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Abstract

In the class of quasi-contractive operators satisfying Zamfirescu’s
conditions, the most used fixed point iterative methods, that is, the
Krasnoselskij, Mann and Ishikawa iterations, are all known to be con-
vergent to the unique fixed point. In this paper, we consider a new two-
step iterative scheme for approximating fixed points of quasi-contractive
operators and we show that Krasnoselskij, Mann, Ishikawa and new two-
step iterations are equivalent for quasi-contractive operators satisfying
Zamfirescu’s conditions.
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1. Introduction and Preliminaries
In the last three decades many papers have been published on the iterative
approximation of fixed points for certain classes of operators, using the Kras-
noselskij, Mann and Ishikawa iteration methods, see [2]. These papers were
motivated by the fact that, under weaker contractive type conditions, the
Picard iteration (or the method of successive approximations), need not con-
verge to the fixed point of the operator in question. However, there exist large
classes of operators, as for example that of quasi-contractive type operators
introduced in [2, 3, 5, 6], for which not only the Picard iteration, but also the
Ishikawa iterations can be used to approximate the fixed points.

Let K be a nonempty convex subset of a normed space F and T : K — K
be a mapping. F(T) = {z* € K : Ta* = 2*} is the set of fixed point of 7. For
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up € K, the sequence {u,} -, defined by
Upr1 = (1 — ) uy + @ Tup, n=0,1,2,... (1)

where {a,} C (0,1), is called the Mann iteration process. For vy € K, the
sequence {v,} ~, defined by

Upa1 = (1 — o) vy + @, Twy, 2)
wy, = (1= Bn) vn + B Tv,, n=0,1,2,...

where {a,}, {8.} C(0,1), is called the Ishikawa iteration process.
Recently, Thianwan [15] introduced a new two-step iteration as follows:

Tnt1 = (1 - an) Yn + anTym (3)
Yn = (1= Bn) xn + BT, n=0,1,2,...

where {a,}, {6.} C (0,1).

In 1972, Zamfirescu [16] obtained the following a very interesting fixed
point theorem.
Theorem 1.1. Let (X,d) be a complete metric space and T : X — X a
mapping for which there exists the real numbers a, b and ¢ satisfying a € (0,1);
b,c € (0, %) such that for each pair x, y € X, at least one of the following
conditions holds:

(z1) d(Tz,Ty) < ad(z,y),
(72) d(Tz,Ty) <bld(z,Tz)+d(y,Ty)],
(Z3) d (TI7 Ty) <c [d (I7 Ty) +d (ya TI)} :

Then T has a unique fized point x* and the Picard iteration {z,}, ., defined
by

Tpy1=Tx,, n=0,1,2... (4)

converges to x* for any arbitrary but fized xo € X.

An operator T satisfying the contractive conditions (z1), (z2) and (z3) in
the above theorem is called Zamfirescu operator (alternatively, we shall say
that 7" satisfies condition Z).

Remark 1.2. For a,, = A (constant), the iteration (1) reduces to the so-called
Krasnoselskij iteration while for a,, = 1 we obtain the Picard iteration (4), or

the method of successive approximations, as it is commonly known. Obuviously,
for B, =0 the Ishikawa iteration (2) and (3) reduces to (1).
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Berinde [1] introduced a new class of operators on an arbitrary Banach
space F satisfying

[Tz =Tyl <0 llz —yll +20 | Tz — x| ()

for any z,y € F, 0 < < 1. He proved that this class wider that the class of
Zamfiresu operators and used the Ishikawa iteration process to approximate
fixed points of this class of operators in an arbitrary Banach space given in the
form of following theorem:

Theorem 1.3. [1] Let K be a nonempty closed convex subset of an arbitrary
Banach space E and T : K — K be an operator satisfying (5). Let {v,} - be
defined through the iterative process (2) and vy € K, where {a,} and {5,}
are sequences of positive numbers in [0, 1] with {o,} satisfying Y " oy, = 0.
Then {v,} - converges strongly to the fized point of T.

