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Abstract

This paper investigates Cauchy and Goursat problems for partial
differential operators. Successive approximation techniques for partial
differential equations and the estimated results are employed to obtain
the existence and the uniqueness of the solutions of such problems. An
extended Darboux-Goursat-Beudon problem is studied.
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1 Introduction

The purpose of this study is to investigate some partial differential equations in-
cluding Cauchy and Goursat problems and extended Darboux-Goursat-Beudon
problem. The majorant and iterative methods are used.

In [2] the investigation of initial value problems of partial differential equa-
tions was initiated. In this paper, another direction is taken to study the same
problems. We shall use the majorant function introduced by [9] to review some
Hormander results. The following problem (P’) was studied by [6, 7] for the
special case when the coefficients a,, .o vanishes in the hyperspace zy = 0,
in other words when the operator is Fuchsian.
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In this paper, we shall study the following problems. First we consider

Dfu= 5" a,D+ f
()] e
Dj (u - ()0)\9; = 07 (ja k) € I,@7

for arbitrary holomorphic functions (aq)aj<m, f and ¢, where
Is={(j,k):5=0,1,..,n,and k =0,1,..., 5, — 1}.

The initial values are supported by the hypersurface z; = 0. Then we solve
the Cauchy-Kovalevskaya problem

> anDu = f
(P){ Il
D’g(u—cp)‘g/ =0,0<k<m-—1,
0

and the Darboux-Goursat-Beudon problem with mixed data

> anD%u = f

lor|<m

(P") D’g(u—go)b/:O,ng‘Sm—Q
0
(u—¢)

\9’1

We start by presenting some basic notations. Let R"™! be the (n + 1)-
dimensional Euclidean space, R the set of real numbers > 0, ]RTI be the set of
all 7 = (ro, 71, ..., 7) with r; € Ry and C"*! be the (n+1)-dimensional complex
space with variables z = (z¢, 21, ..., 2,) and §2 an open subset of C"! containing
the origin. We use the standard multi-index notation. More precisely, let Z be
the set of integers, > 0 or < 0, and Z, be the set of integers > 0. Then ZTl
is the set of all @ = (ap, v, ..., o,) with a; € Z, for each j = 0,1,...,n. The
length of o € Z’frl is |o| = g + a1 + ... + a; a < f means a; < f; for every
j=0,1,..,n;and o < B means o« < B and a # 3. If « € Z"" and 3 € Z,
we define the operation + by

a+ = (a+ Bo, a1+ B, ..., + B).

Moreover, we let a! = aglaq!...q,!,

ON®/ 0\ o\
D¢ = | — — i | —
(620) (821 ) (3%) ’

and use the notation D; = ;2. Also, we let D* = D§°D{"...D". Let u be a
J

continuous function in €2; by the support of u, denoted by sup pu, we mean
the closure in Q of {z:2 € Qu(z) #0}. By C*(Q), k€ Zy, 0 <k < o0, we
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denote the set of all functions u defined in €2, whose derivatives D%u(z) exist
and continuous for |o| < k. Using the multi-index notation, we may write the
Leibnitz formula

!
Dﬁ(uv) = Zﬂ ﬁl)ﬂaul)av,

where we assume u, v € C1* (Q). If u € C*® (), we may consider the Taylor
expansion at the origin

u(z) = Z D%!(O)za.

n+1
a€Z’,

Let H(Q2) denote the set of all holomorphic functions in 2, that is functions
u(z) € C*(R) given by their Taylor expansion in some neighborhood of the
origin in Q. A linear partial differential operator P (z; D) is defined by

P(D)= Y a.(2) D%,

la|<m

where the coefficients a,(z) are in H(€2). If for some a of length m, the
coefficient a,(z) does not vanish identically in 2, m is called the order of

P(z; D).

2 Some General Results

We state and prove a general theorem that gives both Cauchy-Kovalevskaya
and Darboux-Goursat-Beudon results.

