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Abstract

We present some topological conditions under which a lower semi-
continuous premium functional on a space of risks is representable as a
Wang’s premium principle (i.e., as the Choquet integral with respect to
a general probability distortion).
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1 Introduction

A premium functional (or premium principle) P is a functional from a
space X+(Ω,A,P) of risks (i.e., nonnegative random variables) on a common
probability space (Ω,A,P) into R+ = [0,∞]. For a function X ∈ X+(Ω,A,P),
X(ω) is obviously interpreted as the loss that one incurs if the outcome is
ω ∈ Ω.

Several authors were concerned with the representability of an (extended)
real-valued function on a space of risks (see e.g. Wang, Young and Panjer [8],
Wu and Wang [9], Wu and Zhou [10] and Young [11]). In connection with this
problem, different versions of Greco’s Theorem (see Greco [3] and Denneberg
[2]) were presented in order to guarantee the existence of a monotone (nor-
malized) set function with respect to which the representation by means of a
Choquet integral exists.

If we denote by SX(t) = 1 − FX(t) = P({ω ∈ Ω : X(ω) > t}) the decu-
mulative distribution function of X ∈ X+(Ω,A,P) and there exists a (general)
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probability distortion g such that, for every X ∈ X+(Ω,A,P),

P(X) =

∫
Xdg ◦ P =

∫ +∞

0

g(SX(t))dt,

(i.e., P(X) is the Choquet integral of X with respect to the monotone set func-
tion μ = g◦P) then such a premium principle P is said to be a Wang’s premium
principle.

Throughout this paper, the space X+(Ω,A,P) is endowed with a topology
τ+. It is well known that a desirable property of a premium functional is
lower semicontinuity. We recall that a premium principle P is said to be lower
semicontinuous (see e.g. Keimel [6]) if P : (X, τ+) −→ (R+, τup) is continu-
ous, where τup is the upper topology on R+ (i.e., τup = {]α, +∞[: α ∈ R+}).
If P is lower semicontinuous, then in particular we have that for every sequence
{Xn} ⊂ X+(Ω,A,P) and elements X̄, X0 ∈ X+(Ω,A,P) such that Xn → X̄ as
n → +∞, and P(Xn) ≤ P(X0) for every integer n, it must be P(X̄) ≤ P(X0).
Lower semicontinuity was already considered in the literature in connection
with the axiomatization of price functional in the presence of bid-ask spreads
(see Jouini [4]) or else as a relevant property of a convex risk measure (see e.g.
Kaina and Rüschendorf [5]).

In this paper we present some general conditions on a topology τ+ on
X+(Ω,A,P) under which a lower semicontinuous premium functional is
representable as a Wang’s premium principle.

2 Notation and preliminaries

Let (Ω,A,P) be a probability space, and denote by 11A the indicator func-
tion of any subset A of Ω. In the sequel, we shall denote by R+ (Q+) the set
of all nonnegative real (rational) numbers and by R++ (Q++) the set of all
positive real (rational) numbers.

For any two nonnegative random variables (i.e., measurable real-valued
functions) X, Y on (Ω,A,P) we define X ∧ Y = min{X,Y }.

Further, we denote by X+(Ω,A,P) a family of nonne-
gative random variables on (Ω,A,P) which contains 11Ω and satisfies the
following conditions:

(∗) X ∧ a211Ω − X ∧ a111Ω ∈ X+(Ω,A,P) for every X ∈ X+(Ω,A,P)

and a1, a2 ∈ R+ such that X ∧ a211Ω − X ∧ a111Ω is nonnegative;

(∗∗) aX and X + a11Ω ∈ X+(Ω,A,P) for every X ∈ X+(Ω,A,P) and

a ∈ R+.
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If for two X, Y ∈ X+(Ω,A,P) we have that X(ω) ≤ Y (ω) for ω ∈ Ω
P-almost surely, then we shall simply write X ≤ Y . We have that ≤ is a
preorder (i.e., ≤ is a reflexive and transitive binary relation).

A premium functional P (i.e., a function from X+(Ω,A,P) into [0,∞]) is
said to be

1. Monotone if P(X) ≤ P(Y ) for all X, Y ∈ X+(Ω,A,P) such that
X ≤ Y ;

2. Comonotone Additive if P(X + Y ) = P(X) + P(Y ) for
all comonotone X, Y ∈ X+(Ω,A,P) (i.e., for all X, Y ∈ X+(Ω,A,P)
such that (X(ω1)−X(ω2))(Y (ω1)− Y (ω2)) ≥ 0 for ω1, ω2 ∈ Ω P-almost
surely;

3. Continuous if lim
d→+∞

P(X ∧ d11Ω) = P(X) for all X ∈ X+(Ω,A,P);

4. Finite if P(X) < +∞ for all bounded random variables X ∈ X+(Ω,A,P);

5. Conditional state independent if P(X) only depends on the distribution
of X for all X ∈ X+(Ω,A,P).

A premium principle P is said to be a Wang’s premium principle if, for
every X ∈ X+(Ω,A,P),

P(X) =

∫
Xdg ◦ P =

∫ +∞

0

g(SX(t))dt,

where SX(t) = 1 − FX(t) = P({ω ∈ Ω : X(ω) > t}) is the decumulative
distribution function of X ∈ X+(Ω,A,P) and g is a general probability distor-
tion (i.e., g is a real-valued nondecreasing and nonnegative function on [0, 1]).
In other words, P is the Choquet integral with respect to the monotone set
function μ = g ◦ P.

