The purpose of our paper is to give a method for generating
elliptic curves E−pq with maximal rank 4. A verification that the rank is equal
to 4 was carried out using Magma [2]. Assuming the Parity Conjecture we
prove the following theorem.
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Theorem 1.1. Let p ≡ 1(mod 8) and q be distinct odd primes satisfying

q = p2 + 24p + 400.

Further, suppose that there exist rational numbers X and Y with

Y 2 = 2X4 − 2pq.

Then the rank r of the elliptic curve y2 = x3 + pqx is equal to 4.

In Section 2 we describe our method of calculation for determining the rank.
In Section 3 we prove our theorem.

2 Method of Calculation

The method we use is described in Silverman and Tate [7]. Let Γ denote the
group of rational points of an elliptic curve E in the form y2 = x(x2 + ax + b).
Let Q∗ be the multiplicative group of non-zero rational numbers and let Q∗2

denote the subgroup of squares of elements of Q∗. Define the group homomor-
phism α from Γ to Q∗/Q∗2 as follows:

α(P ) =

⎧⎪⎪⎨
⎪⎪⎩

1 (mod Q∗2) for P = O, the point at infinity,

b (mod Q∗2) for P = (0, 0),

x (mod Q∗2) for P = (x, y) with x �= 0.

Simultaneously we study a second curve y2 = x(x2 − 2ax + a2 − 4b) and its
group of rational points Γ̄. In an analogous manner, we introduce a second
group homomorphism ᾱ from Γ̄ to Q∗/Q∗2 defined by

ᾱ(P ) =

⎧⎪⎪⎨
⎪⎪⎩

1 (mod Q∗2) for P = O, the point at infinity,

a2 − 4b (mod Q∗2) for P = (0, 0),

x (mod Q∗2) for P = (x, y) with x �= 0.

The rank r of the given curve E satisfies

2r =
|α(Γ)| ∣∣ᾱ(Γ̄)

∣∣
4

. (2)
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3 Proofs of Theorems

Proof. We begin by showing that

α(Γ) ⊇ {1, pq, p, q} .

This is clear by combining the definition of the map α together with the easily
checked fact that y2 = x3 + pqx contains the point

(x, y) = (4p, 2p(p + 20)) .

Hence |α(Γ)| ≥ 4. Next we note that the point

(x, y) = (−16p, 8p(p − 20))

lies on the 2-isogenous curve y2 = x3 − 4pqx. Combining this fact with the
definition of the map α we deduce that

α(Γ) ⊇ {1 − pq, q,−p}
giving

∣∣α(Γ)
∣∣ ≥ 4. Further we assume that the rational point (X, Y ) satisfies

Y 2 = 2X4 − 2pq.

Then the point P = P (x, y) given by

P (x, y) = (2X2, 2XY )

lies on the curve

y2 = x3 − 4pqx.

The image of this point under the map α satisfies

α(P ) ≡ 2(mod Q∗2

),

implying that

α(Γ) ⊇ {1,−pq, q,−p, 2,−2p, 2q,−2pq} .

Thus
∣∣α(Γ)

∣∣ ≥ 8 so that by (2), r ≥ 3. As p ≡ 1(mod 8), we have that D = −pq
is congruent to 7 or 15 modulo 16. The Parity Conjecture (1) implies that the
rank r is even so that r ≥ 4. Since the maximal rank is equal to 4 we conclude
that r = 4.

Remark 3.1. In some cases it is possible to weaken the conditions in the
theorem by removing the assumption that p and q are primes, provided that the
resulting curve can be appropriately scaled. This is illustrated in example 5 of
the next section.
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4 Examples

This section provides examples of pairs of primes p, q such that E−pq : y2 =
x3 + pqx has rank 4 as predicted by our theorem. The results are presented
in a table. The column of ranks in the table was checked using Magma [2].

p q (X, Y ) rank of E−pq

73 7481 (47, 2944) 4
89 10457 (51, 3416) 4
113 15881 (47, 2484) 4
353 133481 (195, 52892) 4
∗17 7649 (95, 600) 4

577 347177

(
6997

49
,
49841252

2401

)
4

617 395897 (369, 191288) 4

1289 1692857

(
8233

31
,
71822424

961

)
4

2969 8886617 (1547, 3376704) 4

3049 9369977

(
71735

127
,
6172245008

16129

)
4

Remark 4.1. ∗ means that we initially chose p = 52 ·17 so that q = 52 ·7649
with (X, Y ) = (95, 600). The resulting elliptic curve was scaled 54.
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