Theorem 2.1 Let Q) be a neighborhood of C"*! containing the origin, 3 a
multi-indices of Z such that |B] = m > 1, (@a)jaj<m, f and ¢ are holo-
morphic functions in Q. If 37,,_,, laa(0)] < (2¢)™™, then there ezists Q' C Q
connected open neighborhood of the origin such that

Dfu= %" a,Du+ f

@ i
Dy (u— ©),, =0,0,k) € Lg,

J

has one and only one holomorphic solution on ', where
QG ={z:zeC" z=0}NnQ.

Corollary 2.2 Let A = {04 ta € 70 |al = m,aq(0) # O} . If we replace
ST Jaa(0)] < (2¢)™™ by B ¢ convex hull of A considered as a subset of R™ 1,

|a)l=m

then the conclusion of Theorem 2.1 holds.
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To prove Theorem 2.1 we need the following lemmas.

Lemma 2.3 Let D = {(: (€ C,|(]| <1} be the unit disc centered at the
origin with radius 1. We define the operator D' by

DT H(Q) — H(Q)
v(() — D*v«wa/v@du

where ¢ s the path that relates the origin to ¢ in D. If there are a > 1 and
¢ > 0 such that
() <e(=1¢)™,
then
c

[(D7') (O] < (1 —1chH™. (1)

Proof: 1f ¢ = 0, then every path in D joining 0 to 0 satisfies (D) (0) = 0
and the estimate holds. If ¢ # 0, we consider v, = [0, ¢]. This particular path
does not affect the proof of the lemma since the integral does not depend on
the choice of the path. Consider

ve=A{t:teC,t=re’ 0 fixed and 0 <r <[C|}.

a—1

We have

IN
4
—~
=
Cb&

S
N—
.
3

(D7) (O

IN

/(1 ) dr

0

—C C

—a+1
(1—1¢h L —

(1—l¢h™
(11—, CeD.

- l1—a
c
a—1
c

IN

a—1
This completes the proof.

Lemma 2.4 Let v € H(D) and suppose there are two constants a > 0 and
¢ > 0 satisfying the following estimate

v ()] < e(1—1¢))™, V¢ eD.
Then,
W' () < ce(l+a)(1—|¢))™" ",V eD. (2)
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Proof: Set Dy = {Cl G EC, G =C+ee: 9 c [0,271’]} fore >0, ¢ €]0,p]
and p =1 — [¢|. It is trivial to show D; C D. We have |(;] < |¢| + ¢, so that
1—]G| = 1-[(]-¢

and
A=) <(p—e)".
The hypothesis of Lemma 2.4 becomes
() <clp—2e)",

with (; € D; C D. Using Cauchy’s inequality on the circle with center ¢ and
radius € we get

c —a
I Z(p—e)". (3)
We want to minimize the right hand side of (3), namely
(& —a
fle)=-(p—2)",
£
so that
c . ac a
fle) = 5= +—(p-9""
c —a
= =9 [~ (p—2) +ad]
c a
= S otelat 1)

and f'(¢) = 0 if and only if e = &5, (¢ €]0,p[). Therefore f passes by the
minimum (a—il’ f (a—_’il)) Let us compute f (L) We have

() = () batn)
a+1 p a+1

(a+1) (M) -

a+1

(a+1)p (%)—a

(a+1)p™* (%) B

_ ;(a+1)p (a+1)

= e (7)o

I DI DI
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Since (“T“)a < e for every a > 0, then
[V (Ol Se(l+a)e(l—[¢)" ", V¢ eD.

If a =0, then
c
W' ()] < z

by Cauchy’s inequality. Since ¢ is arbitrary in |0, p[, we can choose it as follows
£ <e < pand we have

1

—<ple<e(l—[¢h

€
Consequently,

[0 () < ee(1—-[¢)", V¢ eD.
This concludes the proof of Lemma 2.4.
Lemma 2.5 Let P, be the polydisc in C*™* containing the origin with radius

r = (19,71, ..., Tn) with r; € Ry, that is P, = {z,2 € C"*',|z;| <r;,r; > 0}.