Finally, a subset D of X+(Ω,A,P) is said to be increasing if X ∈ D and
X ≤ Y imply Y ∈ G for all X, Y ∈ D.

3 Lower semicontinuous Wang’s premium

We now present a property of a topology τ+ on X+(Ω,A,P) which implies
continuity of a lower semicontinuous premium functional P, as we shall show
in the sequel.

Definition 3.1 We say that a topology τ+ on X+(Ω,A,P) is upper con-
cordant in the lattice sense (u.c.l.s. for brief) if for every X ∈ X+(Ω,A,P)
and for every open increasing neighbourhood OX of X there exists d̄ ∈ R++

with X ∧ d̄11Ω ∈ OX .
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The following proposition explains the use of the term “upper concordant
in the lattice sense”.

We first recall that the upper order topology (see e.g. Andima and Thron
[1]) τ≤

up on X+(Ω,A,P) which is associated with the preorder ≤ is the topology
on X+(Ω,A,P) whose subbase is the family

U = {X+(Ω,A,P) \ {Z : Z ≤ X} | X ∈ X+(Ω,A,P)}.
Since every τ≤

up-open set is increasing, we easily obtain the following propo-
sition, whose immediate proof is left to the reader.

Proposition 3.2 Let X+(Ω,A,P) be endowed with a topology τ+ which is
coarser than the upper order topology τ≤

up. If τ+ is u.c.l.s., then X is a limit
point of the set {X ∧ d11Ω | d ∈ R++} for every X ∈ X+(Ω,A,P) which is
unbounded.

In the following proposition we show that a monotone and lower semi-
continuous premium functional is continuous provided that the risk space is
endowed with an u.c.l.s. topology.

Proposition 3.3 Let X+(Ω,A,P) be endowed with a topology τ+. Then a
monotone premium functional P on X+(Ω,A,P) is continuous provided that
it is τ+-lower semicontinuous and the topology τ+ is u.c.l.s..

Proof: First observe that X ∧ d11Ω ≤ X for every d ∈ R+ and that d1 < d2

(d1, d2 ∈ R) implies that X ∧ d111Ω ≤ X ∧ d211Ω. Hence, since P is monotone
there exists lim

d→+∞
P(X ∧ d11Ω) = sup

d∈�+

P (X ∧ d11Ω) ≤ P(X). If we assume that

sup
d∈�+

P (X ∧ d11Ω) < P(X) then by lower semicontinuity and monotonicity of

P the set OX = {Z ∈ X+(Ω,A,P) : P(Z) > sup
d∈�

P (X ∧ d11Ω)} is an open

increasing neighbourhood of X. Since τ+ is u.c.l.s., there would exist d̄ ∈ R++

such that X ∧ d̄11Ω ∈ OX and this is contradictory. Therefore, we have that P

is continuous. �

The following theorem is a consequence of Proposition 3.3 and provides a
sufficient condition for the representability of a monotone, comonotone ad-
ditive, finite, conditional state independent and lower semicontinuous pre-
mium functional as the Choquet integral with respect to a general distorted
probability. Lower semicontinuity is considered with respect to an u.c.l.s.
topology and in addition 11{X>a} is required to belong to X+(Ω,A,P) for every
X ∈ X+(Ω,A,P) and a ∈ R++.
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Theorem 3.4 Let P be a monotone premium functional on X+(Ω,A,P)
which in addition is conditional state independent, comonotone additive and
finite. Assume that 11{X>a} belongs to X+(Ω,A,P) for every X ∈ X+(Ω,A,P)
and a ∈ R++. If τ+ is an u.c.l.s. topology on X+(Ω,A,P) and P is τ+-lower
semicontinuous, then there exists a general distortion function g with g(0) = 0
such that, for every X ∈ X+(Ω,A,P),

P(X) =

∫ +∞

0

g(SX(t))dt.

Proof: From Proposition 3.3, we have that P is continuous, since it is monotone
and lower semicontinuous with respect to the u.c.l.s. topology τ+. Therefore,
all the assumptions of the Modified Greco’s Theorem proposed by Wu and
Wang [9] are verified (see also Shang [7, Theorem 3.1, Chapter 3]) since P is
monotone, comonotone additive, continuous and finite. Since in addition P

is conditional state independent and 11{X>a} belongs to X+(Ω,A,P) for every
X ∈ X+(Ω,A,P) and a ∈ R++, there exists a general distortion function g
with g(0) = 0 such that P(X) is the Choquet integral of X with respect to
μ = g ◦P for every X ∈ X+(Ω,A,P) (see Wang and Wu [9, Corollary 3.1] and
Shang [7, Corollary 3.1, Chapter 3]). So the proof is complete. �

4 Conclusions

We have introduced the concept of a topology on a convenient space of risks
which is upper concordant in the lattice sense (u.c.l.s. for brief). Then we have
shown that a premium functional which is monotone and lower semicontinuous
with respect to an u.c.l.s. topology is continuous in the sense of Greco (see
e.g. Greco [3] and Wu and Wang [9]).

We have used this consideration in order to provide a sufficient condition
for the representability of a lower semicontinuous premium functional as a
Wang’s premium principle (i.e., as the Choquet integral with respect to a
general probability distortion).
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