The purpose of this paper to approximate the fixed points of the class
of mappings defined in (5) by using the iteration process (3) and to show
the convergence of the two-step iteration equivalent to the convergence of the
Krasnoselskij, Mann and Ishikawa iterations when applied to a map which
satisfies condition Z.

In order to prove our main results, we will need the following lemma.
Lemma 1.4. 2] Let {an},— o, {bn},—y be sequences of nonnegative numbers
and 0 < q <1, so that a1 < qa, + by, for alln >0

(i) If lim,,_ b, =0, then lim, . a, =0,

(i) If > 07 o by < 00, then > 7 a, < oo.

2. Main results

Firstly, we shall prove strong convergence of the iteration process (3) to a fixed
point of quasi-contractive operator.

Theorem 2.1. Let E be an arbitrary Banach space, K a closed convex subset
of E, and T : K — K an operator satisfying condition Z. Let {x,} _, be
the two-step iteration defined by (3) and xy € K, where {a,} and {B,} are
sequences of positive number in [0, 1] satisfying

[e%s)
E Qy = OQ.
n=1

Then {x,} ~, converges strongly to the fized point of T.
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Proof. From Theorem 1.1, we know that 7" has a unique fixed point in K, say
x*. Since T satisfies condition Z, at least one of the conditions from (z1), (22)
and (z3) is satisfied. If (z3) holds, then

[Tz — Ty b(llz =Tl + [ly = Tyll)

<
< b(lle =Tl 4+ (ly — zl| + |z = Tz + | Tz — Tyl])) ,
this is implies that

(1 =0Tz = Ty|| < bllx =yl +2b[lx — T
From 0 < b < 1, we obtain

2b
15

[Tz —Ty|| < Iz —yll + l = T]]

1-0b
We suppose that (z3) holds, then

Tz — Ty ¢(llz =Tyl + lly — Tz[])

<
< c(lz =Ta|| + Tz = Tyl + [l — yll + [lo — Tz[]),

thus, from this inequality it follows that

(1 =) |[Tz =Tyl < cllz -yl + 2¢|lz — Tz|

that is
1Tz~ Tyl € —— o -yl + o ||z — Tz
Xr — — || — — || — Tl .
M=M=y
We assume that
b c
§ = 2 _°
mxfa 2 (0
then 0 < ¢ < 1. Finally, we get
[Tz —Ty|| <6 |lv —yll +20 ||z —Tx|, Yo,y € K. (7)

Now, let {z,,} , be the two-step iteration defined by (3) and zy € K arbitrary.
Then

Hxn+1 - I*H - ||(1 - an) Yn + anTyn - (1 — Qp + an) ZL‘*H (8>
< (=) llyn — 2| + an | Ty — 27|
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Using (7) and (8) with z := z* and y := y,, we get || Ty, — z*|| < 6 ||y, — z*|| .
where 0 is given by (6). From (1) we have

lyn — 2| = (L= Bn) zn + BuTwy — (1 = B+ Bn) 27| 9)
< (1 =08n)llen — 2% + Bu [ Tzn — 2™ .

Again by (7), this time with z := 2* and y := z,,, we find that [Tz, — 2*| <
d ||z, — x*|| and hence, combining (8) and (9) we get

[Zn1 — 2" < (1= an+ and) lyn — 27
< (I —ay +0,0) (1= By + Bad) ||xn — 27|

which, by the following inequality
(1—ay,+a,0)(1—05,+6:.0) <(1—a,(l-9)),
implies that
|zner — 2| < (1=, (1 =90)) ||z, — 2¥||, n=0,1,2,.... (10)

On repeating this process, we get

s — 2l < [[1— (1= 8)aw) g ', n=0,1,2,...  (11)
k=0

Since 0 < 4§ <1, oy, B, €[0,1] and )", @, = 00, then
lim [J(1—=(1=6)ax) =0,
k=0

it follows from (11) that lim,, .. [|€p+1 — 2*|| = 0. Therefore {z,,} ~, converges
strongly to the fixed point of T'.