If g € H(P,), then there is a unique solution u in H(P,) for the following
problem:

P { D=
Dhuy,  =0,(j,k) € Ty, |3 = m > 1.

u'(Pr)j

Proof: We start by showing the uniqueness of the solution u of the problem
(P).
Uniqueness: Suppose that u exists and w is in H(P,), then

(67

u(z) = Z ua%

n+1
a€Zl

for every z € P,. It is well known that u, = D?u(0) and DPu exists due to
the fact that u is C* function of z. Now,

ZO[
gEH(P)=Vze€ P, :9(z) = Z G-
aEZﬁfl
We have
Za
DPu(z) = Z Uats

n+1
a€Z’,

P
= EE: ga;;?

n+1
a€Zl
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and by identification u,43 = ga, Vo € Zi“. Set v = a+ [ which means o =
v—f3,a > 0. Then u, = g,_p are determined for every v € Z’}fl, v—(3>0. We
need to determine u, for which we do not have (v > ), thatis, 37 =0,1,....,n
such that v; < §; or (j,k) € Zg, hence u, = D"u(0), if not v > 3, by the initial
conditions. Finally, if the solution u exists, then it is unique and we have

ZV
=D sy
v>0

Existence:

(i) Convergence of the solution u(z): We want to prove the convergence
of the solution u(z) using the majorant method ([6],[9]). To do so, we need to
estimate u(z) by a convergent series and the problem will be solved. We have

ZV
u(z) = Z Gv=p1

v>03

- Eogaoz—i-ﬁ
= ﬁzga
a>0

and the problem reduces to proving that the series ga% converges.
a>0 '

First, we have the following estimate

|ga| |ga|
(a+ 3)! = al’ (4)

for every o > 0. Since the term % of (4) is the general term of a series which
converges on P, by hypothesis, therefore u converges also on P,.

(ii) Verification of initial conditions: Let us check that the initial
conditions are satisfied, in other words D}“ukmd =0, (j, k) € Zg. We have

u(z) = Zgaoz—i—ﬁ

a>0
ao+Bo % tB5  _on+Bn

_ 0 ~j
a Zg (ao + Bo)!-.. (aj + By)L. (an + Ba)V

and

ao+Bo L 2tBi—k  _an+48n
200 02y 20

Dfu (Z> - azga (Oéo + BO) (Odj + Bj - k)‘ (a" + B">" (5>
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where (j,k) € Zs and a; > 0, hence o + 8; — k > 0, and consequently
Dfu (Z(), vy Zj—1, 0, Zj41y eny Zn) =0.

Therefore u exists and is unique, which proves the Lemma 2.5.
Remark 2.1 We denote by D~? the inverse operator of D?, that is,

D™P:H(P,) — H(P)
and defined by

-8, _
D 9—7“:*{1% 0,(j, k) € Ts.

(Pr); -

Lemma 2.6 Let § be an open subset of C"! containing the origin such
that Q D Py, where P, is the closed polydisc of radius 1 € R/, (aa)jal<|Bl=m
and v are holomorphic functions in Q. Then the sequence (vp)pez, C H(Py)

defined by

Vo =V, Upy1 = DA Z ao D%, | ,\Vp € Z,

|a|<m
satisfies the following estimate
[y ()| < MCP [T (1= |55)™  Wp € Zy, W2 € Py (6)
§=0
with M = sup |v(z)], C = A(2¢)™ and A= > sup |a, (2)|.
2€P le|<m zePy

Proof: We use the iterative method on p to prove the lemma as we did in [8].

For p =0, vg(z) = v(2) for every z € P, and |v(z)| < sup |v(z)| = M holds.
Zeﬁl

Suppose the estimate (6) is true up to the order p, that is,

[vp(2)] < MCP[[(1 = |2)"™, ¥z € P,
=0
we prove it for p+ 1. Set V,(¢) = v, (, 21, ..., 2,) with ((, 21, ..., 2,) € P, and
(eD={C:CeC|¢] <1}. We have
Vo (O < M, (1= [¢))™, (7)

where M, = MC? I] (1 — |z])"™". If we apply Lemma 2.4 to (7) with a =
=1
mp >0, C' =M, >0, we get

V7 ()] < Mye (1 -+ mp) (1 —[¢) ™" ¥ € D.
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If we repeat this process ag times, we obtain

< Mpe® (L+mp) ... (g +mp) (1 —[¢])"
< Mpe™ (ag +mp)™ (1= [C])™™*, V¢ € D.

In other words,

| DYy (20, 21, oy 20) | < Mpe™ (ag + mp)™ (1 — |z0]) """, V2 € D.

Apply (8) for the other components zi, zs,..., and z, to get

D%, (2)] < MCP T (a; +mp)™ (1= |z]) ™% Yz € P

Jj=0

For any « such that |a| < m, we have from (9):
1D, ()| < MCPe™ (m (p+ 1))" [ (1 = |2)"**) vz € Py,
=0

Since the sequence (v,),.; ~satisfies

DPvyi (2) = Z aq (2) D%, (2).

la|<m

hence by (10), we obtain

013

(10)

(11)

|D%v,41 (2)| < AMCPe™ (m (p+ 1) [ (1 = |) """ vz e P (12)
7=0
where A = | Y sup,ep, |@a (2)] D, (2) | . Suppose m > 2, then 3j €

|a|<m

{1,...,n} such that 8; > 1 (|f] =m). Suppose that F, > 1 and set as be-

fore
Wp+1 (C) = Dﬂ Uerl (Ca 21y eeny Zn) fOI" C € D:

where 3 = (6o — 1, 01, ...., #). The Cauchy conditions
Dy 0,410, 21, vy 20) = 0,
allows us to write W,41(0) = 0. As W, is a primitive of

Dﬁ/vpﬂ(., 21y eeey Zn) that vanish at zero,
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the inequality (12) becomes

| DeWy1 (O) < AMCP(em(p + 1)) [ (1 = )™ (1 — [¢) 7+,
J=1

(13)
According to Lemma 2.3 with a = m(p+ 1) > m > 2 in (13), and
M, = AMC(em(p + D) [ (1~ I "0,
j=1
we get
Dattyn (0 < 2, LD (1

mp+1)—1"

If we repeat this process [y times and also with respect to the other compo-
nents, we obtain the following estimate

(em (p+

)" T m(p+1)
1)~ mH 1—|z) ™" vze P (15)

J=

|vpe1 ()] < AMC?

We need to check that

where C'= A(2e)™. In fact, m(p+1) < 2(m(p+1)—1) because m(p+1) > 1,
(m > 2), consequently

n

o1 (2)] < MCPH T (1 = |z) 7 vz € Py, (16)

J=0

and the result is established for p + 1.

The case a = 0, is not provided apriori in Lemma 2.3. Here our reasoning
by induction, is the passage from p =0 to p = 1.

In the case m = 1. We have |3| = 1, suppose for instance § = (1,0, ...,0),
then C' = 2eA, vy € H(P;) and we have the following problem

Dovi(2) = > (aaD%v) (2)
(P////) ‘Oé‘Sl
v1 (0, 21, ..., 2,) = 0.
We know that

|U0(Z)| < M, Vz € Pl, (17)
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so that
|U0 (Cu 21, 7Zn)| S M7 VC € Du (18>

moreover 0 < 1 — || < 1 and ¢ € D, therefore

(1-Kh">1 (19)
Set
Vo (€) = vo(C, 21, -ons 20), (20)
then
Vo (Ol <M (1—[¢))" V¢ eD, (21)

by (19) and (20). Using Lemma 2.4, we get
Vo (O < Me(1—[¢))™", ¢ € D. (22)

Since z € P, 0 < 1 — |z <1 for every j € {0,1,...,n}, then (1 —|z]) >
[T (1 —|z]) and we have