It is known, see Rhoades [7], that (z1), (22) and (z3) are independent con-
ditions. In [9], the following conjecture was given: “if the Mann iteration
converges, then so does the Ishikawa iteration.” In a series of papers [8-12],
the authors have given a positive answer to this conjecture, showing, for ex-
ample, the equivalence between Mann and Ishikawa iterations for strongly and
uniformly pseudocontractive maps.

Very recently, Soltuz [14] had studied that the Picard, Mann and Ishikawa
iterations are equivalent when applied to Zamfirescu operators and got the
following result.

Theorem 2.2. [14] Let E be a normed space, K a nonempty, convex, closed
subset of E and T : K — K an operator satisfying condition Z (Zamfirescu
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operator). If the initial point is the same for all iterations, then the following
are equivalent:

(i) the Mann iteration (1) converges to x*;

(ii) the Ishikawa iteration (2) converges to x*;

(iii) the Picard iteration (3) converges to x*.

Now, we shall prove the equivalence between two-step iteration (3) and
Mann iteration (1) for Zamfirescu operators. Let F' (1) denote the fixed point
set with respect to K for the map T'. Also, we suppose that x* € F (T).
Theorem 2.3. Let E be a normed space, K a nonempty, convex, closed
subset of E and T : K — K a Zamfirescu operator. Suppose that T has
a fired point x* € K. If ug = x¢9 € K, then the following are true: if the
Mann iteration (1) converges to x*, then the two-step iteration (3) converges
to x*. Conversely, if the two-step iteration (3) converges to x*, then the Mann
iteration (1) converges to x*, provided that o, > A >0, Vn € N.

Proof. Firstly, we shall prove the implication (z) = (ii). Using (1), (3) and
(7) with = := u,, y := y,, we have

(1 —an) lup = yall + an [[Tup — Tya|| (12)
(1 = ) l[un = ynll + b [[un = yull + 2006 [un — Tus||
(1 = (1 =0)) lun — yull + 2006 |Jup, — Tuy ] -

Hun-i-l - xn-i-lH

VANVAN

and with z := u,, y := x,, we get
[un —yull < (1= B0) lun — xul| + B [Jun — Ty || (13)
< (1= Bp) lun — | 4 Bp Jun — Tug|| + Br0 ||t — 4|
+26,0 ||y, — Ty ||
|t — n|| + (Bn + 2600) ||tn, — Tuy| -
Combining (12), (13) and using (7) and a,, > A > 0,Vn € N, we obtain
[tunt1 — Tl < (1= A(1—=9))[[un — 2
+ [(1 —A (1 - 5)) (ﬁn + Qﬁna) + 20%(5] Hun - TunH :

IN

Denote
an = ||Jun — 20|
qg: = (1-A(1-9)
by = [(1—=A1=9))(Bn+26.9) + 20,0] ||un, — Tuy| -

Let z* € F (T). Since lim,, . ||u, — z*|| = 0, utilizing (7) we get
0 < lun = Tun|| < lun =27 + |27 = Tun|]
< g — 2| 4 0 ||2* — wn || + 20 ||2" — Ta™||

= (14+9)||up, — 2] = 0, n— oo,
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which implies that lim,,_, ||t — Tuy|| = 0. It follows from Lemma 1.4 that
lim,, o ||t — 2, || = 0. In addition,

0 < lan — ™[] < flon — unl| + lJun — 27|

and this implies that lim,, .., z, = z*.