7=0
CEETE | [EEE (23)
7=0

For zy € D, the following estimate holds:
‘D()UO (207217“-7271)‘ SM@(l— ’ZOD_I. (24)

Combining (23) and (24), we have

n

| Dovo (20, 21,y 20)| < Me [T (1= |2]) 7" (25)
j=0
This inequality (25) is true for Djvg, V j € {0,1,...,n}, that is
Djvo (20,21, - 2)| < Me [ (1= |2))7" Vi €{0,1,..,n}.  (26)

If zo = 0, then

01 (0, 21, 000y 20)| S AMC T (1= [2) 7" (27)

J=0
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We suppose z € Py with zy # 0 and since v; € H(P), (see P",) we have

U1 (Z) = /Do’Ul(C,Zl,...,Zn)dC,

where ~ is the path that relates the origin to zy € D. In the problem (P"") we
have Dovy (2) = > aq (2) D%y (z), hence
o<1
|20l
v (2) = Dyvy (reie, 21 zn) e dr

0

|zo]

- Z Qo (Tew’ ST Z") Da’UO (746297 Rly ey ZTL) eiédr,

o lol<1
so that
|20
v (2)] < |Z|: ’aa (re’, 21, ...,zn)’ |I2|i)1< ’Davo (re, z1, ..., zn)} dr.
5 \lel<t -

Recall that « lies on {(0,0),(1,0),(0,1)} and using (17) and (26), we have

J=1

|20l n
vy (2)] < A/max <MeH (1= |z @ —=r)" ,M) dr.

However, M < Me < Me (1 — |r|)”" because 0 < 1 —r < 1, therefore

“ n (1 — )7l
oy (2)] < 2MAe [ (1= |~ P%}

j=1 0

and $1n (1 — l20]) 7" < (1= |20]) 7" If we set 1 — |zp| = w and v = < > 1 then
%lnv — v < 0 and we have

o1 (2)] < 2MAe [[ (1 = |z) 7", V2 € Py,

5=0
that is,
o () < MCT[ (1= |z)7" V2 € P,

J=0

which completes the proof.
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Lemma 2.7 Let  be an open subset of C"*! containing the origin, P, a
polydisc centered at the origin with radius (r,...,7), r > 0, (aa)|a|<|gl=m and v
are holomorphic functions in Q0. Set A= > 71~ sup |a, (2)|, C = A (2¢)",

la]<m z€P;
and M = SH?P lv(z)|, then the sequence (vp),., C H(P;) defined by
zePyr
vy = veH(P), (28)
D%y = Y aaDv,,Vp € Zy, (29)
|a|<m
satisfies the following estimate
A
o, (2)] < MCP [ (1- 22 Np€Zy Nz € P, (30)
r

J=0

Proof: Let ® : P, — P, be a mapping defined by ® (¢) = r( for every ¢ € P;.
We associate ®* to @, defined by

o . H(P)— H(P)
f o ®(f)=fod.

Now, (vp),ez, satisfy the hypotheses of the lemma. Set V), = &~ (vp) = v, 0D,
p € Zy, v, is defined on P, and V, on P;. The equation (29) becomes

D%vpi10® =Y a, 00D, 0. (31)

|a|<m

Let v = (Y0, 71, -, ¥n) be a multi-index of Z" and let us compute D7 (v, o ).
We have

Dy (v, 0®)(¢) = Z Djv, (@ (€)) o Do®; (€)

= Dov, (®(¢))
One can check easily the following result
Dy’ (vp (r€)) = (Dgvp) (rC) 1.
More generally, we have
D (v 0 @) (¢) = " (D) 0 @] (), (32)
or

(D) (¢) =M [(DYv,) 0 @] (C) , ¥y € Z}H. (33)



518 Mekki Terbeche and Broderick O. Oluyede

Hence
P [(DPupi) 0 @] () = Y 17 (a0 0 @) () rl® (D0, 0 @) (). (34)
lo|<m
Now, from the relation (34), we obtain