Next, we shall prove (ii) = (i), that is, if two-step iteration converges, then
Mann iteration does converge. Applying (1), (3) and (7) with = := y,,, v 1= u,,
we have
(1 = an) [yn — unll + an | Tyn — Tuy|| (14)

[Zn1 — tnpa]| <
S (1 - C(n) Hyn - un” + C(n(s Hyn - unH + QOén(S Hyn - Tyn”

and

(1= 8n) |20 — tnl| + Bn [ T0 — un| (15)
(1= 8n) |20 — wnl| + Bu I T2n — 20| + B |20 — uanl|
= Hxn - un” + Bn HTxn - an .

Hyn - unH <
<

From (1) and (7) with = := z,,y := y,, we have also
[9n = Tynll < Nlyn = zall + lzn = Tall + [ T2 = Tynll (16)
< (L0 [0 =Fa) ll2n = @nll + B (|72 — ]
+ (1 +26) ||z), — Ty ||
= (B (140)+ (1+20)) ||z, — Ty -
Combining (14), (15) and (16) we obtain
[#ner =l < (1= (1 =0)) [[lon = un|| + Bu [ T2n — znl]
+20000 [y = Tya|
< (1=AQ=0) [[#n = unll +[Bn (1 = an (1 = 9))
+ 20,0 (B (14 0) + (1 +20))] || Ty, — 24| -

Denote
an = ||2n — u|
qg: = (1-A(1-Y9))
b = [Bn (1= cn (1= 6)) + 2000 (B (1+8) + (1 4+ 20)] | Trm — .

Since lim,, . ||z, — z*|| = 0, T satisfies condition Z, and z* € F' (T'), from (7)
we obtain that

0<lzn =Tanll < lzn = 27| + [J27 = Tl
< o — ||+ 0 ||2" — x| + 26 ||2* — T

= (1+49)||z, —2"]] =0, n— 0.
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Therefore, lim,, o ||, — Tx,|| = 0. From Lemma 1.4, we have lim,, . ||z, — u,|| =
0. Hence, ||z* — u,|| < ||z, — un|| + ||z — 2*|| — 0 as n — oco. This completes
the proof.

Theorem 2.3 lead to the following Corollary:
Corollary 2.4. Let E be a normed space, K a nonempty, convex, closed
subset of E and T : K — K an operator satisfying condition Z (Zamfirescu
operator). If the initial point is the same for all iterations, a,, > A >0, Vn €
N, then the following are equivalent:

(1) the two-step iteration (3) converges to x*;

(ii) the Mann iteration (1) converges to x*;

(iil) the Ishikawa iteration (2) converges to x*;

(iv) the Picard iteration (4) converges to x*.
3. The equivalence between T-stabilities
We shall now discuss the stability of iteration processes. Let E be a normed
space, and T a selfmap of K. Let xq be a point of F, and assume that z,,, =
f (T, z,) is an iteration. We suppose that {z,} converges to a fixed point x*
of T. Let {y,} be an arbitrary sequence in E, and set €, = ||yn11 — [ (T, yn)||
foralln=20,1,2,....
Remark 3.1. [4] In practice, such a sequence {y,} could arise in the following
way. Let choose the initial zo € E. Set x,.1 = f(T,x,). Let yo = x9. Now
x1 = f(T,xz). Because of rounding or discretization in the function T, a
new value y1 approrimately equal to x1 might be obtained instead of the true
value of f(T,xq). Then the approximate yo, the value f(T,y;) is computed
to yields yo, an approximation of f(T,y1). This computation is continued to
obtain {y,} an approximate sequence of {x,}.

Definition 3.2. [4] If ((lim,—oo &, = 0) = (limy oo Yn = 2¥)), then the iter-
ation procedure x,1 = f (T, x,) is said to be T-stable with respect to T.

We suppose that z* € F(T). Let {z,} be the two-step iteration and
{u,} be the Mann iteration, zo = up € K. And, let the sequences {a,} C
(0,1),{B.} C [0,1) satisty

lim o, = lim (3, =0, Zozn = 0. (17)
n—oo n—oo =1
The following nonnegative sequences are well-defined for all n = 0,1,2,....

en = lTnpr — (1= ) g — Tl (18)

O = ||tns1 — (1 — ap) up — i Tuy|| - (19)
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Definition 3.3. (i) If lim, ., = 0 implies that lim,,_,. x, = =*, then the
two-step iteration (3), is said to be T-stable.