DV (¢) = Z ri71el (ag 0 @) () 1DV, (C) - (35)

lor|<m

Set Ay = aq o ®.r87lel it is clear that A, € H (P;). The initial conditions
become

k Nk
D V;J\(Pl)]. = Dj (vp 0 CI))\(Pl)j
 knk
= " Djvpo Py,
k k
=T Djvp‘(Pr)j
= O, (], k) € Iﬁ.
Now, vg = v, M = sup |vg (2)| = sup |Vo ()], A = > riB=al sup lan (2)| =
z€P, CeP la|<m 2EP,
S rlf=elsup |A, (Q)], Ax = aq o ®@.r!%7leland the Lemma 2.6 allows us to
|| <m cepP,
write

IAGIEp ey | FEEE) e
§=0
Vp € Z,,and V( € P, or

n

o, () < MCP [T (1 = 1z) ™™,

J=0

Vp € Z,,Vz € P,, and the proof of the Lemma 2.7 is complete.
To complete the proof of Theorem 2.1, let us start with the case ¢ = 0.
Let (aa) <, € H(Q2) and f € H (L), 2 be a neighborhood of the origin,
we are looking for u and Q' C 2 such that u € H () is a solution of the
following problem:

Dfuy = Z ao D+ f
la|<m

Dj(u—¢),, = 0,(j,k) € 5|6 = m.

We know that there are p > 0 and 7 > 0 such that Q > P, D P.. Let

ug = 0,upy; = D7F ( > @aDaup—l—f> and set v, = upp1 — Uup, p € Z,.

|a|<m
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Recall that D% € L (H (P,),H (P,)), hence

Up+1 = Upt2 — Upt1

= DY aaDuy+ | =D S aaDu, + f

lo|<m |a|<m
= D7F Z aq, D%,
|a|<m
Set M (r) = sup|u,(2)], A(r) = > 7P lsupla,(2)] and C(r) =
z€P, loe| <[B]=m z€P;

(2¢)™ A (r). According to Lemma 2.7, we have the following estimate:

o, ()] < M (r)[C (M ] ] (1 - @) - Np€Z, Nz€P.. (36

j=0

If we denote by R = (ro, 71, ...,7,) With r; < 7, then
n .\ —mp
N <MECOPTI(-2) . (37)
§=0

Vp € Z,,Vz € Pgr. The function r — A (r) is continuous on a neighborhood
of the origin and by hypothesis, we have

lim O (r) = (2¢)™ A(0) = (2¢)" > aa (0) < 1. (38)
lor|<m

Therefore C () < 1 is valid on a neighborhood of the origin due to the con-
tinuity of C'(r). We choose 1 such that r; < r < ry, with r fixed. As

l'im0 [T (1—%) =1, we can always write
Ti— ]:0

ﬁ (1 — %)] < 1. Then
j=0

vp (2)] < M7",0 <y <1,

implies the series (v,) converges normally on Pg, that is, u, converges

PEL
uniformly to u € H (Pg) on every compact Pr and D%u, converges uniformly
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also to D*u € H(Pr) by Weistrass Theorem. This limit satisfies

Dfy = Z aoDu + f
|a|<m

D;“u‘ 0,(j,k) € Zs.

(PR)j

Let us prove the uniqueness of such solution. Suppose we have two solutions
u and v/, then

uw—u =DP Z aoD* (u — u')
la|<m

Set v = u — u'. It is clear that v” satisfies

W' = D7F Z a,Du”
lor|<m
k. 1 o .
Dju|(PR)j = 0,(5,k) € Zs.
The sequence (vp),c;  is such that
vo = u//,
vy = D7 Z anDu" |,
la|<m

and by Lemma 2.5, there is a unique v; on Pg, solution of the Cauchy problem
and since u” satisfies the Cauchy problem, v; = u”. Now, step by step we arrive
at v, = u” for every p € Z, but

lop (2)| < MAP,0 <y <1,

that is,

[u” (2)] < MAP,0 <7y <1,
hence v” = 0 on Pg, and we have u = u' on Pg. If we choose €)' C Py connected
open set containing the origin, again we use the estimates for (Up)p€Z+ and
apply Weistrass theorem.

2. Let us now take the case ¢ # 0; p € H(Q). Set u = U + ¢, then
Df (u—¢), :0<:>D§“U|Q; =0

o ={zzecntl,z =0 e
for every (j,k) € Zs.
Dy = DU+ D%
= Z a,D*U + Z a D% + f.

la|<m la|<m
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Set F = —DPo+ > an,D% + f € H(Q). We need to solve the following

|a|<m
problem:

DU = > auD*U+ > auD¢+F
|a|<m |a|<m

DU, = 0,(j,k) € Ty, |3 = m,

it follows from the previous studies that there exists a unique U and hence
u = U + ¢ is the unique solution of the problem under consideration. This
concludes the proof of Theorem 2.1.

Proof of Corollary 2.2: We have

A={a:aeZ |a] =m,a,(0) # 0}.

If A is empty, then its convex hull is empty Va € ZT’I, we have |a| = m,

ao(0) = 0, hence > |an(0)] = 0 < (2e)~™ verifies the hypotheses of the
|a|=m

Theorem 2.1.

If A is non-empty, then A is a closed subset of R™™! because it contains
finite elements.

Theorem 2.8 (Darbouz-Goursat-Beudon(DGB)) Let Q be an open subset
of C™1 containing the origin, (aq)jaj<m, [ and ¢ be holomorphic functions
on Q. Suppose that a = (m,0,...,0), a, = 0 and if = (m — 1,1,0,...,0),
ag(0) # 0, then there is ) C S connected open neighborhood of the origin such
that the problem below

Dfu= > a,Du+ f
la|<m

(DGB) Dg(u—w)‘9,20,0§k<m—1
(u =)

\9/1
admits a unique holomorphic solution on €.

Remarks 2.2

1. We have Zg = {(0,k) : 0 < k <m —1,(1,0)},

2. The problem (DGB) (Goursat-Cauchy problem) is a problem with mixed
data,

3. We can isolate (8 in the equation

> a0 (2) D*u(z) = f(2) (39)
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in the following sense and we write

ag (z) DPu (2) + Z aq (2) D% (2) = f(2), (40)
lal<m

a3

hence

ag (2) D%u(z) = ) —aa (2) Du(2) + f(2). (41)
la|<m

a0

As ag does not vanish at the origin, it is not null on every neighborhood of the
origin, in other words, there is €2; C Q such that ag (z) # 0 for every z € .
Hence we have a new equation in this neighborhood

P N PN 15
D)= 2 P ey )
a#fB
If we set
Ay= - gnap— L (43)
ag ag

then (42) becomes

Du(z) = ) Au(2)D°u(z)+ F(2). (44)

One can show that § ¢ convex hull of A (cf. [2]). The equation (44) is called
the reduced equation of (42).

3 Extended Darboux-Goursat-Beudon Theo-
rem

Let P(z;D) = > ao(2)D%, z = (20,2") with 2/ = (21, ..., z,). We shall take
|a|<m

the first and second components of z but with the derivatives of orders (m — k)

and k respectively.

Theorem 3.1 Let 2 be an open subset of C"* containing the origin, and
let (aq)ja|<m, f, and @ be holomorphic functions on Q0. Suppose that 3 = (m —
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k,k,0,....0), ag(0) # 0 with k = (0,1, ...,n) and |3| = m > 1, then there exists
Q' C Q connected open neighborhood of the origin such that the problem below

P Pu=f
admits a unique holomorphic solution on €.