(1) If lim,, o 8, = 0 implies that lim,, .. u, = x*, then the Mann iteration
(1), is said to be T-stable.

Remark 3.4. Let E be a normed space and T : E — E a map. The following
are equivalent:

(1) for all {a,} C (0,1), {B.} C [0,1) satisfying (17), the two-step itera-
tion is T-stable,

(1) for all {a} € (0.1), {8} C 0.1) satisfying (17),

Remark 3.5. [13] Let E be a normed space and T : E — E a map. The
following are equivalent:
(1) for all {ca,} C (0,1) satisfying (17), the Mann iteration is T-stable,
(II) for all {a,,} C (0, 1) satisfying (17),

lim 0, = lim ||Jupt1 — (1 — ap) up — 0 Tuy|| =0 = lim u, = z*.
n—00 n—00 n—00

Theorem 3.6. Let E be a normed linear space and T : E — E a operator
satisfying condition Z (Zamfirescu operator). Let x* be the fized point of T.
Then the following are equivalent:

(i) for all {a,} € (0,1), {B.} C [0,1) satisfying (17), the two-step itera-
tion is T-stable,

(1) for all {ca,} C (0,1) satisfying (17), the Mann iteration is T-stable.

Proof. From (18) and (19) assure that (i) < (i¢) is equivalent to (1) < (I1).
So, we shall prove that (1) = (/I). That is, if two-step iteration is T-stable,
then Mann iteration is T-stable. Using (6) and (19) with = := wu,,y := y,, we

have
[ttt = (1 = ) tn — 0 Tun|
< s = (1= o) un — Ty || + | Ty — anTuy||
< lungr = (L= o) Yo — Tyl + (1 — an + i) (1 = Bn) [lun — ]
+ B Tt — ] + 20000 ||un — Ty
< g — (1= an) Yn — Ty ||
+ (B (1 — ay + ayd) + 200,0) ||y, — Tuy|| — 0, n— oc.

Since condition (I) assures that lim, o |[tnt1 — (1 — @) Yo — @ Tyn|| =0 =
lim,, oo u, = x*, then we have lim, . ||tni1 — (1 — o) uy — @, Tuy|| = 0.
Thus lim,,_,o u, = x*.
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Now, we shall prove (/1) = (I). Applying (6) and (18) with z := x,,y =
UYn, We have

’|xn+1 - (1 - an) Yn — anTyn||

< Nansr — (1 — o) Yo — @ Ty || + e Tx, — anTyy||
< wn = (U= an) 2 — an T, + (1 = an + @nd) |lyn — 24|
+20,0 ||z, — Ty ||
< l#ng = (1= o) 2n — 0Ty ||
+ (B (1 — ap + a@yd) + 200,0) | Tz, — 20| — 0, n— o0.
Condition (II) assures that lim, .o ||[2ps1 — (1 — o) 2 — @, Tx,]| = 0 =
lim,, o ©, = z*. Hence lim,, . ||[2p41 — (1 — @) Yn — anTy,|| = 0, we have

shown that lim,,_,. x, = z*. This completes the proof.

Set in (1) and (3), T := T™, to obtain the modified two-step and mod-
ified Mann iterations. Therefore, we obtain that the equivalence between
T —stabilities of this modified iterations as follows:

Corollary 3.7. Let E be a normed linear space and T : E — E a operator
satisfying condition Z (Zamfirescu operator). Let x* be the fized point of T.
Then the following are equivalent:

(i) for all {a,,} C (0,1), {B,} C [0,1) satisfying (17), the modified two-
step iteration is T'-stable,

(11) for all {a,} C (0,1) satisfying (17), the modified Mann iteration is
T-stable.
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