Proof: Let A = {a: a € Z*', |a| = m, a,(0) # 0}. According to Corollary 2.2,
it suffices to prove that 3 ¢ convex hull of A. Since we take the two components
zo and zp, then we can consider the projection of this convex hull and solve
the problem R?. For this we refine the hypotheses at maximum and discuss
the position of k& with respect to the center of the segment [(0,m), (m,0)]. Let
E[F] denote the entire part of 3. The problem is already studied for k& = 0.
Suppose now that £ # 0 and 0 < k < m.

a) If (m —k) € {0,..., B[]} then we take a;,;,—jo,..0(2) = 0 for every
Jj:0<j<m—k and we have 8 ¢ convex hull of A.

b) If (m — k) > E[%] then we take a;m—jo...0(2) = 0 for every j:m—k <
j < m and we have § ¢ convex hull of A. Now let us take a look at the
following problem:

P Pu=f
( ) Dfu‘g}; :uj,ka(ja k) ng,

where the functions u;, are holomorphic functions on €2}. Let us compare the
problems denoted by P* and P**. These two problems are equivalent to the
condition that w; verify certain conditions of compatibility.

i) The problem P* implies the problem P**.

ii) The problem P** implies the problem P*. In fact, it is true under preser-
vation that the functions wu;, verify certain conditions of compatibility between
the problems.

Given the functions u;, can we find a function ¢ such that D), = u;
for (j, k) € Ty? '

Conditions in the two particular cases:

a) f = (m,0,...,0).
D;?‘P\Q;. =uj, 0 < k<m-—1
m—1 &
If we set o(z) = Y uoxr(2')3%, then ¢ is a candidate. In fact,
k=0
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For zy = 0, we have
©0(0,2") =ugo(2) = Ulgy

which can be written as (u — ¢), = 0. Now,
0
Dip(z) = > uor(h(k = 1)..(k = j + )=,

D(T)H_ISO(Z,) = U07m—1(2’,),
(Dgcp)(O, 2 =ugm-1(7) = Dlgu‘%.

k

m—1

b) B = (m —1,1,0,...,0). If we choose ¢(z) = 3 Vi(2')34, where V
k=0

denote the holomorphic functions on Q, Q1 = Q' N{z: 2z = (20,0,2”)}, and

7

2" = (22, ..., zn). The function ¢ as defined must satisfy

k _ <k <m_9
(P { DoSO\% Uk, 0 <k <m—2

Plg, = U10-

The functions wug and u; o are not chosen arbitrary. There is certain depen-
dence between them because they are the initials conditions of u; in fact:
For k =0, we have

80(0, Z/) = uO,O(Z/) = VO(Z/): (45)
©(20,0,2") = uy0(20, 2"), (46)
and for zy = 0,
90(07 07 2/) - ul,O(Oa Zn)a (47>
©(0,0,2") = ug(0, 27). (48)

Note that (47)-(48) = u0(0, 2”) = u1,0(20,2”).
For k = 1, we have

Dé(p(oa Z/) = u071(zl)7 (49>

©(20,0,2”) = uy 0(20,27). (50)
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Also, (49)-(50) = D{¢(20,0,2") = Dju1o(20,2”), and for zy = 0,
Dyp(0,0,2”) = Dyuy o(0,27). (51)
For z; = 0, we have
Dyip(0,0,27) = ug1(0, 27), (52)

and (51)-(52) = ug1(0,2”) = Diuy0(0,2").
If we repeat this process until the order £ < m — 2, we find

o (0, 27) = Dhuy (0, 27). (53)
We obtain a necessary condition:
o (0, 2") = Diur(0,27),Vk € N,0 < k <m — 2. (54)

Sufficient condition: Set p(2) = w1 0(20,2") + 219(2), with

uok(20,27) — DEuro(20,27) 25

w(’z) = 7 7 Ha

21

then ¢ satisfies

In fact, <p|ﬂ,1 = Uy,

k
z
o(z) = u10(z0,2") + (qu (21,27) — Dlguljo (0, z”)) k—(;, (55)

and for z; =0,

m—2 k
2
©(20,0,27) = wio(20,2") + Z o (0, 2”7 DISULO(O,Z”))k_O!
k=0
U1,0(207 )

To show D’g%, = uok, 0 < k < m — 2, it suffices to apply a similar proof of
0
a) in ii).
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